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PKEFACE TO THE FIRST EDITION. 

In the foUowiDg work I have investigated the more 
elementary properties of the Ellipse, Parabola, and Hy- 
perbola, defined with reference to a focus and directrix, 
before considering the General Equation of the Second 
Degree. I believe that this arrangement is the best for 
beginners. 

The examples in the body of each chapter are for the 
most part very easy applications of the book-work, and 
have been carefully selected and arranged to illustrate 
the principles of the subject The examples at the end of 
each chapter are more difficult, and include very many of 
those which have been set in the recent University and 
College examinations, and in the examinations for Open 
Scholarships, in Cambridge. 

The answers to the examples, together with occasional 
hints and solutions, are given in an appendix. I have 
also, in the body of the work, given complete solutions 
of some illustrative examples, which I hope will be found 
especially useful. 



vi PREFACE. "'' 

Although I have endeavoured to present the ele- 
mentary parts of the subject in as simple a manner as 
possible for the benefit of beginners, I have tried to make 
the work in some degree complete; and have therefore 
included a chapter on Trilinear Co-ordinates, and short 
accounts of the methods of Reciprocation and Conical Pro- 
jection. For fuller information on these latter subjects 
the student should consult the works of Dr Salmon, 
Dr Ferrers, and Dr C. Taylor, to all of whom it will be 
seen that I am largely indebted. 

I am indebted to'several of my friends for their kind- 
ness in looking over the proof sheets, for help in the 
verification of the examples, and for valuable suggestions ; 
and it is hoped that few mistakes have escaped detection. 



CHARLES SMITH. 



Sidney Susbsx Collboi, 
Apnl, 1882. 



PKEFACE TO THE SECOND EDITION. 

The second edition has been carefully revised, and some 
additions have been made, particularly in the last 
Chapter. 

Sidney Sussex College, 
July, 1883. 
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CHAPTER I. 



CO-OBDINATES. 

1. If in a plane two fixed straight lines XOX\ TOY' 
be taken, and tnrough any point P in the plane the two 
straight lines PJf, PL be drawn parallel to XOX\ TOT 
respectively; the position of the point P can be found 




when the lengths of the lines PM, PL are given. For we 
have only to take OZ, OM equal respectively to the 
known lines PM, PL and complete the parallelogram 
^OMP. 

The lengths J£P and LP, or OL and OM, which thus 
define the position of the point P with reference to the 
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2 C(M)BDINAT£S. 

lines ox, Y are called the co-ordinates of the point P 
with reference to the axes OX, OY. The point of inter- 
section of the axes is called the origin. When the angle 
between the axes is a right angle the axes are said to be 
rectangular; when the angle between the axes is not a 
right angle the axes are said to be oblique. 

OL is generally called the abscissa, and LP the or- 
dinate of the point P. 

The co-ordinate which is measured along the axis OX 
is denoted by the letter x, and that measured along the 
axis OYhj the letter y. If, in the figure, OL be a and 
OM be b ; then at the point P,x = a, and y^b, and the 
point is for shortness often called the point (a, b). 

2. Let OM be taken equal to OM, and OL' equal to 
OL, and through M, L* draw lines parallel to the axes, as 
in tiie figure to Art. 1. Then the co-ordinates of the three 
points Q, B, 8 will be equal in magnitude to those of P, 
Hence it is not su£Scient to know the lengths of the lines 
OL, LP, we must also know the directions in which they 
are measured. 

If lines measured in one direction be taken as positive, 
lines measured in the opposite direction must be taken as 
negative. We shall consider lines measured in the di- 
rections OX or OF to be positive, those therefore in the 
directions OX' or OY must be considered negative. 

We are now able to distinguish between the co-ordi- 
nates of the points P, Q, B, 8. The co-ordinates of B are 
OL', L'B, and these are both measured in the negative 
direction ; so that, if the co-ordinates of P be a, b, those of 
B will be — a, — b. The co-ordinates of S will be a, — 6 ; 
and those of Q will be — a, b, 

3. It must be carefully noticed that whether a line is 
positive or negative depends on the direction in which it is 
measured, ana does not depend on the position of the 
origin ; for example, in the figure to Art. 1, the line ZO is 
negative although the line OL is positive. 

If any two points K, L be taken and the distances 
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OK, OL, measured from a point in the line KL, be a 
and h respectively, then the dGistance KL must be K0+ OL, 
or — Oir+ Oi, that is — a + 6, and this will be the case 
wherever the point 0, from which distances are measured, 
may be. 

If 0J=-3, andOB=4; theniiB= -(-8) + 4=7. If 0^ = 8, and 
0B=-4; thfinulB=--3 + (-4)=-7. 

The r^er may illustrate thia by means of a figure. 

4. To express the distcmce between two points in terms 
of their (Xhordinates. 

Let P be the point (of, y^, and Q the point (a?", y"), 
and let the axes be inclined at an angle o). 




Draw PM, QL parallel to OY, and QB parallel to OX, 
as in the figure. 

Then OL=^x'\ LQ^y", OM^af, MP^y\ 
By trigonometry 

P(2" = (2i? + -Ri^ - 2 QiJ . BPcos QiZP. 
But QR^LM^OM^OL = x'^x\ 

and angle QRP = angle OMP^ ir - angle XO r= w - <», 
.-. PQ'=«-a/7+(/-j^r + 2(a/-O(/-ylc0Bii^ 
or PQ= ± V{(^'-«")'H- (3/-y")" + 2(a;' - rr") (/ - y") cos a,}. 
If the axes be at right angles to one another we have 

■ee=±V{(«'-«")"+(y'-y")'}. 

1— i 
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The distance of P from the origin can be obtained from 
the above by putting af' = and yf ssQ. The result is 

OP^ ± VK^** + J^+ iafy' cos 0)}, 
or, if the axes be rectangular^ 

Except in the case of straight lines parallel to one 
of the axes, no convention is made with regard to the 
direction -which is to be considered positive. We may 
therefore suppose either PQ or ^P to be positive. If 
however we have three or more points P, Q, i2... in the 
same straight Ime, we must consider the same direction 
as positive throughout, so that in all cases we must have 
PQ+QB^PR 

5. To find the co-ordinates of a point which divides in 
a given ratio the straight line joining two given points. 

Let the co-ordinates of P be x^, y^y and the co-ordi- 
nates of Q be Xy y,, and let R (fo^ y) be the point 
which divides PQ m the ratio k : ^ 




Draw PL, RN, QM parallel to the axis of y, and PST 
parallel to the axis of a?, as in the figure. 

Then LN : NM :: P8 iST v.PR: RQ ::h:l) 
or i(a?— «?j)-'^(fl?,— a) =0; 
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Similarly 



la. + kx^ 

OB ss — * f 

l+k ' 
y l+k ' 



\ 



Y^ 



}\ , /i^^t■A*/^^C 



X+-XA 
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The most useful case is when the line PQ is bisected : 
the co-ordinates of the point of bisection are 

If the line were cut extemaUy in the ratio k:l we 
should have 

UTiMNiikil, 

LNiNMiiki-^l, 



or 



and therefore «= — / — H * V =* -^i — i • 

k — l ^ k — l 

The above results are true whatever the angle between 
the co-ordinate axes may be.' But in most cases formulae 
become more complicated when the axes are not at 
right angles to one another. We shall in future con- 
sider the axes to be at right angles in aU cases except 
when the contrary is expressly stated, 

Ex. 1. Mark in a figure the position of the point 4;=1, y=2, and 
of the point x= - 3, 2^= - 1 ; and shew that the distanoe between them 



is 5. 



si 




Ex. 2. Find the lengths of the lines joining the following pairs 
of points: (i) (1. - 1) and (-1, 1) ; (ii) (a, -a) and (- b, b) ; (iU)^(3, 4) 

and ( - 1. 1). ajji) -i^ •. I««^M^^ ; '^ 5". 

Ex. 3. Shew that the three points (1, 1), (-1, -1) and (- ^3, ^3), 
are the angular points of an equilateral triangle^ <U«.^acI cM- :& lY^ . 

Ex. 4. Shew that the four points (0, - 1), ( - 2, 8), (6, 7) and (8, 3)^^^ 
are the angular points of a rectangle. (u^- Uhi 1>^ M Vr ; Mf^' 

Ex. 5. Mark in a figure the positions of the points (0, - 1), (2, 1), 
(0, 8) and ( - 2, 1), and shew that they are at the comers of a squar^ «- iVi 

Shew the same of the points (2, 1), (4, 3), (2, 5) and (0, 3). ^ k!^' " "^ 

Ex. 6. Shew that the four points (2, 1), (5, 4), (4, 7) and (1, 4) are 
the angular points of a paraUelogram. (ju . Ifhj 1^ i^t * ^^u.({ i»w^ 'k ax^ 

Ex. 7. If the point («, y) be equidistant from the two points (8, 4) 
and(l, -2),thenwill«+3y=5. w ^j»**)% ^y-v)*^* (jr-O^jqt/)^ 



"tk « ^tt^ fiijAft, e»^Gui«,fipK'^.iHf//».9. 
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6. To express the area of a triangle in terms of the 
'-iJ'^co-ordinates of its angular pomts. 

Let the co-ordinates of the angular points A, B,C\ie 
^i' yiJ '^fVi' *°<J <^t> Vt respectively. 




Similarly MCBL 
and LEAK 



H X 



Draw the lines AK, BL, CM parallel to the axis of y, 
as in the figure. 

A ABO = KACM- MCBL - LEAK. 

Now KACM^ A ACM+ A AKM 

= i KM. MC+^ KM. KA 

A A ABC= i {(y, + y,)(a^, - a^J + (y, + y^ (^, - »J 

+ (y.+yi)k -«.)}; 

or, omitting the terms which cancel, 

A -45(7 = i {xj/, - xjf^ + xjn, - x^^ + a;,y, - x^^ 

«i. y,. 1 

= \ «t. y.. 1 

«.. y.. 1 

The above expression for the area of a triangle will be found to be 
positiTB if the order of the angular points be sndh that in going round the 
triangle the area is always on the left hand. Whenever on substitution 
a negative result for the area is obtained, a reverse order of proceeding 
round the triangle has been adopted. 7^ Ji^vX^ tiJ^oJ^JU>^ -h ,^ A Ou^k^L 

i.^*vCt4V< c^)Ti3S/KA?it -<VK4o& %OiA Mi's 
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7. To express the area of a qwadrilateral in terms of 
the co-ordinates of its angular points. 

Let the angular points -4., jB, C, D, taken in order, be 



(^1, Vil (^a. y^» (a?,, y,) aiid (a:^. yj. 





M Z 



Draw ^^, BL, CM, DN parallel to the axis of y, as in 
the figure. 

Then the area ABCD 

= KABL + LBCM-- MCDN- NDAK. 

And, as in the preceding Article^ 

KABL^\(y^ + y>l{x,-^x,\ 

NDAK^^{y^-[-y^){x,^x,). 
Hence 4BGD = i{(y,+yJ(a?,-ir,) + (y,+y3)(a?,-a?,) 

+ (y.+y4)(^4-^3)+(y4+yi)K-^Jl5 

or, omitting the terms which cancel, 

^Bai)=nyA-yr«'i+yA-y8«t+yA-yA+y4^i-;yf4}- 

The area of any polygon may be found in a similar 
manner. 

Ex. 1. Find the area of the triangle whose angular points are (2, 1), 
(4, 8) and (2, 6). <b»*- t 

Also find the area of the triangle whose angular points are (4, t.5), 
(5, - 6) and (8, 1). Ans.^' |. ^ 



SfH - /<y 
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Ex. 2. Find the biba of the qxUulxilateiBl whose angular points are 
(1, 2). (3. 4). (6. 3) and (6, 2). 

Also of the quadrilateral whose angular points are (2, 2), ( - 2, 3), 
(-8, -3) and (1, -2). Ana. M,*^. 

8. If a curve be defined geometrically by a property 
commou to all points of it^ there will be some algebraical 
relation which is satisfied by the co-ordinates of all points 
of the curve, and by the co-ordinates of no other points. 
This algebraical relation is called the eqtiation of the curve. 

Conversely all points whose co-ordinates satisfy a given 
algebraical equation lie on a curve which is called the locus 
of that equation. 

For example, if a straight line be drawn parallel to the 
axis OT and at a distance a from it, the abscissae of points 
on this line are all equal to the constant quantity a, and 
the abscissa of no other point is equal to a. 

Hence x = ais the equation of the line. 

Conversely the line drawn parallel to the axis of y 
and at a distance a from it is the locus of the equation 
x = a. 

Again, if a;, y be the co-ordinates of any point P on a 
circle whose centre is the ori^ and whose radius is 
equal to o, the square of the distance OP will be equal to 
0^+^ [Art. 4]. But OP is equal to the radius of the 
circle. Therefore the co-ordinates x, y of any point on the 
circle satisfy the relation a^ + y* = c*. That is, a?' + y* = c* 
is the equation of the circle. 

Conversely the locus of the equation a'+y = c' is a 
circle whose centre is the origin and whose radius is equal 
to c. 

In Analjrtical Geometry we have to find the equation 
which is satisfied by the co-ordinates of all the points on a 
curve which has been defined by some geometrical pro- 
perty ; and we have also to find the position and deduce 
the geometrical properties of a curve from the equation 
whicn is satisfied by the co-ordinates of all the points on it. 

An equation is said to be of the n^ degree when, 
after it has been so reduced that the indices of the vari- 
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ables are the smallest possible integers, the term or terms 
of highest dimensions is of n dimensions. For example, 
the equations axy + bx + o^O, a^ + ayt^a + V^iO, and 
V^ + Vy =" 1 are all of the second degrea 

Ex. 1. A point moves 80 that its distances from the two points, (8, 4), 
and (5, - 2) are equal to one another ; find the equation of its loons. 

Ans. x-Sy=l, * 

Ex. 2. A point moves so that the sum of the squares of its distances 
from the two fixed points (a, 0) and (-a, 0) is constant (2c^ ; find the 
equation of its locus. Ans. x* + y' =se^ - a', i^ 

Ex. 8. A point moves So that the difference of the squares of its 
distances from the two fixed points (a, 0) and ( - <h 0) is constant (e^) ; 
find the equation of its locus. Ans. 4ax=:dbe>. •^ 

Ex. 4. A point moves so that the ratio 



fixed points is constant ; find the equation 

Ex. 5. A point moves so that its distance from the axis 
its distance from the origin ; find the equation of its locus. 



tib of its distances from two ,. 

of its locus. ^•^^::i^^ 

IS ox a; IS half 



Ans. 8y»-a^=0. 



X. . 



Ex. 6. A point moves so that its distance from the axis of x is equal 
to its distance from the point (1» I) ; find the equation of its locus. t' 

Ans. «»-2a5-2y + 2=:0. ^ 

9. The position of a point on a plane can be defined 
by other methods besides the one described in Art 1. A 
useful method is the following. 

If an origin be taken, and a fixed line OX be drawn 
through it ; * the position of any point P will be known, if 
the angle XOP and the distance OP be given. 




These are called the polar co-ordinates of the point P. 
The length OP is called the radius vector, and is 
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tunudly denoted by r, and the angle XOP is called the 
vectorial angle, and is denoted by ff. 

The angle is considered to be positive if measured 
from OX contrary to the direction in which the hands of 
a watch revolve. 

The radius vector is considered positive if measured 
from along the line bounding the vectorial angle, and 
negative if measured in the opposite direction. 

If PO be produced to P', so that OP' is equal to OP 
in magnitude, and if the co-ordinates of P be r, 0, those 
of P' will be either r, tt + ^ or — r, ft 

10. To find the distance between two points whose polar 
co-ordinates are given. 

Let the co-ordinates of the two points P, ^ be r^, 6^; 
and r^ 0^. 

Then, by Trigonometry, 

P(^=0P'+0Q'-20P.0QcosPOQ. 

But OP=r,;OQ = r, and zP0Q=-cX0«--^X0P=5,-^,; 

Pe" = r," + r.«-2r,r,cos(^,-.dJ. 

The polar equation of a oirole whose centre is at the point (a, a) and 
whose radins is e, iB6^=:a*+i^-2arco8(0-a); where r, 9 are the polar 
oo-ordinates of any point on it. 

11. To find the area of a triangle having given the 
polar co-ordinates of its angular points. 




Let Pbe (r„ 0^}, Q be (r„ 5,), and R be (r,, ^3), 
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Then area of triangle PQR = A POQ + A QOB- A FOR, 
and APOQ^iOP.OQdaPOQ 

= ir,r,sin(^,-^,), 
so AQOiZ^ir.r.sinC^,-^,), 

and A POR== J r, r^ sin (^3 - ^ j 

= -Jr,rjSin(^j-d3); 
v.APQjB = i{r,r,sin(^,-dJ+r,r,sin(d3-dJ 

+ r.rj sin (^,-d,)}. 

12. To change from redangtUar to polar oo-^jrdmates. 




If through a line be drawn perpendicular to OX, and 
OXf OY be taken for axes of rectangular co-ordinsctes, we 
have at once 



and 



X = 0N=> OP cos XOP=^ r cos 6, 
y^NP^ OPsmXOP^reind. 



Ex. 1. What are the rectangular co-ordinates of the points whose 

1, 5-), (2,=^) and ( -4, -j| respectively? -iv^^tivl 

Ex. 2. What are the polar co-ordinates of the points whose lect-f^^l 
angular co-ordinates are ( - 1, - 1), ( - 1, \/8) and (8, -4) respectively? r, UcpL 

Ex. 8. Find the distance between the points whose polar co-ordinates 
are (2, iO®) and (4, 100«) respectively. iLut V?! ^ l>^ 

Ex. 4. Find the area of the triangle the polar co-ordinates of whose v^ 
angular pomts are (1, 0), ( 1, ^ j and [ V2. j) respectively. (7^ ^ / 



CHAPTER II. 



The Straight Line. 



13. To find the equation of a straight line parallel to 
one of the co-ordinate axes. 

Let LP be a straight line parallel to the axis of x 
and meeting the axis of y at i, and let OL = h. 




Let a,yhe the co-ordinates of any point P on the line. 
Then the ordinate NPiB equal to OX. 
Hence y^bis the equation of the line. 

Similarly x^^a is the equation of a straight line 
parallel to the axis of y and at a distance a from it. 

14. To find the equation of a straight line which passes 
tlirough the origin. 

Let OP be a straight line through the origin, and let 
the tangent of the angle XOP = m. 

Let Xf y he the co-ordinates of any point P on the 
line. 
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Then 
Hence 



^P^imNOP. ON. 

y ss mx is the required equation. 




O NX 

15. To find the eqtuUicm of any straight line. 




Let LMP be the ^traight line meeting the axes in the 
points L, M. 

Let OM^ c, and let tan OLM^m^ 

Let x^yhQ the co-ordinates of any point P on the line. 

Draw JP^ parallel to the axis of y, and OQ parallel to 
the line LMP, as in the figure. 

Then NP^NQ^QP 

= ONtsjiirOQ + OM. 
But 

NP^y, ON^x, 0J/=: c, and tan 2^0^ = tan OLJf=m. 

y=^mx+c (i) 

which is the required equatioiL 

So long as we consider any particular straight line the 
quantities m and c remain the same, and are therefore 
called constants. Of these^ m is the. tangent of the angle 
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between the positive direction of the axis of x snd the 
part of the line above the axis of a, and c is the intercept 
on the axis of y. 

By giving suitable values to the constants m and c the 
equation y=^mx+ c may be made to represent any straight 
line whatever. For example, the straight line which cuts 
the axis of y at unit distance from the origin, and makes 
an angle of 45^ with the axis of w, has for equation 
y = a? + l. 

We see from (i) that the equation of any straight line 
is of the first degree. 

16. To sheur that every equation of Hie first degree 
represents a straight line. 

The most general form of the equation of the first 
degree is 

Ax + By + C=^0 (i) 

To prove that this equation represents a straight line, 
it is sufficient to shew that, if any three points on the 
locus be joined, the area of the triangle so formed will be 
zero. 

l»et {^\ y')> (a?", j/'), and (a?'", j/'*) be any three points 
on the locus, then the co-ordinates of these points will 
satisfy the equation (i). 

We therefore have 

Ax' +5y' +(7=0, 
Ax"+By" + C^O, 
Ax'" + By'" +0^0. 

Eliminating A, B, C we obtain 



1 
1 



jt 



jf 



'" y"\ 



X 



= 0, 



the area of the triangle is therefore zero [Art. 6]. 

The equation Ax + jBy + (7 = is therefore the equa- 
tion of a straight line. 
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17- The equation. Ax + Bv+ C=0 appears to in- 
volve three constants, whereas the equation found in Art. 
15 only involves two. But if the co-ordinates x,yo£ any 
point satisfy the equation -4a? + -By + (7 = 0, they will also 
satisfy the equation when we multiply or divide through- 
out by any constant. If we divide by B, we can write 

the equation y = — -h^ — -s, and we have only the two 

AG, 
constants — -^ and — -^ which correspond to m and c in the 

equation y = 7iw? + c. 

18. To find the equation of a straight line in terms of 
the intercepts which it makes on the axes. 

Let A, B he the points where the straight line cuts 
the axes, and let OA => a, and 0B= b. 

Let the co-ordinates of any point P on the line be 

r 




Draw PJV parallel to the axis of y, and join OP. 
Then A APO + A P5 = A ABO ; 

ay + bx== ab, 

a^b ' 

This equation may be written in the form 

Zaj + rny = 1, 



or 
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where I and m are the reciprocals of ihe intercepts on the 
axes. 

19. To find the equation of a straialu line in terms of 
the length of the perpendicular upon it Jrom the origin and 
the angle which that perpendicular makes with an axis. 

Let OL be the perpendicular npon the straight line 
AB, and let OL = 0, and let the angle XOL = a. 

Let the co-ordinates of any point P on the line be 
a?, y. 

Draw PN parallel to the axis of y, NM perpen- 
dicular to OL, and PK perpendicular to NM, as in the 
figure. 




Then, OL=^OM+ML^OM+KP 

= ON cos a + NP sin a ; 
or /> = a?cosa+y sina, 

which is the required equation. 






20. In Articles 15, 18 and 19 we have found, by 
independent methods, the equation of a straight line 
involving different constants. Any one form of the 
equation may however be deduced boin, any other. 

For example, if we know the equation in terms of the 
intercepts on the axes, we can find the equation in terms 
of p and a from the relations acosaa=|? and &sina«|?, 
which we obtain at once from the figure to Art. 19. Hence 



THE STRAIGHT LI17E. 



17 



substituting these values of a and b in the equation 
- + ? =1, wegeta?cofla + ysina = p. . ^ 

If the equation of a straight line be ^fti^io. K i* aot,^^*^ 

then, by dividing throughout by J J} + J5*, we have » • ^ - V/i*^^^ 

^ . B G ^ *) 



Now 






and 



5 



are the cosine and sine 



'JA' + Jf 

respectively of some angle, since the sum of their squares 
is equal to unity. If we call this angle a, we have 

« cos a +y sin a — j) — 0, 
where p is put for — 



1_ 



Ex. L If aaB-4y-5=0, then dividing by J^+¥ we have 
|z-|y~l=0. Thisisof theform jpooea+yBina-p=:0, where ooBa={, 
8ina=— |, andjosl. ^ 

Ex. 2. The equation x+y +5=0, 18 eqniTalent to JL. ^ Jf-< =: X 



5r 



5r 



-Vi ^ -Vx ^2. 



«008-^+3fBin-j. = -^. 



21. To find the position of a straight line whose 
equation is given, it is only necessary to find the co- 




ordinates of any two points on it To do this we may give 



8. as. 
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to X any two values whatever, and find from the given 
equation the two corresponding values of y. The points 
where the line cuts the axes are easiestto find. 

Ex. 1. If the equation of a line be 2x + 5y s 10. "Where this outs the 
axis of X, y=0, and then ^=5, "Where it cuts the axis of y, x=0, and 

y=2. V ■ ■ . ^ • . . 

Ex. 2. The interoepts made on the axes Vy the line 4x- jf +2=0 are 
- i, and 2 liespectivelj. i/ . ' 

Ex. 3. x-2y=Q, Here the origin (0, 0) is on the line, and when 

ar=4,^=2, ^/ 

The lines are marked in the figore. 

22. If we wish to find the equation of a straight line 
which satisfies any two conditions, we may take for its 
equation any one^of the general forms. ' 

(i) y^mx+c, fii) ^ + 1=1, 

(iii) Zfl?+my=l, (iv) a?cosa-fy sina— 1?=5 0, 

or (v) Ax ■\' By + 0=0. 

We have then to determine the values of the two 

constants m and c, or a and b, or I and m, or a and p, 

A B 
or yj and 77 for the line in question from the. two con- 


<Iitions which the line has to satisfy. 

Ex. 1. Find the equation of a straight line which passes through the 

point (2, 3) and makes equal interoepts on the axes. 

X y 
Let - + r=l l>e the equation of the line. 
a b 

Then, since the interoepts are equal to one another, a^h. 

Also, since the point (2, 3) is on the line, 

2 8- 

- + -=1; 
a a 

X y 
.*. a=5=& and the equation required is g + i—^» %/' 

Ex. 2. Find the equation of the straight line which passes through 
the point ( ^8, 2) and which makes an angle of GO^ with the axis of x, 
, Let ^ 3smx -f-ehe .the equation of the striiight line. 
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Then, since the line makes an angle of 60^ with the ftxis of x, 

m=tan60»=V3. 

Also, if the point ( ^3, 2) be on the line, 2 = wi . ^8 + Ci therefore c = - 1 , 

and the required equation is y = ^Sk ~ 1. ^ 

23. To find tlie equation of a straiglit line drawn 
ilirough a given point in a given direction. 

Let x\ y' be the co-ordinates of the given point, and 
let the line make with the axis of x an angle tan~^ m. 

Its equation will then be 

y^mx-hc, * 
and, since (x', y) is on the line, 

y = mx + c, 
therefore, by subtraction, 

y-y'=w(aj-ar') (i). 

The line given by (i) passes through the point {x\ y) 
whatever the value of m may be ; and by giving a suitable 
value to m the equation will represent any straight Une 
through the point {of, y). C^^ ^IwTT 

If then ^e know that a straight line passes throtigh^ ^-mji 
particular point {x\ y) we at once write down y — yr^t-*^' 
= m (a?--aJ^ for its equation, and find the value of m from^ 
the other condition that the line has to satisfy. 

• • 

24. To find the equation of w straight line which 
passes through two given points. 

Take any one of the general forms, for example, 

y=^mx + c (i). 

Let the co-ordinates of the two points be x\ y' and a;", y*' 
respectively. Then, since these points are on the line (i), 
we have 

'if =mx' +0 (ii), 

and y''=ma?"+c (iii). 

From (i) and (ii), by subtraction, 

y-y =m{x-x') (iv). 

2—^ 
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From (iii) and (ii), by eiibtractioD, 
and therefore^ ■^ , '' ■ , = -7;- 



^;i'^ 



This equatioa could be found at once &om a figure. * ' ) 
Ex, The «qiutuHi of the line joining the pconta (3, 8) Mid (S, 1) ie 

25, Let the straight line AP make an angle 6 with 
the axis of x. Let the co-ordinates of A be x', y, and 
those of F be cr, y, and let the distance AP be r. 




Drav AN, PM parallel to the axis of y, and AK 
parallel to the axia of x 

Then AK - APcm $, and KP = AP^ $, 
or w — m' = r caa 0, and y — y* = r sin ft 

The equation of the line AP may be written in the 
,P(,'^'fonn 

COS?" sin (*'•"' '^■l 
Let the equation of any straight line be 

i,-,-t . Ax + By+ = 0... (i). 

y^ Let the co-oidinates of any point Q be an', y', and let 
X^.the line through Q parallel to the axia of y cut the given 
l^'l'&traight line in the point P whose co-ordinates are z', y". 

- jCThen it is clear from a figure that, so long as Q 

remains on the same side of the straight line, QP iu drawn 
in the same direction ; and that QP is drawn in the oppo- 
site direction, if Q be auy point whatever on the other side 
of the straight line. 
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That is to say, QP is positive for all points on one side 
of the straight line, and negative for all points on the other 
side of the straight line. 

Now QP^f-j/ (ii), 

and Ax' + Bi/+C==Ax'-¥By+i)^(A9' + By".+ Cy 

[for {x\ y") is on the line, and therefore Ax + By" + (7= 0] 

... Ax' + By'+C^^B(j/'--y') (ui). 

From (ii) and (iii) we see that-4a:'+5y' + C7is positive 
for all points on one side of the straight line, and negative 
for all points on the other side of the line. 

If the equation of a straight line be Ax + By + C==0, 
and the co-ordinates x, y' of any point be substituted y 
in the expression Ax -vBy-vC^ then if Aoi + B'if + Cfbe ^ 
positive, tne point {x\ yf) is said to be on the positive side 
of the line, and if Aaf + By' + C be negative, (x', y') is 
said to be on the negative side of the line. 

If the equation of the line be written 

it is clear that the side which we previously called the 
positive side we should now call the negaUve side. 

Ex. 1. The point (8, 2) is on the negative Bide of 2x - Sy ~ 1 sQ, and 
on the poeitiye side of a«- 2^-1=0. v-' 

Ex. 2. The points (2, - 1) and (1, 1) ate on opposite sides of the line 

Ex. 8. Shew that the four points (0, 0), ( - 1, 1), ( - A, 0) and (2, |{) 
are in the four different compartments made by the two straight lines 
. 2x-8y+l=0, and8x-5y4'2a0. ^ -^ 

27. To find the co-ordinates of the point of intersection 
of two given straight lines. 

Let the equations of the lines be 

ax+by + c=^0 (i), 

and a'a? + i> + c' = (ii). 

Then the co-ordinates of the point which is common te 
both straight lines will satisfy both equations (i) and (ii). 
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We have therefore only to find the values of a? and y 
which satisfy both (i) and (ii). 

These are given by 

X j_ y ^ \ 

he — 6'c " ca — ca ~ a6' — a'6 ' 



28. To find the condition that three straight lines may 
meet in a point 

Let the equations of the three straight lines be 

tw? + iv + c = 0...(l), ax + Vy + c' = 0...{2), 

a"a? + 6'y + c" = 0...(3). 

The three straight lines will meet in a point if the 
point of intersection of two of the lines is on the third. 

The co-ordinates of the point of intersection of (1) and 
(2) are given by 

^ _ y _ 1 



be — Vc ca — c'a ab — a'b ' 
. The condition that this point may be on (3) Is 

„ he' — Vc ,„ c a' — ca , ^// _ q 
aV — a'b ah' -- ab 

or, a" (be' - 6'c) + J" (ca' - c a) + c ' (ab' - a'b) = 0. 



EXAMPLES. 

1. Draw the Btraight lines wlioee equations are 

(i) x+y=2, (ii) 8«-4y=12, 

-(iii) 4a5-r3y+l=0, and (iv) 2x+6y+7=0. i/ * 

2. Find the equations of the straight lines joining the following pairs 
of points— (i) (2, 3) and ( - 4, 1), (ii) (a, b) and (6, a). ^ 

Ant. (i)a5-Sy + 7=0, (u)a;+y=o + 6. *^ 

d. Write down the equations of the straight lines which pass through 
the point (1, - 1), and make angles of 150<^ and dOP respectively with the 

Ant.y + l=^-j^(x-l). ^ 
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4. Wriie the foUowing equations in tbe fOrni xcoBa+j/sma^l?^ 0, — 
(i) ar+4y - 16=0, (ii)12x-5y +10=0. ^ • 

Afu. (i) {x + |y^3=0, (u) -«x+Ayri«=0.^' 

5. Find the equation of the straight line through (4, 5) parallel to 
2«-8y-6=0. '--^ , 2lnf. 2a:-%+7=0. ./ 

6. Find the equation of the line through (2, 1) parallel to the Une 
joixung(2, 3)and(3,-l). -h.^-V ^ii«.4a;+y=9.i.^ 

7. Find the equation of the line through the point (5, 6) whioh makes 
equal interoepts on the axes, '^-t^i ir* ^ -^ i Ans, x+y = 11. t 

8. Find the points of interdeotion of the following pairs of straight 

lines fi)&i;+7y=99 and 3x+2^+77=0,(ii)2c-5y + l=0aiid«'f2f+^~0> 

(iii)? + y=land?+??=l. 

abba / 

Anz. (i) ( - 67. 62)." (ii) ( - 3. - 1% (iii) [-^^ . ^^^ .*^" 

f 9. Shew that the ihree lines &r+dy-7»0, dx-4y-10=0. and 
'x+2y=0meetinapoint. i^j^ / 

10. Shew ftaiih g^rfee' potn t8_(0, lij, (2, 3) and <8, - 1> are on a . 
straight line. Q^-^'^J^ "i^^^J^.- ■ 

Also the three points (Sa/O), (0, 3&) and (a. 26). l^ 

11. Find the equations of the eides of the tritusgle the co-ordinates of 
whose angular points are (1, 2), (2. 3) and ( - 3. - 5). 

Ant. 8x-'6y-l=0r7x-4y + l=a0,*'x-y+l=0. ^ 

• • • 

12. Find the equations of the straight lines each of whioh passes 
thron(|(h one of the angular points and the middle poiiit of the' opposite 
side of the triangle in Ex. 11. . 

-rfiw; 2a:-y=0, 3x-2y=O,'^6x-8j^=0.*^ 

13. Find the equations of the diagonals of the parallelogram the 
equations of whose sides are x - a=0, x - 6=0. y -€=0 and y - d=0. 

Ant. (d— c)x+(o-6)y + 6c-a<i=0*and(d-c)x + (6-a)y+ac-M=0. ^ 

14. What ;nusi be tho value of o^ in order that the three lines 
dx+y~2^0, ax+2y-3s0j and 2x-y-3=0 may meet in a point? 

Ant.a=^o.^''' 

lo. In what ratio is the line joining the points (1. 2) and (4, 8) divided '^'^'^'^ 
by the line joining (2, 8) and (4. 1)? Ant,, The Une it bitected, ~^~ r'^^ 

16. Are the points (2, 8) and (3. 2) on the same or on opposite sides ^ 
oftbe8traightline5y-6x+4=0? ^7 ^i.. v 



4CC4 
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17. Shew thai the points (0, 0) and (8, 4) Are on opposito sidaa of 
the line y-^x-hlsO. ^/^h *-' 

Vui -ti ^' ^^* ^^^^^ ^^^ ^® oxi^ 18 within the triangle the equations of whose 
^'^ '"^1fideBarex-7y+26=0,6x+8y+ll-0,and8a5-ay-l=:p. ^ ^ .i- ^ > 

• , 29. To find the angle between two straight lines 

-^' whose equations are given. 

(i) If the equations of the given lines be 

a? cos a + y sin a — jj = 0, and fl? cos a' + y sin a — p' = 6, 

the required angle will be a — a or^ — a — a'. 

For a and a' are the angles which the perpendiculars 
from the origin on the two lines respectively make with 
the axis of x^ and the angle between iLny two lines is equal 
or supplementary to the angle between two lines perpen- 
dicular to them. 

(ii) If the equations of the lines be 

ys=zma + c, and y = m'a?+c'; 

then, i{ 0f ff be the angles the lines make with the 
axis of a?, tan = m and tan ff ^m\ 



.-. tan(^-^) 



Wl— TTl 



1 + mm 



/ • 



.'. the required angle is tan"* [ :j A . 

The lines are perpendicular to one another when 
1 + mm! ^ 0, and pc^allel when m =» m!. 

(iii) If the equations of the lines be 

(M? + 6y+c=«0, and a'a? + 6'y + c' = 0, 

theise equations may be written in the forms 

a c J a' c' 

Therefore, by (ii), the required angle is 

a a' 

^ ^ "B'^V ^ ^ha'-b'a 

tan J , or tan"* - , . . ■ , . 

^ aa aa -k-tm 
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The lines (M?+6y + c = and a'a?-f 6'y + c' = will 
be at right angles to one another, if aa +bV =^0, and 

will be parallel to one another if 6a' — Va = 0, or if —, = ,-, . 

30. The condition of perpendicularity is clearly satis- 
fied by the two lines whose equations are /'^' *i"^//^^ 

ax + by + c^O^dbx-'ay + c'^Oy^^^ 
The condition is also satisfied by the two lineaL^'' "^M^^^. 

flw? + 6y + c = 0and--? + e' = 0.X ^^^ 
^ a b -^ 

Hence we can at once write down the equation of 

a line perpendicular to a given line, for we have only to 

interchange, or invert, the coefficients of x and y, and alter 

the sign of one of thenu 

Ex. 1. The line through the origin perpendiooUu^ to 4y+2«=7 is 
2y-4x=0. 

Ex. 2. Thelinethroitghthepoint(4,5)perpendiocdarto8«-22(+5=0 
is2.»-4)+8(y-6)=0,or2a5+8y=28. "^ 

Ex. 3. The acute angle between the lines 

22 + 8y+l=0, andx-y=0istan~^5. *^ 

31. To find the perpendumlar distance of a given point 
from a given straight line. 

Let the equation of the straight line be 

a?C08a + y sina-^ = (i), 




and let x, y* be the co-ordinates of the giv^n point P. 
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The equation 

fljcos.a + ysina— p' = (ii) 

is the equation of a straight line parallel to (i). 

It will pass through the point {x\ y) if 

d/cosa+y'sina— 1>' = (iii). 

Now if PL be the perpendicular from P on the line (i), 
and ON, ON' the perpendiculars from the origin on the 
lines (i) and (ii) respectively, then will 

LP^NN' 

» a?' cos a + y sin a — /? [from (iii)]. 

Hence the length of the perpendicular from any point 
on the line x cos a + y sin a —p — is obtained by substi- 
tuting the co-ordinates of the point in the expression 

a? cos a + y sin a — jj.^, 

The expression x' cos a +j/ sin a — p. is positive so long 
as /}' is positive and greater than p, that is so long as 
P (x\ y') and the origin are on opposite sides of thfe line. 

If the equation of the line beaa; + iy + csO»it may be 
written 

^ + , y-\ — =0 (iv) 

which is of the same form as (i) [Art. 20]; therefore the 
length of the perpendicular from (x, y') on the line is 

a , b , c 

ax' + by'+c , . 

or — , -— — (v). 

Hence, when the egtuUion of a straight line is given in 
the form cw? + 6y + c=0, the perpendicular ^distance of a 
given point from it is obtained by substituting the co-ordi- 
nates of the point in the expression aa + by + c, and dividing 
by the square root of the sum of the squares of the coejffi- 
dentsofxandy. 

\ ' y .■ / 
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If the denominator of (v) be always supposed to be 
positive, the length of the perpendicular from any point 
on the positive side of the line will be positive, and 
the length of the perpendicular from any point on the 
negative side of the line will be negative. [See Art. 26.] 

32. To find the equations of the lines which bisect the 
angles between two given straight lines. 

The perpendicular on two straight Unes, drawn from 
any point on either of the lines bisecting the angles be- 
tween them, will clearly be equal to one another in mag- 
nitude. 

Hence, if the equations of the lines be 

cM7 + 6y + c = Lk (i), 

and a'x + Vy + c' — O (ii), 

and {x, y') be any point on either of the bisectors, 

<wj' + 6y' + c ^a*x -{-Vy ^c' 

must be equal in magnitude. 

Hence the point (x', y') is on one or other of the 
straight lines 

a^ + by + c , a'x + Vy + c' ..... 

-", f— — = + — ^- (ill). 

The two lines given by (iii) are therefore the required 
bisectors. 

We can distinguish between the two bisectors; for, if we 
take the denominators to be both positive, and if the 
upper sign be taken in (iii), aa? -f Jy + c and ax + b'y + c' 
must botih be positive or both be negative. 

Hencein ^-^^1+^^ +^'^ + Vx+^ 

every point is on the positive side of both the lines (i) and 
(ii), or on the negative side of both. 

If the equations are so written that the constant terms 
are both positive, the origin is on the positive side of both 
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lines ; bence (iv) is the bisector of that angle in which the 
origin lies. 

Ex. The bisectora of the angles between the lines i« - Sjf + 1 eO, and 

.^^^i^J2x+6y+ 18= Dare given by ^ — = ± ^o » ***" the upper 

sign gives the bisector of the angle in which the origin lies. ^ 

33. To find the equation of a straight line through the 
point of intersecUon of two given straight lines. 

The most obvious method of obtaining the required 
equation is to find the co-ordinates x\ y of the point 
of intersection of the given lines, and then use the form 
y — y' = m (» — x') for the equation of any straight line 
through the point (x\ y'). The following method is how- 
ever sometimes preferable. 

Let the equations of the two given straight lines be 

a« + 6y + c=sO (i), 

a'a; + 6'y+c' = (ii). 

Consider the equation 

""riT" aa + fty + c + XCa^+ft'y + cO^O (iii). 

It is the equation of a straight Une, since it is of the 
first degree; and if (ai^ y) be the point which is common 
to the two given lines, we shall have 

and oV + Vy* + c' = 0, 

and therefore (aaj' + &y' + c)+X (aV+fty + O^O. 

This last equation shews that the point {x\ y) is also 
on the line (iii). 

Hence (iii) is the equation of a straight line passing 
through the point of intersection of the given lines. Also 
by giving a suitable value to X the equation may be made 
to satisfy any other condition, it may for example be made 
to pass through any other given point. The equation 
(iii) therefore represents, for different values of \, all 
straight lines tmrough the point of intersection of (i) 
and (ii). ^ ^ . 

a uveal ev-^f<'^^ fA.^a.V/K*jrvu ^^CM ha-xarniVx^t.f ^^' 
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Ex. Find the equation of the line joining the origin to the point of 
intersection of 2x + 5y - 4 = and 3« - 2y + 2 = 0. 
Any line through the interseotion is given by 

ad;+5y-4+X(&B-2y+2)=0. 
This will pass through (0, 0) if -44-2X=0, orif X=2; 

.*. 2«+6y-4+2(8x-2y+2)«0, 
or 8x+y=0, is the required equation. t/ 

34. If the equations of three straight lines be 

«« + 6y + c = 0, a'a? + 6'y + c'= 0, and a"a? + 6"y+c" = ^ 
Tespectively; and if we can find three constants X^ fi, v such 
that the relation 

X(aa?+6y + c) + /* (a'a? + yy H-O+i' (a"fl?+ 6"y+c")=0-- W 
is identioally true, that is to say is true for all values of 
X and y, then the three straight lines will meet in a point 
For if the co-ordinates of any point satisfy any two of the 
equations of the lines, the relation (i) shows that it will 
also satisfy the third equation. This principle is of fre- 
quent use. 

Ex. The three straight lines joining the angular points of a triangle 
to the middle points of the opposite sides meet in a point. 

Let the angular points ii, B, C he (af, y'), (x^, y^, (a^, y^, respectively. 
Then D, £, F, the middle points of BC^ CA, AB respectively, will be 

fxT+aT y^+y*^ f sT+a^ y!!+!A a / ^^^^ t±yl\ 
\2~* ""T~j' \""2~' "nr"j"^V'"2~' "2^)' 

The equation of AD will therefore be 

—2 — y —2 — *^ 

ory(«^+a^''«2af')-«(y''+y^-2yO+x'(y^+y"')-y'(a!"+x'")=0. ^ 

So the equation of BE and CF will be respectively 

y(ar'+«'-2a^')-a?(y"'+y'-2y")+a!"(y'"+y')-y"(a:'"+a:')=0 

and y(«'+«^-2aj^')^a?(y'+y^-2y"0+x^(y'+y")-y'"(x'+x")=O. 

And, since the three equations when added together vanish identically, 
the three lines represented by them must meet in a point. , i/ 
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EXAMPLES, 



1. Find the angles bDetween the following pairs of straight lines — 
ifii) (i) y=2a; + 6and8«+y=7, 

an'4W'0{ii) 05+2^-4=0 and 2* -y + 1=0, 
ii^) (iii)2laj+5y+C=0and(ii+£)«-(ii-B)y=0. 

Ans. (i) 46*»; (ii) W,\iii) i5\ 

2. Find the eqaati6n of the straight line whicH is perpendicolar to 
2x + 7y - 5 =0 and which passes thxt>ugh the point (3, 1). C^ ^) 

- . Am. 7x-2y = 19. 1 

^^ 3. Write down the equations of the lines through the origin perjwn- 

ii«¥y ^ diculartotheline8 3j;+2y-5=0and4^+d2^-7=0. Find the oo-ordinates 
Ix/fii ijlpS' ^® points where these perpendiculars meet the lines, and shew that 
tJ/tKrs* tfj^Q equation of the line joining these points is 23x+ 11^ - 35=0. (^ 

4. Find the perpendicular distances of the point (2, 8) from the lines 
4x + 8y-7=0, 5x + 12y-20=0,anddaB+4y-8=0. An». 2.*^ 

^ _ ^ ^ 5. Write down the equations of the lines through (1, 1) and ( - 2, - 1) 
^J^te.^ parallel to Sx'f-iy + 7=0; and find the distance between these lines. y^ 
"* Am, ^^'^'' 



G. Find the equations of the two straight lines through the 



pdins 



(2. 3) which make an angle of 45<^'with 2+2y=0. 



•I 



-j,,.(,-:)*tk.n^>Kf^.l»*e«J|' iilx^gitf- ^^, a?-3y+7=0, 8«+y=9.*' 

7. Find the eqipitions of the two straight lines which are parallel to 
ar + 7^+2=0 and at unit distance firom the point (1, - 1). 

8. Find the equation of the line joining the origin to thb point of 
•^^^^*^ . intersection of the Imes jr-4y-7=0 and y + 2x- 1=0. 

^•-7^ Am. 18«+lljf=0y 

9. Find the equation of the straight line joining (1, 1) to the point of 
intersection of the lines 3x+4y-2s0 and x-72y + 5=^0. 

^"'h»' Am, 7x+26y-83=0.'^ 

10. Find the equation of the line drawn through the point of inter- 
section of y-4x- 1=0 and 2iE+5y- 6=0, perpendioul^?: to 82^4x=0. 

^' ft*" Am, 88y-6«ar-101=a«^ 
fc ./ *c» 11. Find thJB lengths of the perpendiculars drawn from the origihvn 

H<1 -f % c the sides of the triangle the co-ordinates of whose angular points are (2, 1), 
*r'** (3,2)and(^l, -1). ^vIjV'^.V 

12. Find the equations of the straight lines bisecting the angles 
l)etween the straight lines 4y + 3x - 12 = and 3y + 4x - 24 =0 ; and draw 
a figure representing the four straight lines. 

Am,' y-x + 12=0/7y + 7x-36t=a 
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. . -?>_!:'_• if: 

13. Pind the equationa of the diagonals of the redlangle foxined by ^'^"'i*''^ 
the lines a5+8y-10=0, aj+3y-20==0, aaj-y + 6=0, and 8a5-y-6=0; "^^^- 
and shew that they intersect in the point (i, 1). « >i , 

14. Find the area of the triangle formed by the lines y-x=:OrX^^- ' 
y4.2sO, a;-e=0. ^"^ *. Aru, c'. ' \ 

15. The area of the triangle formed by the straight lines whose 
equations are y-2x=6, y-3x=0y andy=5x+4 iS' j. *^^ 

16. Find the area of the triangle formed by the lines y=2ac+4, 
2y+&r=5, andy+^+l=BO. ' Ant. Vi** *' 

17. Shew that the area of the triangle formed by the lines whose 
equations are y=fitiX+C2, y=m^+c^, and j;=Ois (^/^#),(^''t^;( 






^t'\ 18. Shew that the area of the triangle formed by the straight uxt 
^--Jwhoee equations are y=mijp+tfi> y^vi^^^% and ysm^^ + c^ is 
^Ad>- j(5C^%j(Vi£i)!+j(az^. [Use Ex. 1,.. 

tVf '''19. Shew that the locos of a point which moves so that the sum of 
the perpendiculars let fall firom it upon two given straight lines is constant 
ia a straight line. ^ 

V 35. A homogeneous equation of the nth degree will 
represent n straight lines through the origin. 

Let the equation be 

Af + Bf^x-i- Gy^sf^- ... + ^ar = 0...(i). 
Divide by aT and we get 

Let m-, m,, m^ m^ be the roots of this equation. 

Then it is the same as 

^(|-».)(I--)er"-) (f--)-"' 

and therefore is satisfied when 

- — m, = 0, when - — m, = 0, &c., 

and in no other cases. 

Therefore all the points on the locus represented by (i) 
are on one or other of the n straight lines 

y — mja;==0, y — m^x = 0, y — 7?i^x = 0. 
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"/ 36. To find the a/ngle between the two straight lines 
represented by the equation Aaf + ^Basy + 0%^ « 0. 

If the lines be y — m.fl?s=0, and y^m^x^Q^ then 
(y — m^x) {y — mjc) = is tne same as the given equation 

.'. wij + m, = — yj- (i) and rn^m^^ -T-, (ii). 

If d be the angle between the lines^ 

If S^^AC is positive the lines are real, being coin- 
cident if JB" - ^ (7 = 0. 

If ff-'AC is negative the lines are imaginary, but 
pass through the real point (0, 0). 

The lines given by the equation Aa? + 2Bxy + CTy* = 0, 
will be at right angles to one another if ^ + C = ; that 
is, if the sum of the coefficients of a? and ^ is zero. 

^/ 37. To find the condition that the general equation of 
the second degree may represent two straight lines. 

The most general form of the equation of the second 
degree is 

ax^ + 2A«y + ty* + 25raj + 2^ + c = (i). 

If this is identically equivalent to 

(ir + wiy + w)(ra? + my + n') = (ii), 

wc have, by equating coefficients in (i) and (ii), 

II = a, m/m = 6, nn! = e, 

mn' + m'n = 2/, wr + w7 = 25r, Zin'+r«t = 2A. 

By continued multiplication of the last three, we have 

9fgh = mmm'nn' + IV (m' V + m^n*^ 

+ mm' {n'V + nV'*) + nn' (Pm* + Pm'») 
= 2aJc + a(4/«-25c) 

+4(V-2ca) + c(4A«-2a6). 
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flence a6c — q/"*— 6/— cA* + 2/^A = (iii) ^\^^9 

is the required condition. ( / / 

Unless the coefficients of a^ and y* are both zero, we / / ^ 
can obtain the above result more simply by solving the 
equation as a quadratic in x or in y. 

Suppose a is not zero ; then if we solve the quadratic 
in X, we have 

ax + hy + g=' ± V{(A* -a6) y"+ 2 Qtg-af)y '\-(f - ac]. ^■ 

Now in order that this may be capable of being reduced 
to the form ax + By + (7 = 0, it is necessary and sufficient 
that the quantity under the radical should be a perfect 
square. The condition for this is 

{k*- ah) (f-ac)^ (hg - af)\ 
which is equivalent to (iii). 

V 38. To find the equaiion of the lines joining the origin 
to the common points of 

cw?* + 2Aa^ + 6y" + 2^a? + 2/^ + c = (i), 

and Ix + my = 1 (ii). 

Make equation (i) homogeneous and of the second 
degree by means of (ii), and we get 
aa^ + 2hxy + 6y* + 2 {gx +fy) (Ix + my) + c (£r + my)* = 

...(iii), 
which is the equation required. 

For equation (iii) being homogeneous represents 
straight lines through the origin [Art. 35], To find where 
the lines (iii) are cut by the line (ii), we must put 
Za? + 7ny=l in (iii), and we then have the relation (i) 
satisfied; which shews that the lines (iii) pass through the 
points common to (i) and (ii). 

*39. To find the equation of the straight lines bisecting 
the angles between the two straight lines 

If the given lines make angles 0^ and 0^ with the axis 
of X, then {y — x tan 0^) (j/-x tan 0^) = is the same as 
the given equation : and we obtain 

s. c. 8. ^ S 
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and 



tan5, + tand^=-y (i), 

tan5jtand, = T (ii). 



If be the angle that one of the bisectors makes with 
the axis of x, then will 

and in either case 

tan 2d = tan (5j + ^,), 
2tang _ tan g ^ 4 - tan d ^ 
l-tan"d""l-tandjtand,' 

If (a;, y) be any point on a bisector, ^ = tan 6\ 



or 



a; 



hence 



2^ 

X 



tan gj + tan 0^ 



X 



y 1 — tan 6^^ tan tf , ' 



therefore, making use of (i) and (ii), we have for the re- 
quired equation 

2xy __2h 



or 



^ ~ ?/ _ ^y 

a — 6 h ' 

EXAMPLES. 

^(, 1. Shew that the two straight lines y^~2xyBec0+a?=O make an 
angle with one another. ^^Jt.^yt^i(fr±i^J 

fc t9 '0 ^* Shew that the equation «* +iey - 6y* + 7a5 + Sly - 18 = represents 
|Lf»6 two straight lines, and find the angle between them. Ans. 45^.'^ 

8. Shew that each of the following equations represents a pair of 
straight lines, and find the angle between each pair: not ^ x/ 
^0' (i) (a;-o)(y-o)=0, (u) a;*-4y«=0, ^^^i'" I "^ ^ 

^<). (iii) «y=0, (iv) ^-2a;-3y+6=0,tf-»)tf-^2.^,^^ 

^-to-Hi|Wv) a!3-5ay+4y«=0, (vi) /aj»-6a:y+4y«+3«-4=o/el. ^ , 
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4. For what valae of X does the equation f^'^ 'J^^ -^ **^ - 

12a:«-10a:y + 2y' + ll«-6y + X = Tr;k:or-'i'-z7>-^'i'^^ 
repreflent two straight lines? Shew that if the equation represents ''•?^^' 
straight lines, the angle between them is tan^^f. yf nB-Ar^ Ans, X= 2. ^ 

5. For what value of X does the equation 

12j!:* + Xa:y+2y»+ll«-5y + 2=0 
represent two straight lines? ;TV iTA +04"- ^ Ans, - 10, or - y. i 

6. For what value of X does the equation 

12j;« + 36acy + Xy« + 6«+6y+8=0 
represent two straight lines? Are the lines real or imaginary ? Ans, 28. ^ 

7. For what value of X does the equation Xxy+6a;+8y + 2=0 
represent two straight lines? Ans. X= VT ^ =«> *^ 

8. Shew that the lines joining the origin to the points common to 
8x*+6xy-8y«+2i;-f 3y=0 and 3aj-2y=l are at right angles. 

The lines are 3«*+6a5y-8y2+(2ai+3y)(3a;-2y)=0. r 

Oblique Axes. 

40. To find the equation of a straight line refeiTed to 
axes inclined at an angle o). 

V/ - 




Let LMP be any straight line meeting the axes in the 
points L, M, 

Let a?, y be the co-ordinates of any point P on the 
line. 

Draw P^ parallel to the axis of y and OQ parallel to 
the line LMP, as in the figure. 
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Then NP = NQ + QP (i) 

^ , NQ sinNOQ , , 

^"* m = 8iD(a,-yOQ) = *'°°'**°* = "* '"PP°'^' 
and QP = OM = c suppose ; 

therefore (i) becomes y = ma? + c, which is the required 

equation. 

If d be the angle which the line makes with the axis 

of X, then 

sin 
m = 



/. tan = 



sin(a)-6^)' 
m sin 0) 



1 -f wi cos O) ' 

41. Many of the investigations in the preceding 
Articles apply equally whether the axes arerectangular 
or oblique. These may be easily recognised, yy 

*42. To find the angle between two straight lines whose 
equations, referred to a^es inclined at an angle o), are 
given. 

If the equations of the lines be 

y = mx + c, and y = m'x + c', 

and if 0, 0' be the angles they make respectively with the 

axis of X, then [Art. 40] 

^ m sin ft) J ^ ^ m' sin ct) 

tan =r5 , and tan ^ = 



1 -f m cos (o' 1 + m' cos o) ' 

therefore tan (g - ^) = , /"^- ^'^'^ ^ , ...(i). 

l + (m + m)cosa) + mMA ^' 

or the angle between the lines is 

^^-1 {m - m) sin (o 

1 + (m+m') cos ft) + mm ' 
The lines will be at right angles to one another, if 

1 + (m '{-m') cos G}-^ mm' =^0 (ii). 

If the equations of the two straight lines be 
ax+bi/ + c=^0, and a'x+b'y-i-c^ 0, 

and_g be the angle between them, then w = — 7, and 






'-'^x*^, '^ i^ 
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m' = — jr, and substituting these values in (i) we have, 

^^0^ (a' 6 - (d>l sin » 

aa + hV — {db' + a'h) cos ai ' 

The lines will be at right angles to one another, if 
aa' + 66'— (a6' + a'6) cos ft)=0 (iii). 

*43. To find the perpendicular distance of any point 
(/, *g) from die line Ax + By +0=0. 

Let the line cut the axes of x and y in the points K, L 
: respectively, and let P be the point whose co-ordinates are 
^ fOi and let PN be the perpendicular from it on the line 
LK. Then 

APLK= APOK-{- APLO- ALOK (i), 

.\PN.LK= OK ,g sin CD + OL .f sin to — OK .OL &in (o. , . 

(ii). 
The relation expressed in (i) requires to be modified 
for different positions of the point and of the line, unless 
we make some convention with respect to the sign of the 
area of a triangle, but the equation (ii) is universally true. 
The student should convince himself of the truth of this 
by drawing different figures. 

Now oir=-5, oz=-2; 

A B 

also LK^= OK" + OV - 20^. OL cos ai 

= -^?^ (-4* + 5* - 2^5 cos o)) ; 
.•. from (ii) Pi\r= ,. ,, -^^ j— ^^ rsin ai. 

*44. To find the angle between the lines 

aa? + 2hxy + by^=0, 
the a^es being inclined at an angle q>. 
If the lines be y=m'x and y^m^x^ 

then will m + m" = — -r- , 
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and 



whence 



f It ^ 



ff 



m — m = 



2jh^^ab 



But the angle between y = mx and y = m"x is 

(m'-m")8in« ^^^^l; 



tan 



* // 



1 + (m' + m") cos <D + m'm' 

therefore the angle required is 

_i 2 \/[h* — a6} sin a> ^. 

6 — 2A cos fi) + a * 

The lines aa^ + 2Aicy + 6y" = are at right angles to 
one another, if 

a+ J — 2Acosft) = 0. 

Polar Co-ordinates. 

45. To find the polar equation of g, straight line. 

Let ON be the perpendicular on the given line from 
the origin, and let ON = p, and XON= ou 

Let P be any point on the line, and let the co-ordinates 
ofPber, e. 




Then, in the figure, z NOP is (d — a), and 

OPcos NOP = ON. 

Therefore the required equation is 

r cos (0 — a) =p. 

This equation may also be obtained by writing r cos 
for X, and r sin d for y in the equation a;cosa + ysinas=p. 
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46. To find the polar eqtuUion of the line through two 
given points. 

Let P, Q be the given points and let their co-ordinates 
be r, ff and t'\ 0' respectively. 

Let jB be any other point on the line, and let the 
co-ordinates of iJ be (r, &). 

Then, since 

A TOQ-^ A QOiZ- A POE^ 0, 
we have 

r'r" sin (^-^ +/Vsin (O-ff')- rr' sin {0 - ^) =0. 

The required equation is therefore, 

//'sin (r- ^ +r'Vsin (d- ff') +rr' sin {0^^0)^O. 

EXAMPLES. 

1. Shew that the lines given by the equation y>-«*=0 are at right 
v^i^gles to one another whatever the angle between the axes may be. ' 

^ <^ p. Find the equation of the straight line passing through the point 
X ll,^^) and cutting the line x-{-2y=0 at right angles, the axes being 
{^uuiined at an angle of 60*. -S^^J- * ^'*> *• •<* I Ant. «=!. i^_. 

fW ^ '^3. Find the angle the straight line y=5aE+6 makes with the axis of ^^« 
> ' jp, the axes being inclined at an angle whose cosine is f . Ana* ^^^^ ^ 1 

4. If y=mx+e and y^mx-\-y make equal u^gles with the axis of a^ 
then will m+ifi'+2jnm'cosw=0.*^-j^^^ - "" T+^^J^^ 

6. If the lines i[a;' + 2^aEy + Cy=0 make equal angles with the axis ^ 
of x,then wiUB=^cosa;: !>-UM ,(^U^ia. ♦m + h.'c - U , y.^'^ ^ (f^.M.^^j 

6. Shew that the lines given by the equation 

aB^ + 29^oosw+y'cos2w=0 ^ 

are at right angles to one another, the axes being inclined at an angle u. "^ 

7. Find the polar co-ordinates of the foot of the perpendicular from 
the pole on the line joining the two points (r^, 0J, (r,, $^, ^ 

47. We shall conclude this chapter by the solution of 
some examples. 

(1) On the tides of a triangle om diagonals t parallelograms are described, 
having their sides parallel to tu>o given straight lines ; shew that the other 
diagonals of these parallelograms will meet in a point. 
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Take any two lines parallel to the sides of the parallelograms for the 
axes. Let A, B, C, the angular points of the triangle, he (x', y'), (as", jf") 
and (x"', y'") respectiyely. 




Then the extremities of the other diagonal of the parallelogram of 
which AB is one diagonal will he seen to he {off y/') and (x'', y^. 
Therefore the equation of the diagonal FK will he 

V -f _^ -^ 

or a:(y'-y")+y(''-^') + a?'y'-xy=0. 

Similarly the equation of HE will he 

« (y" - y"0 + y (^' - «"') + a/^y'" - aj'y =o, 

and the equation of QD will he 

X (y'"-y')+y(«'"-xO+«y-a^Y''=0. 

The sum of these three equations yanishes identically, therefore the 
three straight lines meet in a point. [Art. 34.] 

(2) Any straight line is drawn through a fixed point A <mUing two 
given straight lines OX, OY in the points P, Q respectively , and the paral- 
lelogram OPBQ is confuted: find the equation of the locus of B. 
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Take the two given lines for the axes, and let the co-ordinates of the 
point il hef^g. 

Let the equation of the line PQ in any one of its possible positions be 



M=^ 



(0- 



Then the coordinates of the point R will be a and p. 

But, since the line PQ passes throngh the point (/, g), the Talaes«=/, 
jf=g satisfy the equation (i). Therefore 



i^h- 



(u). 



Hence the co-ordinates a and /3 of the point R always satisfy the 
relation (ii). CaUing the co-ordinates of the point R, x and y instead 
of a and p, we have for the equation of its loons j j / (^* 

i^ui. 4/}. ^ ■' ^^^ 




(3) Through a fixed point any itraight line is drawn meeting ^tro 
given parallel straight lines in P and Q ; through P and Q straigJi^ li 
are drawn infixed directions, meeting in B: prove that the locus of "6^^ 
straight line. 

Take the fixed point O for origin, and the axis of y parallel to the tw 
parallel straight lines ; and let the equations of these parallel lines be 

2=0, x = h. 

Then, if the equation of OPQ be y=mx, the abscissa of P is a, and 
therefore its ordinate ma; also the abscissa of Q is b, and therefore its 
ordinate 1R&. 

Let PR be always parallel to y = m'x and QR always parallel to y = m"x, 
then the equation of PR will be 

y-ffia=m'(a!-a) (i), 

and the equation of QR will be 

y-mh=^m"(X'-h) (ii). 

At the point R the relations (i) and (ii) will both hold, and we can find, 
for any particular yalue of m, the co-ordinates of the point R by solving 
the sinraltaneous equations (i) and (ii). This howerer is not what we 
want. What we require is the algebraic relation which is satisfied by the 
co-ordinates (x, y) of the point R, whateyer the value of m may be. To 
find this we have only to eliminate m between the equation (i) and (ii). 
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The result is 

(5 - a) y = •I'J (« - o) - TO"a (as - 5). 

This equation is of the first degree, and therefore the required loons is 
a straight line. 

(4) To find the centres of the inseribed circle and of the escribed circles 
of a triangle whose angular points fare given* 

Let («', yOi (a!"f y")i (^'\ y"') be the angular points A, B, C respectively. 
The equation of BC is 

y(x"-aj'")-«(y"-y'")+y"a^-ar'y"=0 (i). 

the equation of CA is 

y(«'"-x')-«(3r'-yO + y"V-a/Y«0 (ii). 

and the equation of ^B is 

y(x'-a:^)-x(y'-y")+y'x"-«'y"=0 (iii). 

The perpendiculars on these lines from the centre of any one of the 
circles are equal in magnitude. 

The centres of the four circles are therefore [Art. SI] giyen by 



t*M.' 



If the co-ordinates of the angular points A, £, C of the triangle be 
substituted in the equations (i), (ii), (iii) respectively, the left hand mem- 
bers of all three will be the same. Hence, [Art. 26] the angular points 
of the triangle are either all on the positive sides of the lines (i), (ii), (iii), 
or all on the negative sides. 

The perpendiculars from the centre of the inscribed circle on the 
sides of the triangle are all drawn in the same direction as those from 
the angular points of the triangle. Hence in (iv) the signs of aU 
the ambiguities are positive for the inscribed circle. 

For the escribed circles the signs are - + +i + - +> and + + - 
respectively. 
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Examples on Chapter II. 



»^ 1. A straight line moves so that the sum of the recipro-^^^] 
cals of its intercepts on two fixed intersecting lines is constant; ^ 
shew that it passes through a fixed point. (X^ vC**^ : ^-f-J^^ ^Vv^^^ 

2. Prove that hot^—^hxy + a}^ = represents two straight '^ 
lines at right angles respectively to the straight lines 

am? + 2k«y + 6y" = 0. 

3. Find the equation to the n straight lines through 
(a, h) perpendicular respectively to the lines given by the 
equation 

j5^+2?jy~*a;+p^"V+ +pjxf' = 0. ^ 

4. Find the angles between the straight lines represented 
by the equation 

iB' + 3x*y-3ajy»-y* = 0. ^ 

)( 5. OA, OB are two fixed straight lines, A, B being fixed 
points; P, Q are any two points on these lines such that the 
ntio of wiP to BQ is constant; shew that the locus of the 
middle point of PQ is a straight line. \^ 

j^y 6. If a straight line be such that the sum of the perpendi- 
culars upon it from any number of fixed points is zero, shew 
that it will pass through a fixed point. ^ 

*w K 7. PJf, PN are. the perpendiculars from a point P on two 
fixed straight lines which meet in 0; MQ, NQ are drawn 
parallel to the fixed straight lines to meet in Q ; prove that, if 
the locus of P be a straight line, the locus of Q will also be a 
straight line. ^ 

a ^ 8. A straight line OPQ is drawn through a fixed point 0, 

' meeting two fixed straight lines in the points P, Q, and in the 

straight line OPQ a point R is taken such that OP, OR^ OQ 

are in harmonic progression; shew that the locus of i? is a 

straight line. u 

9. Find the equations of the diagonals of the parallelogram 
formed by the lines 

a «= 0, a = c, a =0, a= c, 

where a = x cos a + y sin a-p, 



( 



and a' = a;coBa' + yBina — j?'. ) 



1/ 
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■i^\0. ABCD is a parallelogram. Taking A as pole, and AB 
as initial line, find the polar equations of the four sides and of 
the two diagonaLs. ^ 

11. From a given point (A, Jc) perpendiculars are drawn 
to the axes and their feet are joined ; prove that the length of 
the perpendicular from (A, k) upon this line is 

hk sin'co 
^{A« + A" + 2M cos (I)} ' ^ 

and that its equation la hx-ky=h* — k^. 

12. The distance of a point {x^, y^) from each of two 
straight lines, which pass through the origin of co-ordinates, 
is 8; prove that the two lines are given by 

(^,y-a^x)'=8"(^+3^). 

13. Shew that the lines FC, KBy and AL in the figure to 
Euclid L 47 meet in a point. 

14. Find the equations of the sides of a square the 
co-ordinates of two opposite angular points of which are 3^ 4 
and 1, - 1. 

15. Find the equation of the locus of the vertex of a 
triangle which has a given base and given difference of base 
angles. 

16. Find the equation of the locus of a point at which 
two given portions of the same straight line subtend equal 
angles. 

17. The product of the perpendiculars drawn from a point 
on the lines 

a;cos0 + ^sin0= a, a;cos^ + y 8in^ = a 

is equal to the square of the perpendicular drawn from the 
same point on the line 

^ + <^ . 6-¥fh 0-6 

acos— ^ + ysm— ^-acos — ^; 

shew that the equation of the locus of the point is a^ + y" = a*. 

18. FA, FB are straight lines passing through the fixed 
points Af B and intercepting a constant length on a given 
straight line; find the equation of the locus of F, 
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19. The area of the parallelogram formed by the straight 
lines 3a: + 4y = 7a , 3aj + 4y = 7a,, Ax 4- 3y = 76i, and 4aj + 3y = 76, 
"7(a,-a,)(6,-i,). 

20. Shew that the area of the triangle formed hy the lines 
oaf + 2hxy + fty* = and ha + my + w = la 

nV(A'-a6) 

am' - 2A//?i + h^ ' 

21. Shew that the angle between one of the lines given hj 
aa^ + 2Aay + 6y* = 0, and one of the lines 

ox* + 2Aa?y + 6y* + X («• + y*) = 0, 

is equal to the angle between the other two lines of the system. 

22. Find the condition that one of the lines 

aa*+2Aa:y + 6y* = 0, 
may coincide with one of the lines 

a V + 2h'xi/ + by = 0. 

23. Find the condition that one of the lines 

oo* + 2hxy + 6y" = 0, 

may be perpendicular to one of the lines 

aV + 2A'ay + 6y = 0. 

'' 24. Shew that the point (1, 8) is the centre of the inscribed 
ciide of the triangle the equations of whose sides are 

4y + 3a; = 0, 12y — 5a; = 0, y - 15 = 0, respectively. 

y 25. Shew that the co-ordinates of the centre of the circle 
inscribed in the triangle the co-ordinates of whose angular points 
are a, 2), (2, 3) and (3, 1) are ^(8-j-yiO) and ^(16-^10). 
find also the centres of the escribed circles distinguishing the 
difierent cases. 

26. If the axes be rectangular, prove that the equation 

(a:*-3y')a; = fny^-3a;^ 

represents three straight lines through the origin making equal 
angles with one another. 

27. Shew that the product of the perpendiculars from the 
point (a?*, ^) on the lines oaf + 2Aa?y -h 6y* = 0, is equal to 

00/* + 2ha/i/ + V 
Jia-by^W 



/ 

f 

• 
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28. If p^, p^ be the pei-pendiculars from (a;, y) on the 
straight lines aa^ + 2/iX7/ + by' = 0, prove that 

iP' + P.') {(« - ^y + 4A'} = 2 (a - 6) (ox* - 6y0 

+ 4A (a + 6) a:y + 4^' (a;* + y^ 

29. Shew that the locus of a point such that the product 
of the perpendiculars from it upon the three straight lines 
represented by 

ay* + hy'x + cyaf + dotf = 

is constant and equal to A;* 

is a^ + by'x-hcya^-hda^ - A:" ^(a^^^c)^T(6^^^^^= 0. 

30. Sh^ that the condition that two of the lines re- 
presented by the equation 

Aaf" -h 3Bafy + SCxy" + Dy* = 

may be at right angles is 

A'-^3AC + 3BD-¥D'=^0. 

31. Shew that the equation 

a (a;* + y*) - 4&ey («■ -y*) + 6<a»y« = 

represents two pairs of straight lines at right angles, and that, 
if 26' = a* + 3ac, the two pairs will coincide. 

32. The necessary and sufficient condition that two of the 
lines represented by the equation 

ay* + bxj^ + c«y + dafy + ««* = 

should bo at right angles is 

(b + d) (ad+be) + (« - a)* (a + c + c) = 0. 

33. Shew that the straight lines joining the origin to the 
points of intersection of the two curves 

«»■ + 2/MBy + 6y* + 2^a;= 0, 

and a V + 2h'xy + 6'y* + 2/a; = 0, 

will be at right angles to one another, if g*(a + 6) = ^ (a' + 6'). 

34. Prove that, if the perpendiculars from the angular 
points of one triangle upon the sides of a second meet in 
a point, the perpendiculars from the angular points of the 
second on the sides of the first will also meet in a point 

35. If the angular points of a triangle lie on three fixed 
straight lines which meet in a point, and two of the sides pass 
through fixed points, then will the third side also pass through 
a fiz^ point 



CHAPTER III. 



Change of Axes. Anharmonic Ratios, or Cross 

RA.TIOS. Involution. 



Cedinge of Axes. 

48. When we know the equation of a curve referred 
to one set of axes, we can deduce the equation referred to 
another set of axes. 

49. To change the origin of co-ordinates wiHiout 
changing the direction of the axes. 




Let OX, or be the original axes ; O'X, O'T the new 
axes; O'X' being parallel to OX, and O'F being parallel 
to OF. Let hy k be the co-ordinates of 0' referred to the 
ordinal axes. 
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Let P be any point whose co-ordinates referred to tbe 
old axes are x, y, and referred to the new axes x', y. 
Draw PM paraUel to OY, cutting OX in M and <yX' 
in N. 

Then x^OM=:.OK + KM=' 0K+ aN= h+x\ 
y = MP=MN-+NP='K(y + IfP^k + y'. 
Hence the old co-ordinates of any point are found in terms 
of the new co-ordinates; and if these values be substituted 
in the given equation, the new equation of the curve will 
be obtained. 

In the above tbe axes may be rectangular or oblique. 
W 60. To change the directum of the axes without 
chaitging the origin, both systems being rectangular. 




Let OX, Oy be the original axes; OX', OT the new 
axes ; and let the angle XOX' =0. 

Let P be any point whose co-ordinates are x, y re- 
ferred to the original axes, and tc', y' referred to the new 
axes. Draw ^^perpendicular to OX, iW perpeudicular 
to OX', N'M perpendicular to OX, and N'L perpendicular 
to PK, as in the figure. 
Then x = ON=OM~m{=OM-LN' 
= ON' cos 0-N'P sine 
= x' coB0—y' Bind; 
.y = NP=NL + LP = A£]f' + LP 
= OJV'B\n0 + N'Pcoa0 
=a;'sin^-^y cos 9. 

•'■ % -^ I'Cf.^-f 7*^ ^, 
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Hence the old co-ordinates of any point are found in 
terms of the new co-ordinates; and if these values be 
substituted in the given equation, the new equation of the 
curve will be obtained. 

Ex. 1. What does the equation 3a^ + 2xy + 3y* - ISo; - 22^ + 50 = he- 
come when referred to rectangular axee through the point (2, 3), tJie new 
aacii of x making an angle of 45^ with the oldt 

First change the origin, by patting a;'+2, j/'+S for x^ y respectively. 

The new equation wiU be 

3(x'+2)»+2(x' + 2)(y'+3)+8(y' + 8)»-18(jB' + 2)-22(^'+3) + 50=0; 

which reduces to 3:r'* + 2afy' + Sy'* -1=0, 

or, suppressing the accents, to 

3x» + 2xy + 3y»=l (i). 

To turn the axes through an angle of 45<^ we must write x' -— - y'-r^i 
for at, and x' — ~ + y^ — - for y. Equation (i) wjU then be 

which reduces to 4ae^+2y''=l. 

Ex. 2. What does the equation x' - y' + 24? + 4y = become when the 
origin is transferred to the point (- 1, 2) ? Ans, 7? - ^+ 3=0. 

Ex. 3. Show that the equation 6x' + hxy - 6y' - 17x + 7y + 6 = 0, when 
referred to axes through a certain point parallel to the original axes will 
become 6a;'+5a5y-6y*=0. 

Ex. 4. What does the equation 4x' -f 2^Sxy + 2y' - 1 = become when 
the axes are turned through an angle of 30^? Jfw. 52* ^y* - 1 =0. %/ 

Ex. 6. Transform the equation x*-2xy + y*+x-Sy=0 to axes 
through the point (-1, 0) parallel to the lines bisecting the angles be- 
tween the original axes. A ns. y/2y* — x = 0. 

Ex. 6. Transform the equation «' + cxy + y' = o', by turning the rect- 
angular axes through tho angle j . 

51. To change from one set of oblique axes to another, 
without changing the origin^ 

s. C. s. 4 
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Let OX, OY be the original axes inclined at an angle 
61 ; and OX!y OY be the new axes inclined at an angle 
«' ; and let the angle XOX' = ft 




Let P be any point whose co-ordinates are x, y re- 
ferred to the original axes, and x\ y' referred to the new 
axes; so that in the figure OM=x, MF=y, OM' = x\ 
and M'P=y', ifP being parallel to OF and IfT parallel 

to or. 

Draw PK and M'H perpendicular to OX, and M' G 
perpendicular to PK. 

Then KP=^ KG+OP=^ EM' + GP; 

/. y sin a> = a?' sin XOX' + y sin XOF 

- aj'sin ^ + y' sin (^ + «'). 

Similarly, by drawing PL perpendicular to OF, we 
can shew that 

/c sin a, = a;^sinZ'OF-y' sin FOr 

= a?' sin (o — ^) — y' sin {(of + d — to). 

These formulaB are very rarely used. The results which 
would be obtained by the change of axes are generally 
found in an indirect manner, as in the following Article. 

♦52. If by any change of axes aa? + ihxy + Jy' he 
changed into aV* + 2A Vy^ + 6'y^, then will 
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a 4- 6 — 2A COS ft) a + 6' — 2A'cos(»' 



8inL*Q> 



* 9 f 



and 



ab-h^ a'V-'h? 



8in*G) 



sin*©' • 



where « and <o are the angles of inclination of the two 
sets of axes. 

If be the origin and P be any point whose co-ordi- 
nates are w, y referred to the old axes and x\ y' referred to 
the new, then OP^ is equal to a?* + y* + ixy cos q>, and also 
equal to a?'* + y'* + ^'y cos to. 

Hence d? + f^ + 2xy cos w is changed into 

a?'*+y''+2a:ycoso>'. 

Also, by supposition, 

flw? + 2A^ + 6/ is changed into a'a?" + 2h'xy + b'y'\ 

Therefore, if X be any constant, 

a^ + 2hxy + bi^ + X{a? + 2xyco3€i> + j^) will be changed 

into ax* + 2hWy' + b'y'* + X (x" + 2xy cos to + y'*). 

Therefore, if X be so chosen that one of these expressions 
is a perfect square, the other will also be a perfect square 
for the same value of X. 

The first will be a perfect square if 

(a + X) (6 + X) - (A + X cos o)* = 0, 

and the second if 

(a' + X) (6' + X)-(A' + Xcos6>7 = 0. 

These two quadratic equations for finding X must 
have the same roots. Writing them in the forms 



_ , , a + 6 — 2A cos Q) ^ al—h* ^ 
X H -7—5 A, + _. , = U, 



sm Q> 



sm ay 



and 



_, a' + V-2h' c08(d\ , a'V-h!* _^ 

X + ; — = — ; X H -. — 5 — -f U, 

sin 0) sin 0) 



we see that 

a + 6 — 2A cos 0) a'+ V — 2A'cos «' 



sin*Q> 



'HZ 

sin 6) 



..-0). 

4—2 
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and — ^-9--= — :— s — r W* 

sm o sm G) 

If both sets of axes are at right angles these equations 
take the simpler fornls 

a + b^a+V, and ab-V^a'V -h"^.... (iii). 

y^ 53. The degree of an equation is not altered by any 
alteration of the axes. 

For, from Articles 49, 50, and 51, we see that, however 
the axes may be changed, the new equation is obtained 
by substituting for x and y expressions of the form 

la! + my* + w, and Vx' + m'yf + ^'. 

These expressions are of the first degree, and therefore if 
they repUce x and y in the equation the degree of the 
equation will not be raised. Neither can the degree 
of the equation be lowered, for, if it were, by returning to 
the original axes, and therefore to the original equation, 
the degree would be raised 

Ex. 1. Prove, by actual transformation of rectangular axes, that if 
aj;»+2A«y+6y* become a'»^+2V«'y'+6'y^, then -will a+&=a'+6', and 

Ex. 2. If the formula for transformation from one set of axes to 
another with the same origin be a;=mz'+ny', y =iiiV+ny; shew that 

[z* + y' + 2xy cos a will become a^ + y^ + 2xy cos c/. Substitute there- 
fore the given expressions for x and y, and equate coefficients of z!^ and 
y'' to unity, and then eliminate cos ».] 



Anharmonic or Cross Ratios. 

*54. A set of points on a straight line is called a 
range ; and a set of straight lines passing through a point 
is called 2^ pencil ; each line is called a ray of the pencil. 

If P, Q, R, 8 loe four points on a straight line^ the 
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ratio ^ : -^^ot PQ.BS : PS.BQ is called the anhar- 
ICv^ Mo 

monic ratio or cross ratio of the range P, Q, R, Sy and is 

expressed by the notation {PQRS}. 

If OP, OQy^ OB, OS be a pencil of four straight lines 
the ratio sin POQ . sin ROS : sin POS . sin ROQ is called 
the anharmonic ratio or cross ratio of the pencil, and is 
expressed by the notation 0{PQRS}, 

If the cross ratio of a pencil or of a range is equal to 
*- 1 it is said to be harmonic. 

It is easy to shew that if {PQRS} = — 1 , then 
PQ : PS :: PR^PQ : PS-PR, 
so that PQ, PR, PS are in harmonical progression. 

If P, Q, 22, fli be a harmonic range, then Q and S are 
said to be harmonically conjugate with respect to P and R. 

•55. If four straiaht lines intersecting in a point 
O he cut by any straignt line in the points P, Q, Ry S, 
Hie cross ratio of the range P, Q, R, S tvill be equal 
to that of the pencil OP, OQ, OR, OS. 




For, if p be the length of the perpendicular from on 
the line PQRS, we have 
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p.PQ^-OP.OQsmPOQ, 

p.RS^^OR.OSBinROS, 

p.PS--0P.08^iiF08, 

p.RQ^OQ.OBsinROQ. 
„ PQ.R8 _ BinP0Q.&nR0S 

Jlence ps.RQ' sin PV8 . sin BOQ * 

that is {PQRS} = {PQRS}. 

If the pencil be cut by any two straight lines in 
the points P, Q, R, 8 and P', Qf, B!^ 8' respectively, as in 
the figure, the cross ratios of the ranges P, Q, J2, 8 and 
P', Of, R\ ff will be equal to one anouier, since they are 
both equal to the cross ratio of the pencil 

If we draw the transversal P^Qf'R" parallel to 08, 
it will meet 08 at an infinitely distant point, and, represent- 
ing this point by the symbol oo , we have 

R! 00 . 
since -^i — IS unity. 

*56. To find ike cross ratio of the pencil formed by the 
lines whose equations are 

a? = 0, y — wa? = 0, y = and y — m'j?=0. 

Draw the line x = h cutting y — ma?==0 in P, the axis 
of 0? in -AT, and y — m'a? = in Q. 
Then NQ^mh, and NP^mk. 

From the above we see that the four lines 

a? = 0, y — mx =0, y = and y + mx = 
form a harmonic pencil. 

If the axes are at right angles to one another the lines 
y — mx = 0, and y + mx = make equal angles with either 
axis. 

Hence, if a pencil be harmonic and two alternate rays 
be at right angles to one another, they will bisect the 
internal and external angles between the other two. 
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•57. To find the cross ratio of the pencil fontmd by 1i 
four lines 

y^lca, y = lx, y = mx, y^nx. 




Sraw any line parallel to OY cutting the given lines 
in the points iT.ij, M, .^ respectively, and the axis of ir in 
ir, andletOfl'-*'. 
Then OIKLMN).^^. 

Noiv KL-HL-BK-U-la', 

MN~EN-BM^ n^-mx, 
KN-HN-HK-nx'-ht', 
ML-Bl-BM-U-mi!. 

Hence 0{gXJIfjf}-< ^-''<°'— ' . 

(«-n)(*n — I) 

*5S. To find the condition that tlie tinea given hy the two 
equations oi" + ZAay + Ju* ■= and aV + 2h'xif + i'y" = 
maif be harmonically conji^ate. 

Jjet the pairs of lines 'bey = ax, v = a'x; 
id y=^x, y=^x. 

Then, iS y = ax, y = px, y = ax, and y=ffx form a har- 
monic pencil, we must have [Art. 57] 
(.-ffi(.'-/9- )_ 

or 2ja' + 2/3/S'-(» + a')(/3 + /30. 



and 
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But, from tlie given equations we have 

, 2h f a 

p +P = — y, PP =g7. 

Hence the condition required is 

a6'H-a6 = 2AA'. 

*59. We can shew in a similar manner that the pairs 
of points given by the equations 

cw;"+2Aaj-f-4 = 0, and aV+2A'a + 6' = 0, 

are harmonically conjugate if 

♦60. Each of ihe three diagonals of a qvadrilateral is 
divided harmonically by the other two diagonals. 




Let the straight lines QAB, QDC, PDA. and FOB be 
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the sides of the quadrilateral. The line joining the point 
of intersection of two of these lines with the point of 
intersection of the other two is called a diagonal of the 

Juadrilateral. • There are therefore three diagonals, viz. 
'Q. AC, BD in the figure. 

We have to prove that 

{AOCR} = [BODS] = [QSPR] = - 1. 

Let QO cut AD in K and BC in L. 

Then, from Art 55, 

[AOCR] = Q [AOGE] = {AKDP} 
= 0{AKDP}^ CLBP] 
= Q\GLBP] =^[C0AR\. 
And, since {AOCS}:={GOAB], 

AO.CR CO.AR 



or 



AR.GO GR.AO' 
{A0GR]^±1. 

We must take the negative sign, for two of the rays 

io of a pencL 

if 0:^1 

are coincident. 

Hence the diagonal AC is cut harmonically. 

We can prove in a similar manner that the other 
diagonals are divided harmonically. 



coincide if the anharmonic ratio of a pencil be equal to + 1. 
This follows from Art. 55, for if -,^7? = 1, then P" and R 



Involution, 

*61. Def. Let be a fixed point on a given straight 
line, and P, P'; Q, Q\ R, R] &c. pairs of points on the 
line such that 

0P:0F^0Q.0Q' = 0R.0E= = aconst. = Jfc. 

Then these points are said to form a system in involution, 
of which the point is called the centre. Two points 
such aaP,P' are said to be conjugate to one another. The 
point conjugate to the centre is at an infinite distance. 
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If each point be on the same side of the centre as 
conjugate, there will be two points K., K^, one on each i 
of the centre, such that OK* = OJSc/ = OP . OP'. Tl 
points K^t K^ are called double paints or foci. 

It is clear that when the two foci are given the inv< 
tion is completely determined. 

An involution is also completely determined when 
pairs of conjugate points are given. 

For, let a, a' and b, V be the distances of these po 
from any point in the straight line upon which they 
and let x be the distance of the centre of the involul 
fix)m that point. Then we have the relation 

(a -a?) (a'-a?) = (J -a?) (6'-a;), 
or (a-f- a'— 6 — 6') a? = aa' — 66'. 

Hence there is only one position of the centre. 

The position of the centre can be found geometric 
by dravdng circles one through each of the two pair 
conjugate points, then [Euchd m. 371 the common cl 
of the circles will cut the line on which the points li 
the required centre. 

*62. If any number of points be in involution the c 
rcUio of any four points is eqwal to that of their four ( 
jugates. 

Let P, Q, J2, 8 be any four points, and let the distai 
of these points from the centre be p^ q, r, s respectively 

therefore those of their conjugates - , -, - , - respecti\ 
Then {PQB8}^ ^^-Pll''-'\ , 

and {P'(^it's} Ji ii^i I>;^"^y"'^ 

\a p)\q rj 

Henoe {PQRS] = {F Q'RS']. 

The above gives us at once a means of testing whe1 
or not tia pointe are in involution. For P, P' will be < 
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jugate points in the involution determined by A, A' and 
£, B, if {ABAT\ = [A'BAF]. 

*63. Any two conjugal points of an involution and the 
two Jhci form a harmonic range. 

Let K^j K^ be the two foci, and the centre of 
the involution, and let iT^O = c = OK^. 

Then, if P, P' be the two conjugates we have to prove 
that 

z;p.^,p;__ 

or {c + OP)(pF-'C) + (c+OB)(OP^c) = 0, 

or OP.OF^<?, 

which we know to be true. 

*64. If any number of pairs of points in involution 
be joined to any point we obtain a pencil of lines which 
may be said to be in involution. 

Such a pencil is cut by any other transversal in pairs of 
points which are in involution. This follows from Articles 
55 and 62. 

EXAMPLES. 

1. If Py Q^ By She any four points on a straight line, then 

Pq.RS+PR,SQ+P8.qR=(i. 

2. Shew that 

{PQRa]=^{<iPSR\ = {RSPQ)^{8BqP\. 

3. Shew that 

'^^^'^^ ^'{PMQr^' ^^^^^'• 

4. Shew that, hy taking four points in different orders, six and only 
six different cross ratios are obtained, and that of these six three are the 
reciprocals of the other three. 

6. If {PQBS)=-1, shew that JSiJgP}=-l, {PRQS\=2, and 

6. If {P(tRS\ = - 1, and be the middle point of PR, then 

OP«=»Og.OSf. 

7. If<P«i^^=-l,Bhewthatp^ + ^ = j^,and± + ± = A. 



7^ 65. To find the equation of a cii-cle rejeired to any 
rectaj^idar axes. 




Let C be the centre of the circle, and P any point on 
its circumference. Let d,e be the co-ordinates of C; x, y 
the co-ordinatea of P; and let a be the radiua of the circle. 
Draw CM, PW pwaUel to 07, and CiTparaUel to OX, as 
in the figure. Then 

.CK' + KP'=CP'. 
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But CJ5r = a?-d, and JEP = y-e; 

.-. (ar-d)" + (y-^)' = a' (i), 

is the required equation. 

If the centre of the circle be the origin, d and e will 
both be zero, and the equation of the circle will be 

a^ + y'^za* (ii). 

The equation (i) may be written 

The equation of any circle is therefore of the form 

0?+^ + 2gx-\-2fy + c= (iii), 

where ^,/and c are constants. 

Conversely the equation (iii) is the equation of a 
circle. 

For it may be written 

and this last equation shews that the distance from any 
point on the locus of the equation (iii) from the point 

(— ^, — /) is constant and equal to Vgr" +/• — <?. The 
equation (iii) therefore represents a circle of radius 

Vjr* +/* — c, the centre of the circle being at the point 

If (jT +/*— c = the radius of the circle is zero, and the 
circle is called a point-circle. 

If ^-f-/* — cbe negative, no real values of a? and of y 
will satisfy the equation, and the circle is called an imagi- 
nary circle. 

66. We have seen that the general equation of a 
circle is 

a? + y* + 2gx-\^2fy + c = 0. 

This equation contains three constants. If we want to 
find the equation of a circle which passes through three 
given points, or which is defined in some other manner, we 
assume the equation to be of the above form and deter- 
mine the values of the constants g, f, c for the circle 
in question from the given conditions. 
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For example — To find the equation of the circle which 
passes through the three points (0, 1), (1, 0) and (2, 1). 
Let the equation of the circle be 

a? + y' + 2ga!+2fi/ + 0'=0. 
Then, unce (0, 1) is on the circle, the equation must be 
satisfied by putting x = and y^l; 

.: l+2/+o = 0. 
Also, ance (1, 0) Is ou the curve, 

l+2y+c = 0. 
And, since (2, 1) is on the curve, 

4 + l + 4ff + 2/+c==0. 
Whence y =/=_!, and c = l. 

The required equation is therefore 

jc'+ y* - 2a; - 2y + 1 1= 0. 

67. ToJtTtd the eqvaiion of a circle when tKe axes are 
inclined at an angle &>. 

The square of the distance of the point (x, y) from the 
point {d, e) will be equal to 

{x - df + (j/ -e)' + 2{a:-d)(i/-e)co8a. [Art. 4.] 
Therefore the equation of the circle whose centre is at 
the point (d, e), and whose radius is a, will be 

(x-d)* + (^ -ey + Z{x- d) (y - e) coBa, = a' (i), 

or J? + y" +2ay cob w — 2x {d + a coaa) — 2y {e + dcoam) 

+ d* + e* + 2(feco8«-a' = (ii). 

Any circle therefore referred to oblique axes has its 
equation of the form 

x^+^+2xycoBa + 2gx+2Jy + c = (iii), 

where Q, f, c are constants so long as we consider one 
particuuir circle, but are different for different circles. 

The equation (iii) will still be true if we multiply 
throughout by any constant ; it then takes the form 

^«* + 2^oosw*y+.4^ + 2G'a; + 2fy + C=0 (iv). 

Hence the equation of a circle referred to obltqne axes is 
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of the second degree, the coefficients of of and ^ are 
equal to one another, and the ratio of the coefficients 
ot my and o? is 2cosai, where to is the angle between 
the axes. 

We can find the centre and radios of the circle represented by the 
equation a:*+y>+2icycoBw+2^+2/y + c=0. For it will be identical 
with (x-d)*+(y-«)«+2(x-d)(y-«)cos«-a*=0, if d+«co8«=-i7, 
«+ <2 006 »= -/, and d'+ e' + ^de, oos w - a^=c. We therefore^ye dsin' w 
=/ cos w—g,e sin* « = ^ cos w -/, and a* sin* w =/* +g*- 2fg cos « - c sin* u, 

EXAMPLES. 

1. Find the radii and the co-ordinates of the centres of the circles 

whose eqnatums are (i) a:*+y*-a?-y=0, (ii)4a:*+4y*+4x-8y+8=0. 

1 ^ 1 ^ 

Aru. i. centre (J, J), radius -jr ; ii. centre ( - J, 1), rcuUus —^ . *■' 

2. Find the equation of the circle which passes through the points 
(0, 0), (a, 0) and (0, 6). Am. a?+y*-ax-hy=0. i^ 

5. Find the equation of the circle which passes through the points 
(a, 0), (- a, 0) and (0, &). 

Am, g*+y*+ ^ " y-a*=0. i^ 

4. Shew that, if the co-ordinates of the extremities of a diameter of a 
eirde be (x', y') and (2", y'') respectiyely, the equation of the circle will be 

(«-aO(«-«")+(y-y')(y-y")=0. 

[The line joining any point P (ar, y) on the circle to (x', y') makes with 
the axis of x an angle tan^^ - — ^ , the line joining P to {£\ y") makes 

X— X 

v-v" 
an angle tan~^ - — ~> . Since these lines are at right angles, we liavc 

X ■^ X 

x-x^ x-x ^^ 

or («-a:')(a:-x") + (y-y')(y-y")=0]. 

6. Shew that if the co-ordinates of the extremities of a diameter be 
(aC', }/) and (x", y^) respectively, the equation of the circle will be 
(x-x') (x-x^) + (y-y') {y-}f')^-\^')/) (x - x") + (y - y") (j:-*')} cos w 

c» bong the angle between the axes. N ■^'^ *^ ^ ,' - -^ "^ 
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6.' If the equation x*+aEiy+^+2a;+2yaO represent a drde, shew 
that the axes are inclined at an angle of 60*',^and find the centre and 

radius of the circle. # 

2 

Am, centre (- 1, - 1) ; raMu9 -j-6 • 

7. Find the equation of the circle through the three points (x', y'\ 
(x", y"), and (aj"', y'"). ^^^'-^^^ j,/, c, <<i-> "t ^^ : . ,%,- -^ , v ' ^ 

68. Def. Let two points P, Q be tdkVA'dri iiiiy curve, 
and let the point Q move along the curve nearer and nearer 
to the point P; then the limiting position of the line PQ, 
when Q moves up to and ultimately coincides with P, 
is called the tangent to the curve at the point P. 

The line through the point P perpendicular to the 
tangent is called the normat to the curve at the point P. 

69. To find ihe equation of the tangent at any point of 
tJie circle whose equation is x* + y* = a\ 

Let x', y and x\ y" be the co-ordinates of two points 
on the circle. 

The equation of the secant, through the points {al^ y) 
and (a?", y") is 

x^x' _ y-y' . 

X —a? y "-y 

But, since the two points are on the circle, we have 

a?'* + y'«= a", and a;"*+y"' = a^ 

/. a;'«-fl?"* = y"«-y'« (ii). 

Multiply the corresponding sides of the equations 
(i) and (ii), and we have 

(a?-a;')(a;'+a^') = -(y-y')(y'+y") (iu). 

Let (a/', y") move up to and ultimately coincide with 
(a?', yO ; then in the limit the chord becomes the tangent 
at (a;', y'). The equation of the tangent at (a;', y') is there- 
fore obtained by putting a/' = x\ and y" = y' in equation 
(iii); the result is 

(a;-a:')^'-i-(y-y')y' = o. 
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1). 



. f 



or a:a;' + y/ = a?'* + y''; 

/. XX + yy = a' 
is the required equation of the tangent at the point {x\ y'). 

70. To find the equation of the tangent at any point of 
the circle whose equation is 

a? + y'-\- 2gx + 2/y + c = 0. 

The equation of the secant through the two points 
{x'. y-), « y") wiU be 

x—x' y—y' 

a' — ar" y — y" 

Since the two points are on the circle, we have 

«" + y » + 2gx' + 2fy' + c = 0, „ 

a,"»+y"» + 2^x" + 2/2/" + c = 0,, - ^^ -) \ 

.•.(*-- «") (x' + x" + 25-) = - (2/ - y") iy' +V'+ 2/) . . . (ii). ' 

Multiply the corresponding sides of the equations (i) 
and (ii), and we get for the equation of the secant 
{x^x){x' + x" + 2g) = ^{y^y'){y'-\-f+2f). 

The equation of the tangent at {x\ y) will therefore 
be 

or XX + yy' -hgx+fy = x' + y" + gx ^fy. 

Add gx'\-fy + c to both sides ; then, since (a;', y) is on 
the circle, the equation of the tangent becomes 
XX ^ryy' ^-gix^-x) +fQ + y') + c = 0. 

71. To find the equation of the normal at any point of 
a circle. 

Let the equation of the circle be 

a^ + y^= a\ 

If (x, if) be any point on the circle, the equation of the 
tangent at that point will be 

^a/ + yy =a» (i). 

The equation of the lino through {x, y) perpendicular 
to (i) is [Art. 30] 

{x - x) y - (y-y )^' = 0, 
S.C.S. 5 
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or a?y'— ya?'=0 (ii). 

This is the required equation of the normal at {x\ y'). 

It is clear from equation (ii) that the normal at any 
point of the circle passes through the origin^ that is through 
the centee of the circle. . , r i /- /. 

jj 72. I To find the paints of intersection of a given straight 
tine and a circle. 

Let the equation of the circle be 

x' + y'^a^ (i), 

and let the equation of the straight line be 

y^mx + c (ii). 

At points which are common to the straight line and the 
circle both these relations are satisfied. Points on the 
straight line satisfy the equation y* = (mx + c)*, and points 
on the circle satisfy the equation y'sa*— a;*; hence for 
the common points we have 

(mx + c)* = a* — a^, 

or a5*(l-f-m*)-f-2mca? + c*— a' = (iii). 

This is a quadratic equation, and every quadratic equation 
has two roots, real, coincident or imaginary. 

Hence there are tivo values of x, and the two corre- 
sponding values of y are found from (ii). So that every 
straight line meets a circle in two real, coincident, or 
imaginary points — imaginary points being those one or 
both of whose co-ordinates are imaginary. 

It is impossible to represent geometrically the two 
imaginary points of intersection of a straight line and 
a circle : we shall find however that imaginary points and 
lines have often an important significance : and it is 
necessary to consider them in order to enunciate our 
theorems in their most general forms. 

The roots of the equation (iii) will be eqiml to one 
another, if 

(l+m")(c«-a«)=mV, 

that is, if c" = a'(l+m') .j.(iv). 
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If the two values of x are equal to one another the two 
values of y must also be equal to one another from (ii). 

Therefore the two points in which the circle is cut by 

the line will be coincident if c ==a jl + m \ 

Hence the line y = mx + a Vl + m' will touch the 
circle a^ + f^ = a* for all values of m. 

Since either sign may be given to the radical i^l 4- m*, 
it follows that there are two tangents to a circle for every 
value of m, that is, there are two tangents parallel to any . 
given straight line. . — j 

73. To find the locus of the middle points of a system of 
parallel chords of a circle. 

Take the centre of the circle for origin, and the axis of 
X parallel to the chords. 

Let the equation of the circle be 

x' + y'=a' (i); 

and let the equation of any one of the parallel chords be 

y-c = (ii). 

Where (i) and (ii) meet we have 

a?' + c' = a*; 

Since the two values of x are equal and opposite, it 
follows that the middle point of the chord has its abscissa 
zero, that is, the middle point of the chord is always on 
the axis of y*: This is true for all values of c. If c> a 
the two values of x are both imaginary, but their sum 
is still zero, and therefore the middle point of the chord is 
still on the axis of y. 

The locus of the middle points of parallel chords of a 
circle is therefore the straight line through the centre 
which is perpendicular to the chords : the locus need not 
however be supposed to be limited to that portion of this 
line which is within the circle. 

74. In the preceding Articles we have assumed no 
geometrical properties of the circle except that the distance 

5— *i 
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from any point to the centre is constant. Some of our 
results may be obtained more readily by assuming the 
propositions proved in Euclid, Book ill. For instance, let 
{x, y) be any point on the circle whose equation is 
i* + y* = a* ; the equation of the line from {x\ y') to the 

centre of the circle is -7 — — , = 0, and the equation of a 

perpendicular line through {x, y) is [Art. 30] 

{x - a?0 ^' + (y ~ yO y' = or xx' + yy' — a" = O. 
And by Euclid III. this line is the tangent at the point. 

75. Two tangents can he drawn to a circle from any 
point ; and these two tangents will he real if the point he 
outside the circle, coincident if the point be on the circle, and 
imaginary if the point he within the circle. 

Let the equation of the circle be 

a? + y' = a\ 

and let h, khe the co-ordinates of any point. Let x\ j/ be 
the co-ordinates of any point on the circle, then the 
equation of the tangent at {x\ \f) will be 

XX 4- yxf = a*. 

The tangent at {x\ if) will pass through the point 
(A, h) if 

hx' + ky'=.d^ (i). 

But {x\ y') is on the circle, therefore 

x'^^y'^^a^ (ii). 

Equations (i) and (ii) determine the values of si and of 
y' for the points the tanj^ents at which pass through the 
particular point (A, ]c). Substitute for if in (ii) and 
we get 

or x'^Qi^ + i^ - 2a*Aa;' + a' (a»- i') = (iii). ^ 

Equation (iii) gives the abscissae, and from (i) we get 
the corresponding ordinatea ^ Since equation (iii ) is a 
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quadratic equation, there are two points the tangents at 
which pass througa {h, k). 

The roots of (iii) are real, coincident, or imaginary 
according as 

is greater than, equal to, or less than zero. 
That is^ according as 

is greater than, equal to, or less than zero^ That is, 
according as (A, k) is outside the circle, on the circle, 
or within the circle. 



EXAMPLES. 

1. Find the co-ordinates of the points where the line y=2x + l outs 
the circle j;«+y*=2, Ans, (- 1, - ifand (J, {). \/ 

2. Shew that the line 3j;~2y=s0 touches the circle x^+y'-3x + 2y=0. i^^^ 
8. Shew that the circles a:«+y*=2 and ic>+y* - 6jj - 6y + 10=0 touch ' 

one another at the point (1, 1). ia^^^ cK'f[Jf) u X •^ */ ^ ^ ^ 

4. Shew that the circle x* + y* - 2ax - 2ay + a< = touches the axes of 




and3dB+4y+5a=:0. 

-ijw. ic'+y* - aj;+2ay + o*=0 or x' + y*- ax+|ay + 11 a' = 0. V 

7. Shew that the line y=i»(x-a) + a«s/l + m' touches the circle , 
a»+y«=2ax, whatever the value of m may be. j{^-cX/^!j^Z tC ' Tj^if^' 
-f 8. Two lines are drawn through the points (d, 0), {- a, 0) respectively, 
and make an angle $ with one another; find the locus of their iutersection. 

TJie circles x* + y' - o« = ± 2ay cot 0, y/ 

9. A circle touches one given straight line and cuts off a constant 
length (22) from another straight line perx)endioular to the former ; find 
the equation of the locus of its centre. Am, y^ - x*= P. ^ 

10. A line moves so that the sum of the perpendiculars drawn to it 
£rom the points (a, 0), (- a, 0) is constant ; shew that it always touches a / 
circle. m ^ct»^'\m ^ 
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11. Find the equations of the two tangents to a^+y'=3, which make 
an angle of 600 with the axis of ar. ^^f I'^M Ans,y = ^J^{x:^2),v\ 

12. Find the equation of the circle inscribed in the triangle the ^ 

equations of whose sides are 2=1, 2y = 5 and 3z - 4y = 5. 

t^r-^V^^ ^'". (a:-2)«+(y-{)«=l. 

^ 13. Shew that the two circles 

j;2 + ya_2ajc-26y-2a6 = 0andac2 + y= + 26a: + 2ay-2a6 = i^ 

cut one another at right angles. [This requires that the square of the 

distance between the centres of the circles is equal to the sum of the 

squares of their radii.] 

14. Shew that the two circles represented by the equations 

ar« + y»+2dx+i'»=0, «3 + y« + 2d'y-fc«=0 / 

intersect at right angles. 

76. Tangents are drawn to a circle from any point; to 
find the equation of the straight line joining the points of 
contact of tlie tangents^ •'. /. ifuu^-^'^ jx^f^A, , 

Let the co-ordinates of the point from which the tan- 
gents are drawn be x y\ Let tne co-ordinates of the two 
points of contact be A, k and h\ k\ and let aj^ + y" — a' = 
be the equation of the circle. 
>i-„ The equations of the two tangents will be [Art. 69] 

' ij.i\ xh + yk —a^== 0, 

^•^^U:::-,. a:A' + yi' - a" = 0. 

Since both these tangents pass through the point 
(x\ y'), therefore both equations are satisfied by the co- 
ordinates x\ y' ; 

.-. x'h+y'k'-a^ = (i), 

and a?'A'+y'&'-a*=0 (ii). 

But the equations (i) and (ii) are the conditions that 
the two points (A, k) and (Ji, A?') may lie on the line whose 
equation is 

ir'a? + y'y — a' = (iii). 

Hence (iii) is the required equation of the straight line 
through the two points of contact of the tangents which 
pass through (x' y). 

If the equation of the drcle be x«+y*+2^ar + 2/y+c=0, we can aheiw 
in a similar manner (by assuming the result of Art. 70) that the eqnfttion 
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of the line joining the points of contact of the tangents wliicb pass 
through (x', y') is 

a»'+yy'+y(a; + af') + /(y+y') + c=0. 

If the point {x\ y') be outside the circle the two tan- 
gents will be real, and the co-ordinates h, k and K, k* will 
all be real. If however the point (x, y) be within the 
circle the two tangents will be imaginary ; but, even 
in this case, the line whose equation is (iii) is a real 
line when x and y are real. So that there is a real line 
joining the imaginary points of contact of the two imagi- 
nary tangents which can be drawn from a point within the 
circle. 

Def, The straight line through the points of contact of 
the tangents (real or imaginary) which can be drawn from 
any point to a circle is called the polar of that point 
with respect to the circle. 

The point of intersection of the tangents to a circle at 
the (real or imaginary) points of intersection of the circle 
and a straight line is called the pole of that line with re- 
spect to the circle. 

77. Let TP, TQ be the two tangents to a circle from 
any point T. Let Q move up to and ultimately coincide 
with the point P, then T will also move up to and 
ultimately coincide with P, and the tangents TP, TQ 
will ultimately coincide with one another and with the 
chord PQ. That is to say, the polar of T, when T is on 
the circle, coincides with the tangent at that point. 




This agrees with the result of Art. 76. For the 
equation of the polar is of the same form as the equation 
of the tangent, and hence the polar of a point which is on 
the circle is the tangent at that point. 
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78. If the polar of a point P jxiss through Q, tiien 
will the polar o/Q pass through P. 

Let P be the point (x, j/), and Q be the point (a;", y"), 
and let the equation of the circle be a* + y* — a* = 0. 

The equations of the polars of {x\ y') and {x', y") are 

xx' ^yy -a^^O (i), 

and xx" + yy"—a* — (ii). 

If Q be on the polar of P, its co-ordinates must satisfy the 
equation (i) ; 

/. a: a? +y y — a =0; 

but this is also the condition that P may be on the line 
(ii), that is on the polar of Q, which proves the proposition. 

If Q be any point on a fixed straight line, and P be 
the pole of that line; then the polar of Q must pass 
through P, for by supposition the polar of P passes 
through Q, 

Conversely, if through a fixed point P any straight line 
be drawn, and Q be the pole of that line; then, since P is 
on the polar of Q, the point Q must always lie on a fixed 
straight line, namely on the polar of P. 

79. If the polars of two points P, Q meet in R, then 
R is the pole of the line PQ. For R is on the polar 
of P, therefore, by Art. 78, the polar of jR goes through P; 
similarly it goes through Q ; and therefore it must be the 
line PQ. 

80. To give a geometrical construction for the polar of 
a point with respect to a circle. 

Let the equation of the circle be 

a;» + j^ = a»; 
let P be any point, and let the co-ordinates of P be x\ y\ 

The equation of the polar of P with respect to the 
circle is 

xx' + yyf -a*=Q (i). 

The equation of the line joining P to 0, the centre of 

the circle, is « ^, 

^-^. = (ii). 

X y 
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We see from the equations (i) and (ii) that the polar of 
any point with respect to a circle is perpendicular to the 
line joining the point to the centre of the circle. 

If OiV be the perpendicular from on the polar, 



a" 



also 
therefore 



ON.OP--a\ 



[Art. 31.] 



We have therefore the following construction for the 
polar. Join OP and let it cut the circle in A \ take N on 
the line OP such that OP : OA :: OA : ON, and draw 
through N a line perpendicular to OP. 

' ft . ^ 



ov>ok 








u^ 



). 



Ex. 1. Write down the polara of the following points with respect to 
the circle whose equation is x^ + y' = 4, 

(i) (2,3), (ii) (S.-l). (iii) (l.-l). 

Ex. 2. Find the poles of the following lines with respect to the circle 
whose equation is a^ + 2^' = 35, 

(i) 4a; + 6y-7=0, (ii) 3x-2y-5 = 0, .(iu) a« + 6y-l=0. 

Ant. (i) (20, 30), (u) (21, - 14), (iii) (36a, 356). 

Ex. 3. Find the co-ordinates of the points where the line x=4 cuts 
the circle 3?+y*s=^', find the equations of the tangents at those points, and 
shew that th^ intersect in the point (1, 0).(^^(y\z <^ ^'^ . 

Jfwr. (4, ±^^12), 4jc±^/^12j;=4. v/- 

Ex. 4. If the polar of the point x', y' with respect to the circle 
4:8 + y»=o' touch the circle (a5-o)*+y»=o«, shew that y'^ + 2ax'=o'. 
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81. To find the polar equation of a circle. 

Let C be the centre of the circle, and let its polar 
co-ordinates he p, a, and let the radius of the circle be 
equal to a. 




Let the polar co-ordinates of any point P on the curve 
be r, 0. 
Then CP" = 00* + OP' - 200 . OP cos COP. 

But CP=a,OC=^p,OP=r, zXOC^a, zXOP=^0; 

/. a* = p'-hr"-2rpcos(^-a) (i), 

which is the required equation. 

If the origin be on the circumference of the circle p = a, 
and we have from (i) ^ 

r= 2acos (^ — oe) (ii). 

If, in addition, the initial line pass through the centre, a 
will be zero, and the equation will be 

%..., r = 2acos^ (iii). 

From^equation (i) we see that if r,, r, be the two values 
- of r corresponding to any particular value of 0, then 

r^r^ = p'-'a' (i^)» 

so that r^ r, is independent of 0. 

This proves that, if from a fixed point a straight line 
be drawn to cut a given circle, the rectangle contained by 
the segments is constant. 

From (iv) we see that if the origin be within the circle, 
in which case p is less than a, r^ and r^ must have different 
signs, and are therefore drawn in different directions, as is 
geometrically obvious. 
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82. To find the length of the tangent drawn from a 
given point to a circle. 

If T be the given point, and TP be one of the 
tangents from T to the circle whose centre is (7, then we 
know that the angle CPT is a right angle ; y ' 

A TP'=Cr-CP' (i). 

Let the equation of the circle be 

(a? - a)" + (y — J)' — c' = (ii), 

and let the co-ordinates of The x, y. 

Then Cr = (a?' - a)' + (y' - 6)*; 

therefore from (i) we have 

TP'=(af--ay^{y'''bY'-c\ (iii). 

TP* is therefore found by substituting the co-ordinates 
a/^jfm the left-hand member of the equation (ii). 

We see, therefore, that if iS=0 be the equation of a 
circle (where S is written for shortness instead of a;' + y* 
+ ^gx + 2fy -I- c), and the co-ordinates of any point be sub- 
stituted in 8y the result is equal to the square of the length 
of the tangent drawn from that point to the circle ; or 
[Euclid III. 37] to the rectangle of the segments of chords 
drawn through the point. If the point be within the circle 
the rectangle is negative, and the length of the tangent 
imaginary. 

If the equation of the circle be 

Aa? + Ay" + 2Ga; + 2Fy -h (7= 0, 

to find the square of the length of the tangent from any 
point to the circle we must divide by A and then substi- 
tute the co-ordinates of the point from which the tangent 
is drawn. 

83. K a? -^ y" '\- 2.gx ^^fy -|-c =0 (i) 

be the equation of one circle, 

and a:* + y' + 2/a;-f 2/y + c' = (ii) 

be the equation of another circle, the equation 

^ + 2^+2flra? + 2/y + c = a;» + y» + 2flr'a:-h2/y + c'...(iii) 
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will clearly be satisfied by the co-ordinates of any point 
which is on (i) and also on (ii). Equation (iii) represents 
therefore some locus passing through the points common to 
the two circles. 

But (iii) reduces to 

-; 2(flr-5r')a; + 2(/-/')y+c-c'=0 (iv), 

which is of the first degree, and therefore represents a 
straight line. 

Hence (iii), or (iv), is the equation of the straight line 
through the points common to the circles (i) and (ii). 

Although the two circles (i) and (ii) may not cut one 
another in real points, the straight line given by (iii) or by 
(iv) is in all cases real, provided that g,f, c, g ,f, c are 
real. We have here therefore the case of a real straight 
line which passes through the imaginary points of inter- 
section of two circles. 

Another geometrical meaning can however be given to 
the equation (iii). 

For if 5= be the equation of a circle, in which the 
coeflBcient of a;^ is unity, and the co-ordinates of any point 
be substituted in S^ the result is equal to the square of the 
tangent drawn from that point to the circle 5=0. [Art. 82.] 

Now if a?, y be the co-ordinates of any point on the 
line (iii) the left side of that equation is equal to the 
square of the tangent from (a?, y) to the circle (i), and the 
right side is equal to the square of the tangent from (a?, y) 
to the circle (ii). 

Hence the tangents drawn to the two circles from any 
point of the line (iii) are equal to one another. 

Def, The straight line through the (real or imaginary) 
/ points of intersection of two circles is called the radical 
j axis of the two circles. — 

From the above we see that the radical axis of two 
circles may also be defined as the locus of the points from 
which the tangents drawn to the two circles are equal to 
one another. 
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The co-ordinates of the centres of the two circles are 
-y^, ^f and —g\ ^f respectively: the equation of the 
line joining them, therefore is 

which [Art 30] is perpendicular to the line (iv). 

Hence the radical axis of two circles is perpendicular 
to the line joining their centres. This is geometrically 
obvious when the circles cut in real points. 

84. The three radical axes of three circles taken in 
pairs meet in a point 

If S = 0, /S> ' = 0, fif " = be the equations of three circles 
(in each of which the coefficient of a^ is unity), the equa- 
tion of the radical axis of the first and second will be 

The equation of the radical axis of the second and third 
will be 

And of the third and first will be 

And it is obvious that if two of these equations be satisfied 
by the co-ordinates of any point, the third equation will 
also be satisfied by those co-ordinates. 

The point of intersection of the three radical axes 
is called the radical centre of the three circles. 

*85. To find the equation of a system of circles every 
pair of which has the same radical axis. 

If the common radical axis be taken for the axis of y, 
and a line perpendicular to it for the axis of a?, then all the 
circles cut a: = in the same two points. 

Hence, if a;' + y' -|- 2gx + 2/y -h c = be the general 
equation of the circles, when we put a? = the roots of the 
resulting equation y* + 2/y + c = must be the same for 
all the circles. 

Therefore y and c must be the same for all the circles. 
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If we take as origin the point midway between the two 
points where a: = cuts the cirdes,/ will be zero, and the 
equation becomes 

p .. ■ -^ x* + y^ + 2ffX-\'C^0 (i), 

which is the required equation, c being the same for all 
the circles. 

The radical axis cuts the circles in real points if c be 
nega^ve, and in imaginary points if c be positive. Vr\ ^ '' /n 

Tlie equation (i) can be -^ri'ntten 

Hence, if g be taken equal to + Vc the circle will reduce 
to one of the points (+ »JCy 0). 

These points are called the limiting points of the system 
of co-axial circles. When c is positive, that is when the 
circles themselves cut in imaginary points, the limiting 
points are real, and conversely, when the circles cut in real 
points the limiting points are imaginary. ' 

*86. TjT S = and &' = Obethe equations of two circles^ 
S - X S' = ttntt, for different values of X, represent aU 
circles which pa^ss through the points common to S = and 
S' = 0. 

For, if /S = and i8r = 0be 

^* + y» + 25r:r + 2/y+c = (i), 

a:' + y» + 2/aj + 2/'y + c=0 (ii), 

then will iS-XS' = be 

^ + y' + 25ra;-f 2/y + c - X {»■ +y + 2/a:-f 2/y -f c\ 

= (iii). 

Now (iii) is clearly the equation of a circle, whatever X 
may be. 

Also, if the co-ordinates of any point satisfy both (i) 
and (ii), they will also satisfy (iii). 

Hence § — Xfif = is, for any value of X, a circle 
passing through the points common to fi> = and jS' « 0. 

By giving a suitable value to X the circle (iii) ms^ 
be made to pass through any other point; therefore 
S— XiSTsssO represents all the circles through the inter- 
sections o{ 8=0 and 8' = 0. 
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The geometrical meaning of the equation fif — X /S' = 
should be noticed. From Art 82 we see that any point 
whose co-ordinates satisfy the equation /S> = XjS' is such that 
the square of the tangent from it to the circle S=0 ia 
eoual to X times the square of the tangent from it to 
iS = 0. We have therefore the following proposition — the 
locus of a point which moves so that the tangents from it 
to two given circles are in a constant ratio, is another circle 
which passes through their common points. 

87. If 0, (y be the centres of two circles whose radii 
are a, a' respectively, the two points which divide the 
line 0(y internally and externally in the ratio a : a' are 
called the centres of similitude of the two circles. 

The properties of the centres of similitude are best 
treated geometrically. 

/ The most important of the properties are (1) Two of 
the common tangents to two circles pass through each 
centre of similitude; (2) Any straight line through a 
centre of similitude of two circles is cut similarly by the 
two circles. 

EXAMPLES. 

1. Find the IcngtH of the tangent drawn from the point (2, 5) to the 
circle «• + y* - 2a5 - 3y - 1 = 0. 

Also the length of tho tangents from (4, 1) to the circle 

4x' + 4y«-3x-y-7 = 0. Ans, 3, 2^3. 

2. Find the equation of the circle through the points (3,0), (0, 2) and 
(- 1, 1) ; and find the value of the constant rectangle of the segments of 
all cfaords through the origin. ^Aji8>^-, ^' 

8. Find the radical axis of the circles j:'+y* + 2x+3y-7=0 and 
a;-+y»-2x-y + l=s0. Ans, x-i-y- 2=0. 

4. Find the radical axis of the two circles a:* + y'+6af+6y- c=0 and 

0-6 

5. Find the radical axis and the length of the common chord of the 
circles x'+y*+ax+6y + c=0 and a'+y'+6x + ay + c=0. 

Ant, X - y =0, {J (a + 6)* - ic]h 
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6. Shew that the three circles 

iB*+y'+3x+6y +12=0, x'+y*+2x+8y + 16=0, and «'+y« + 12y +24=0^ 
have a common radical axis. V ^ ^ 

7. Find the radical centre of the three circles ^ > ' 

ar*+y«+4a;+7=0, 2x»+2y« + 3x + 6y + 9=0, andx' + y«+y=0. - ' 'i 

Am, (- 2. - 1). ^ 

8. Find the equations of the straight lines which touch both the > 




9. If the length of the tangent from (/, g) to the circle d;*+y*=6 be 
twice the length of the tangent from (/, g) to the circle as* +y' + dx+% =0, 
then will /2+^« + 4/+4<7 + 2=0. J 

10. If the length of the tangent from any point to the circle 
aE'+y*+2x=0 be three times the length of the tangent from the same 
point to the circle x*+y*~4=0, shew that the point must be on th« 
circle 4j:« + 4y«-x- 18=0. v 

11. Find the equation of the circle through the points of interseo- \ 
tion of the oirdes x'+y'+2x+3y-7=0 and x» + y«+3a5-2y-l=0, and ' 
through the point (1, 2). Am, a^+y*+4x-7y + 5=0. y 

12. Find the equation of a circle through the points of intersection of 
x* + y*-4=0 andx'+y*-2x-4y + 4=0 and touching the line x+2y=0. 

r 

*88. We shall conclude this chapter by the solution 
of some examples. 

(1) To find the equation of the circle which cuts three given circles at 
right angles. 

Let the equations of the given circles be 

x« + y» + 2<7x + 2/y+c=0 (i), 

x» + y»+2flf'x+2/y + C = (ii), 

fl;9 + ya + 2^"x+2/"y + c" = (iu). 

If the circle whoso equation is 

a?+y*+2(?x+2JV + C=0 (iv) 

cut (i) at right angles, the square of the distance between their centres is 
equal to the sum of the squares of their radii. Hence we have 

(G^-^)= + (i5'-/)»=G«+F»-C+y«+/*-c. 

or 2Gy + 2F/-C-c=0 (v). 

We also have, since the other circles are cut at right angles, 

2G/ + 2F/'-C-c'=0 (vi), 

2(?y" + 2iy"-C-c"=0 (vii). 
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«»+y«. 


af> y« 


1 


-c, 


17. /. 


-1 


-c, 


9\ /, 


-1 


-c", 


17". r. 


-1 



Eliminating G, F, (7, from the equations (iv), (v), (vi)« and (vii), \re 
have for the required equation * 



=0. 



(2) Thtpdlaat of any fixed point with respect to a seriet of eo-eusial 
circles pan through another fixed point, and the polar of one of the 
limiting points of the system is the same for all the circles. 
The system of oiroles is given by the equation 

a«+y*+2a«+c=0 (1), 

where c is the same for all the circles [Art. 85]. 
The limiting points of the system are (± V^. 0)* 
Let the co-ordinates of the fixed point be (/, g), then the equation of 
the polar vdth respect to (i) will be 

xf+yg+a{x+f)+c=0. (ii). 

And, whatever the value of a may be, the straight line (ii) always 
passes through the point given by xf+yg +e = and x +/= 0. 

Ufss^y/c and g—0, equation (ii) reduces to /(a:+/)+o(x+/)=0; 
and therefore x +/= 0. 

Hence the polar of one of the limiting points is the line through the 
other limiting point parallel to the radical axis. 

(8) If ABC be any triangle, and A'B'C he the triangle formed by the 
polars of the three points A, B, G with respect to a circle, so that B'C is 
the polar of A, C'A' u the polar of B, and A'B' ti the polar of C ; then wiU 
the three lines AJl\ BB', CC meet in a point 
Let the equation of the circle be 

««+y»=o». (i), 

and let the co-ordinates of the points A,B,Che x\ y'; x", y" ; and x"', %j"' 
respectively. 

Then the eqiiations of the three lines B'C, C'A', A'B' will be 

xx^+yy'~a^=0, (ii), 

xx"-i-yy"-a*=0 (iii), 

and xx"'+yy"'-a^=0 (iv). 

AA' is a line through the intersection of (iii) and (iv), its equation is 
therefore [Art. 83] included in 

«j^ + yy " - a' = X {xx'" + yy'" - a«). 
We find X by making the above line pass through A, whose co-ordinates 
are xf, y'; we get therefore 

xV'+y'y"-a«=X (x'x"'+yy" - a*). 

s. C.S. 6 
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Hence the equation of AA' is 
(xy'+3^'-a2)(x'V+y'Y-a«)-(«x'''+yy'''-a«)(x'jr''+y'y''-a«)=0...(v). 

The other equations can now he \mtten down from symmetry. 

They will he 

and 

Since the three equations (y), (vi), (vii) when added together yanish 
identically, the three lines AA\ BB\ CC represented by those equations 
must meet in a point [Art 34.] 

(4) O u one of the points of intersection of two given circles, and any 
line through O cuts the circles again in the points P, Q respectively. Find 
the locus of the middle point of PQ. 

Let O be taken for origin, and let the equations of the circles be 

[Art 81] 

r= 2a cos (9 -a), and r=2& cos (0-/3). 

Then, for any particular value of 0, 

OP=2acos(0-a), 
and 0Q= 25 cos (0-/3). 

If 12 be the middle point of PQ, 

OE=i{OP+OQ); 
••. Oi2 = a cos (0 - a) + & cos (0-/9). 
The locus of jR is therefore given by 

r=acos(0-a) + &oos(0-/9) 
= (a cos a + 5 cos /9) cos + (a sin a + 6 sin /3) sin tf . 
The locus is therefore the circle whose equation is 

r=i4cos(0-B), 
where A and B are given by the equations 

iicosB=acosa + &cos/3, and ii sinjB=asina + dsin/3. 
(6) Jf from any point O on the circle circumscribing a triangle ABC, 
perpendiculars be drawn on the sides of the triangle, the feet of these per- 
pendiculars will lie on a straight line. 

Take the point O for origin, and the diameter through it for initial 
line, then the equation of the circle will be r = 2a cos 0. 

Let the angular co-ordinates of the points A, B, C he a, p, y respec- 
tively. 

The line BC is the line joining (2a cos /3, /8) and (2a cos 7. 7). To 
find the polar equation of BC take the general form p=rcos(0-^) 
[Art 45] and substitute the co-ordinates of B and of C. We thus obtain 
two equations to determine p and ^ The equations will be 
p = 2aco8/3cos(/9-0), and p = 2a cos 7 cos (7 -0). 
» 
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Hence = /3 + 7, and j7 = 2a cos /3 cos 7. The equation of BC is therefore 

2a cos /5 cos 7=r 008(^-/5-7) (i). 

Similarly, the equations of CA and of AB will be respectively 

2a cos 7 cos a =r cos (^-7- a) (ii), 

and 2acosacos/3=^rooB(9-a-/3) (iii). 

The co-ordinates of the feet of the perpendiculars on the lines (i), (ii)» 
(iii), from the point 0, are 2acos/3oos7, /3+7; 2acos7Cosa, 7+a; 
and 2a COS a COS /9, a+i9. These three points are all on the straight line 
whose equation is 

2acosacos/3cos7=rcos(^-a-j8-7) (iv). 

The line through the feet of the perpendiculars is called thej7«da{ line 
of the point O with respect to the triangle. 

Let D be another point on the circle, and let the angular co-ordinate 
of 2> be d. The four points A^ B, C, D can be taken in threes in four 
ways, and we shall have four pedal lines of O corresponding to the four 
iiianglea. We have found the equation of one of these pedal lines, viz. 
equation (iv). The equations of the others can be written down by sym- 
metry ; they will be 

2aoos/5cos7Cos3=rcos(^-j8-7-5) (v), 

2acos7COsdcosa=rcos(9-7-d-a) (vi), 

and 2acosdcosacoBj9=roos(9-8-a-/3) (vii). 

The eo-ordinates of the feet of the perpendiculars from O on the lines 
(i^)» (▼)« (^) c^d (vii) will be 2a cos a cos j9 cos 7, a+i9+7, and similar 
expressions. These four points are all on the line whose equation is 
2a cos a cos j9 cos 7 cos 5 = r cos (d-a^p-y-h). 
This proposition can clearly be extended. 



Examples on Chaptee IV. 



1. A point moves so that the square of iti distance from 
a fixed point varies as its perpendicular distance from a fixed 
straight line; shew that it describes a circle. ^-*^\7^= ^•*".t. h^tnc^i) 

2. A point moves so that the sum of the squares of its 
distances from the four sides of a square is constant ; shew 
that the locus of the point is a circle. :*^"ll:.^^/*^2^"i\>!M f , 

3. The locus of a point, the sum of the squares of whose 
distances from n fixed points is constant, is a circle. 
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V 4. A, S are two fixed poiat«4 and P moves bo that 
PA = n . PB ; stew that the locus of i* is a circla Shew alao 
that, for difE^rent Tolaes of n, all the circles have a oommo;a 
radical axis. i.'-t •." +z 7'^ a,* -t- "''"'', 1*S-***i x = »|i-*™t.' 

^ 5. Find the locus of a point which moves so that the I 
square of its distance from the base of an isosceles triangle J 
is equal to the rectangle under its distauces from the other , 1 
sides. <iiSi^'j . «"^^-T>**(**''''«^*i*^",.-'fc^*,y^*^ 

Prove that the equation of the circle circumscribing 



the triande formed bv the lines x+t/t^Q, 2x + y = i, and 

!B* + y'-17iB-19y + 5O = 0y 

7. Find the equation of the circle whose diameter is (he ^ 
common chord of the circles ■'Aj^ ix+/-=o, V*-!!'^',^' ir: "> , 

^ '' a!' + j/' + 2a! + 3y+l = 0, anda!' + y' + 4ar+3y + 2 = a * 

8. Find the equation of the straight lines joining the 
origin to the points of intersection of the line x+ 2y — 3=30, 
and the circle I' + y' — 2a:-2y=0, and shew that the Unoa are 
at right angles to one another. c^--^iHJt ■ x\ iif|f -( "i », AiT— » 

9. Anjstraight line is drawn from a fixed point meeting , 
a fixed straight Une in P, and a point Q is taken on the line ^ 

CT'such that the rectangle OQ. OP is constaat; shew that the 
locusof ^isadrcle. ««»•»• -T-'t^; o«. ,-.|^, i.«9-j^, W-Wr 

10. Aaj straight line is drawn from a fixed point 
meeting a fixed circle in P, and a point Q is taten on the lino 
such that the rectangle OQ. OP is constant: shew that the«« 
locus of (? is a circle. ^^^I^TlJu-J'" UVnH|T-"lf '"^■^'"-^C 

n. Shew that the radical axis of two circles bisects th^r > 
four common tangents. ' 

12. If be one of the limiting points of a ^stem of 
coaxial circles, shew that a common tangent to any two circles ' 
of the STBtem will subtend a right angle at 0. 

13. Prove that the equation of two given drcles can 
always be pnt in the form 

and that one of the circles will be within the other if aa' and 
b are both positive. 
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^' 14. The distances of two points from the centre of a 
circle are proportional to the distances of each from the polar 
of the other. 

15. If a circle be described on the line joining the centres 
of similitude of two given circles as diameter, prove that the 
tangents drawn from any point on it to the two circles are in 
Z^tio of the correspoii^ radii 

^ 16. Find the locos of a point which is such that tan- 
gents from it to two concentric circles are inversely as their 
radiL 

17. If two points A^ B are harmonic conjugates with 
respect to two others C, D^ the circles on AB and CD as dia- 
meters cut orthogonally. 

18. If two circles cut orthogonally, every diameter of 
either which meets the other is cut harmonically. 

19. A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon is constant ; shew 
that its locus is a circle. 

20. A circle passes through a fixed point and cuts two 
fixed straight lines through 0, which are at right angles to one 
another, in points P, Q, such that the line PQ always passes 
through a fixed point; find the equation of the locus of the 
centre of the circle. 

21. The polar equation of the circle on (a, a), (6, P) as 
diameter is 

r*-r{acos(tf-o) + 6cos(tf-)8)} + a6cos(a-)8) = 0. 

22. Find the equation for determining the values of r at 
the points of intersection of the circle and the straight lino 
^whose equations are 

r=2acos0, and roos (tf — /3) = j». 

I>ednoe the value of p when the straight line becomes a 
tangent. 

23. Find the co-ordinates of the centre of the inscribed 
circle of the triangle the equations of whose sides are 

3a-4y = 0, 7a-24y = 0, and 5a-12y-36 = 0. 
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% 24. Find the locus of a f)oint the polars of which with 
respect to two given circles make a given angle with one 
another. 

25, From any point on the radical axis of two circles 
tangents are drawn, and the lines joining the points of contact 
to the centres of the circles are produced to meet; find the 
equation of the locus of the point of intersection. 

26. If the four points in which the two circles 

a:* + y* + oa; + 6y + c = 0, a* + ;/ + a'a; + 6'y + c' = 
are intersected by the straight lines 

respectively, lie on another circle, then will 

a — a\ b — b'f c — c 

A, B, C =0. 

A\ F, C j 

X 27. A system of circles is drawn through two fixed points, 
tangents are drawn to these circles parallel to a given straight 
line ; find the equation of the locus of the points of contact. 

28. If -<4, i?, (7 be the centres of three co-axial circle^', and 
f,, fy, tj^ be the tangents to them from any point, prove the 
relation 

29. If /,, f , t^ be the lengths of the tangents from any 
point to three given circles, whose centres are not in the same 
straight line, shew that any circle or any straight line can be 
represented by an equation of the form 

What relation will hold between -4, J?, C for straight lines ? 

30. If a circle cut two of a system of co-axial circles at 
right angles, it will cut them all at right angles. 

31. Shew that every circle which passes through two 
given points is cut orthogonally by each of a system of circles 
having a common radical axis. 

32. Prove that all circles touching two fixed circles are 
orthogonal to one of two other fixed cii*cles. 
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33. If two circles cut orthogonally, prove that an inde- 
finite number of pairs of points can be found on their common 
diameter such that either point has the same polar with respect 
to one circle that the other has with respect to the other. Also 
shew that the distance between such pairs of points subtends 
a right angle at one of the points of intersection of the two 
circles. 

34. If the equations of two circles whose radii are a, a be 
8 =0, ^' = 0, then the circles 

a a 
will intersect at right angles. 

35. Find the locus of the point of intersection of two 
straight lines at right angles to one another, each of whicli 
touches one of the two circles 

(a;- a)* + y* = 6", (a + a)' + y" = c*, 
and prove that the bisectors of the angles between the straight 
lines always touch one or other of two other fixed circles. 

36. Shew that the diameter of the circle which cuts at 
right angles the three escribed circles of the triangle ABC is 

- — 7 (1 + COS -4 COS i? + cosi?cosC+cos(7cos^)*. 
sm -4 ^ 

37. Find the locus of the point of contact of two equal 
circles of constant radius c, each of which passes through one 
of two fixed points at a distance 2a apart : and shew that, if 
a = c, the locus splits up into a circle of itidius a and a curve 
whose equation may be put into the form (a:*+y^"= of (a;*— 3^*). 



CHAPTER V. 



The Parabola. 



89. Definitions. A Conic Section, or Conic, is the locus 
of a point which moves so that its distance from a fixed 
point is in a constant ratio to its distance from a fixed 
straight line. The fixed point is called a focus, the fixed 
straight line is called a directrix, and the constant ratio is 
called the eccentricity. 

It will be shewn hereafter [Art 312] that if a right 
circular cone be cut by any plane, the section will be in all 
cases a conic as definea above. It was as sections of a cone 
that the properties of these curves were first investigated. 

We proceed to find the equation and discuss some of 
the properties of the simplest of these curves, namely that 
in which the eccentricity is equal to unity. This curve is 
called a parabola. 

90. To find tiie equation of a parabola. 

Let 8 be the focus, and let TY^ be the directrix. Draw 
SO perpendicular to YY\ and let 0S=2a. Take OS for 
the axis of x, and OY for the axis of y. 

Let P be any point on the curve, and let the co- 
ordinates of P be a?, y. 

Draw Plf, PM, perpendicular to the axes, as in the 
figure, and join SP. 
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Then, by definition, 8P=-PM; 
therefore P Jf « = SP" = PiV + SJIf' ; 
that is, x" = y* + (a? — 2a)*, 
or y" = 4a(a: — a) 

This is the required equation of the curve. 
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(i). 




The curve cuts the axis of ^ at a point A where y = 
and from (i) when y = 0, a? = a ; that is, OA = a. 

The point A is called the vertex of the parabola. 

If we transfer the ori^n to A, the axes being un- 
changed in direction, equation (i) will become [Art. 49] 

^ = 4!ax (ii). 

The focus is the point (a, 0). The directrix is the line 

Also SP^MP^OA-^-AN^^a + x. 

91. Since the equation of the parabola is y^ = 4icuc, 
and y* is a positive quantity, x must always be positive. 
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and therefore the curve lies wholly on the positive side of 
the axis of y. 

For any particular value of x there are clearly two 
values of y equal in magnitude, one being positive and the 
other negative. Hence all chords of the curve perpen- 
dicular to the axis of x are bisected by it, and the portions 
of the curve on the positive and on the negative sides of 
the axis of x are in all respects equal. 

As X increases y also increases, and there is no limit 
to this increase of x and y, so that there is no limit to 
the curve on the positive side of the axis of y. 

The line through the focus perpendicular to the direc- 
trix is called the axis of the parabola. 

The chord through the focus perpendicular to the axis 
is called the latus-rectum. 

In the figure to Art. 90, SL^LK = OS = 2a. There- 
fore the whole length of the latus-rectum is 4a. 

92. We have found that y^ — 4flw? = for all points 
on the parabola. 

For all points within the curve y* — iax is negative. 

For, if Q be such a point, and through Q a line be' 
drawn perpendicular to the axis meeting the curve in P 
and the axis in i\r, then Q is nearer to the axis than P 
and therefore N^ is less than J\rP*. But, P being on the 
curve, NP* — 4a . -AiV= 0, and therefore NQ^ —4!a.AN is 
negative. 

Similarly we may prove that for all points outside the 
curve y* — 4kxx is positive. 

Hence, if the equation of a parabola be y* — 4ax = 0, 
and we substitute the co-ordinates of any point in the left- 
hand member of the equation, the result will be positive 
if the point be outside the curve, negative if the point 
be within the curve, and zero if the point be upon the 
curve. 

93. The co-ordinates of the points common to the 
straight line, whose equation is y = mx + c, and the 
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parabola, whose equation is 'kf^^tax, must satisfy both 
equations. 

Hence, at a common point, wc have the relation, 

(wia? + c)* = 4aa? (i). 

Therefore the abscissas of the common points are given 
by the equation (i), which may be written in the form 

mV-;-(2mc-4a)aj + c* = (ii). 

Since (ii) is a quadratic equation, we see that every 
straight line meets a parabola in two points, which may 
be real, coincident, or imaginary. 

When m is very small, one root of the equation (ii) is 
very great ; when m is equal to zero, one root is infinitely 
great. Hence every straight line parallel to the axis of 
a parabola meets the curve in one point at a finite distance, 
and in another at an infinite distance from the vertex. 

94. To find the condition that the line y = mx + c may 
touch the parabola y* — 4tax = 0. 

As in the preceding Article, the abscissae of the points 
common to the straight line and the parabola are given 
by the equation 

{mx + cf = 4aa?, 

that is mV + (27nc — 4a) a? -f c' *= 0. 

If the line be a tangent, that is if it cut the parabola 
in two coincident points, the roots of the equation must 
be equal to one another. The condition for this is 

4»iV = (2mc-4a)', 



which reduces to wc = a, or c = - - 

m 



4 
C 



Hence, whatever m may be, the line 



a 
y = mx H — 

^ m 



will touch the parabola y' — 4aa? = 0. 

95. To find the equation of the straight line parsing 
through two given points on a parabola, and to find the 
equation of the tangent at any poinL 
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Let the equation of the parabola be 

and let x\ y\ and x\ ^' be the co-ordinates of two points 
on it. 

The equation of the line through these points is 

f^^-x^'-x' ^^' 

But since the points are on the parabola, we have 

y« = 4aa?', and y"":-4(M;"; 
/. y''«-.y'* = 4a(a;"-.aj') (u). 

By multiplying the corresponding sides of the equa- 
tions (i) and (ii), we have 

or, since y** — 4(m?' = 0, 

yCy'+y'O-^^^-yy^o (iii), 

which is the equation of the chord joining the two give n 
poinl&i. 

In order to find the equation of the tangent at {x^ y) 
we must put y" = y' and a?"=a?' in equation (iii), and we 
obtain 

or, since y*^ = 4cm?', 

yt/-2a{x'{'X) (iv). 

Cor, The tangent at (0, 0) is a? = 0; that is, the 
tangent at the vertex is perpendicular to the axis. 

96. We have found by independent methods [Articles 94 and 95] two 
forms of the equation of a tangent to a parabola. Either of these could 
however have been found from the other. Thus, suppose we know that 
the equation of the tangent at (x', y*) is 

yy'= 2a («+«'), 

then y=-7«+ — ;-. 

y y' 

If this be the same lino as that given by 

y=iiu5+c 

we must have 

2a , 2ax' 
ifi=-Vf and c= — r; 

y y 

therefore mesa, as in Article 94. 
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In the eolation of questions we should take whichever fonn of 
the equation of a tangent appears the more suitable for the particular 



Ex. 1. The ordinate of the point of intersection of two tangents to a 
parabola is the arithmetie mean between the ordiiuUes of the points of 
contact of the tangents. 

The equations of the tangents at the points (a/, y') and (x", y'O are 

yf/=2a{x+a^), 
and yy"=2a(x+a''). 

By subtraction, we have for their common point, 

y(y'-y")=2a*'-2ax" 

Ex. 2. To find the locus of the point of intersection of two tangents to 
a parabola which are at right angles to one another. 
Let the equations of the two tangents be 

y=mx+^ (i), 

y=m'x+^ (u). 

Then, since they are at right angles, mm'^ -1. Hence the second 
equation can be written, 

f/= — x-am. (iii). 

To find the abscissa of their common point we have only to subtract 
(iii) from (i), and we get 

and therefore we have x +a=0. 

The equation of the required locus is therefore x + a=0, and this 
[Art. 90] is the equation of the directrix. 

97. To find the equation of the normal at any point of 
a parahola. 

The equation of the tangent at {x\ y') to the parabola 
y-4aa? = 0,is[Art. 95] 

y^^iaix-^x') (i).^ 

The normal is the perpendicular line through {x\ y). 

Therefore [Art. 30] its equation is 

(y-y')2a + y(a;-a0=0 (ii). 
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Tlie above equation may be written 



■ . .' 



1.' 



y 



= -t_ 



y 



(iii). 



If we put m = — ^- , then y' = — 2aiw, and ^, = — a'm?) 

therefore (iii) becomes 

y = mx — 2am — aw^ (iv). 

This form of the equation of a normal is sometimes 
useful. 

98. We will now prove some geometrical properties 
of a parabola. 

Y 




Let the tangent at the point P meet the directrix mR 
and the axis in T. Let PN, PM be the perpendiculars 
from P on the axis and on the directrix. 

Let PG, the normal at P, meet the axis in G. 

Then, if x\ y be the co-ordinates of P, the equation of 
the tangent at P will be 

. . "■'. '■[ yy'=2a{x-¥af) (i) [Art 95]. 

Where this meets the axis, y = 0, and at that point, we 
have from (i), x + af =^0, 

:. TA^AN.V...., (a); 

/. TS^A8+AN' = SP (;8); 
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and since TS=^SP, the angle STP is equal to the angle 
SPT; so that PT bisects the angle 8PM. (7). 

We see also that the triangles RSP and RMP are 
equal in all respects. 

Hence the angle RSP = the angle 5 JfP= a right angle 

... (S). 

Again, since M is the point f— a, yf), and 8 is the point 
(/T, 0), the equation of the line 8M is 

y-'i/^x + a ... 
/ — -15 — Uv- 

This is clearly perpendicular [Art. 30] to the tangent 
at P which is given by the equation (i), 

.*. 8M is perpendicular to PT, (e). 

Since PT is perpendicular to 8M and bisects the angle 
SPM^ it will bisect 8M. If then Z be the point of inter- 
section of fifif and PT, iSZ=ZJ/. But 5-4 = ^a There- 
fore AZ is parallel to OM, and is therefore the tangent at 
the vertex of the parabola; so that the line through 
the focus of a parabola perpendicular to any tangent PT 
meets PTon the tangent at the vertex (5). 

We may prove the last proposition as follows. 

Let the equation of any tangent to the parabola be 

y = 7?ia?+ — (ill). 

The equation of the line through the focus (a, 0) perpen- 
dicular to (iii) is 

y = (a? — a), 

or y = -;;;+^ (^v). 

mm 
The lines (iii) and (iv) clearly meet where a? = 0. 
The equation of the normal at P {x\ y) is [Art. 97] 

2«(y-7/) + 3/'(^-^') = 0. 
At the point G we have y = 0, and therefore 

-2ory'+y'(a?-a?')=0, 
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or ia^x-x'^AG-AN=^NG. 

,-. NQ^ia (17). 



EXAMPLES. 

1. Find the equations of the tangents and the equations of the 
normals to the parabola y* - 4aa;s0 at the ends of its latns rectom. 

Am. a8Ty+a=0/ y±afT3a=0.^ 

2. Find the points where the line y=:8x-a cuts the parabola 

y« - 4a«=0. Aw, (a, 2a)!^ Q , - |a^ / 

8. Shew that the tangent to the parabola y*-iax=0 at the point 
(x', y') is perpendicular to the tangent at the point . ^ - it 1 i/l# ' 

4. Shew that the line y = 2« + ^ cuts i/^ - Aaat = in coincident points. "^ 

Shew that it also outs 20x>+2O2/*=a' in coincident points. >/ 

5. A straight line touches both x*+y*=2a^ and y'=8ax; shew that 

its equation is y=db(«+ 2a). ^f 7*^ '''^'^^^' c-. ,.w/.^V; 14 . «,»,/.•.*.♦ d 

6. Shew that the line 7x +6^= 13 is a tangent to the curve 

y«-7«-8y+14=0. ^ f-i)i(^^ 

7. Shew that the equation aB? + 4aa?+2ay=0 represents a parabola, ^J 
whose vertex is at the point ( - 2a, 2a), whose latus rectum is 2a, and y^ 
whose axis is paraUel to the axis of y. /? '"'^'"'' -^^(rW ^1-^ 

8. Shew that all parabolas whoso a^^ are uaraUel to the axis of 
y have their equations of the form ^-^ * ^'^Ci-f^J 

a?+2Ax+2By + C=^0. ^ 
< 9. Find the co-ordinates of the vertex and the length of the latus 
rectum of each of the following parabolas : 

^(i) y«=6,x+10, Ci,«^;*' ^fii) «»-4a!+2y=0, ^i'^h '^ 
'^(iu) fc^-2)»=6(a;+4), and v'(iv) 8x«+12a;-8y=0. 
Aru. (i) (-2,0);6.v (ii) (2, 2):'2.^ (iii) (-4, 2)^5.^ (iv) (-2, -\f,U 
^ 10. Find the co-ordinates of the focus and the equation of the 
directrix of each of the parabolas in question 9. 

Afu. (i) (-J,0):4a;+18=Cl^ (ii) (2. 1)^2^-6=0.^' 
(iii) (-V, 2),^4x + 21=0y (iv) (-2, -|)!^Cy+13=0.»/ 
11. Write down the equation of the parabola whose focus is the 
origin and directrix the straight line 2«-y-l=0. Shew that the line 
2y=4x-l touches the parabola. «-»- i - i-* «W/>^W^ "^ ^^Krt^lttj- !ii{ 
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12. If through a fixed point O on the axis of a parabola any dhord 
POP be drawn, shew that the rectangle of the ordinates of P and P' 
will be constant. Shew also that the product of the absoissso ^^^ 
beoonstant. ^^ ^U-d) , i\^^t^ ^'^^HU-fnu v*S.;«w, 

13. Find the co-ordinates of the point of intersection of the tangents 

y =«!«+ — , v=fn'x+ — . Shew that the locus of their intersection is a 

straight line whenever mm' is constant; and that, when fnm'+l^QTibis ' '* j" 
line is the directrix. /- ^^, , ^ :- ^(-L^i^ I ) 7*-'- -^^^^/ "^^ t) 'i^ '^'"'j -'— 

/ 14. Shew that, for all values of m, the line t/=ni(x+a)+ - will 

V toooh the parabola y'=4a (x+a). 

/ 15. Two lines are at right angles to one another, and one of them/**'^**^*^ 
/ touches j^=iia (x+a), and the other y*=4a' (x+a') ; shew that the point ^' *^'~m 
\ of intersection of the lines will be on the line x+a+a'=0. i/ 

/ 16. If perpendiculars be let fall on any tangent to a parabola from 
/two given points on the axis equidistant from the focus, the difference of , 
t their squares will be constant, r^ ^^difaU-, ,*vx^^ '^'ff^^''^ 

Uiit^ X 17.^ WO straight lines AP, A^ are drawn through the vertex of 
(iHi^ patMola at right angles to one another, meeting the curvein P, Q ; shew^ . ^ 
kt the line Pg cuts the axis in a fixed point. *£>'?^' ^ t^^^:^'^**. ^^ 

18. H the circle x^+y^-^Ax+By + C=0 cut the parabohi y^ - 4ax=0 *^^^^« 
in four points, the algebraic sum of the ordinates of those points will be^ 

yL 19. If the tangent to the parabola j^ - 4ax=0 meet the axis in T and 
tiie tangent at the vertex ^ in F, and the rectangle TAYQ be completed^ ^ « 
shew that the locus of Q is the parabola y'+ ax=0. 1^"^*"^ ^ ; -V* " •^-'■^ v^ 

20. If P, Q, It be three points on a parabola whose ordinates are in 
/ geometrical progression, shew that the tangents at P, R will meet on the 
^ ordinate of g. '<• itl3Ciil<^ ;i^,^ , x^ . ^ 

/ 21. Shew that the area of the triangle inscribed in the parabola 

1 
1 y*-4ax=Q iB^(3fi^y^. {y^'^y^ (y8~yi)» ^^^^ y^, y,, y^ are the 

ordinates of the angular points. 

99, Two tangents can be dratim to a parabola from 
any point, which will he real, coincident^ or imaginary, ac-* 
cordtng as the point is outside, upon, or within the curve. 



V aipv< j#.i^ ^'^/^i / /f *i f 1 I . . 




0, ^ >Jh *i^* ^ f -^ ^^ ***^ 
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The line whose equation is 

y = mx-\ — (i) 

will touch the parabola y* = 4ax, whatever the value of m 
may be [Art. 94]. 

The line (i) will pass through the particular point 

{< y'), if 

y =rnx + — , 
m 

that is if mV — my + a=0 (ii). 

Equation (ii) is a quadratic equation which gives the 
directions of those tangents to the parabola which pass 
through the point {x\ y). Since a quadratic equation has 
two roots, two tangents will pass through any point {x, y'). 

The roots of (li) are real, coincident, or imaginary, ac- 
cording as y'* — 4(M7' is positive, zero, or negative. That 
is [Art. 92] according as {x\ y) is outside the parabola, 
upon the parabola, or within it. 

O fj 100. To find the equation of the line through the 

V ip^points of contact of tlie two tangents which can he draum to 
a parabola from any point 

Let x', y[ be the co-ordinates of the point from which 
the tangents are drawn. 

Let the co-ordinates of the points of contact of the tan- 
gents be A, yk and A', V respectively. 

The equations of the tangents at (A, Ic) and (V, V) are 

yk = 2a (a: + A) 

and yk = 2a (a: + A'), 

We know that {x ^ y^ is on both these lines ; 

.-. y'ifc = 2a(a;'+A) (i) 

and y'A:'= 2a (a;' + AO (ii). 

But the equations (i^ and (ii) are the conditions that 
the points (A^ A;) and (X , H) may lie on the straight line 
whose equation is 

y'y « 2a (a?' 4- a?) (iii). 
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Hence (iii) is the required equation of the line through 
the points of contact of the tangents from {x\ y). 

The line joining the points of contact of the two 
tangents from any point P to a parabola is called the jjoZar 
of P "with respect to the parabola. [See Art 76.] 

101. If the polar of the point P with respect to a 
parabola pass through the point Q, then will the polar of Q 
pass through P. 

Let the co-ordinates of P be x, y\ and the co-ordinates 
of Q be x'\ y". 

The equation of the polar of P with respect to the 
parabola y* — 4aa; = is 

yy' = 2a(a;-f-aj'). 
If this line pass through Q (a?", y"), we must have 

The symmetry of this result shews that it is also the 
condition that the polar of Q should pass through i*. 

It can be shewn, exactly as in Art 79, that if the 
polars of two points P, Q meet in R, then i? is the pole of 
the line PQ, 

The equation of the polar of the focus (a, 0) is ar + a =» 0. 
So that the polar of the focus is the directrix. 

If ^ be any point on the directrix, y is on the polar of 
the focus 5, therefore the polar of Q will pass through 5», 
so that if tangents be drawn to a parabola from any point 
on the directrix the line joining the points of contact will 
pass through the focus. 

102. The locus of the middle points of a system of 
parallel chords of a parabola is a straight line parallel to 
the axis of the parabola. 

The equation of the straight line joining the two 
points («', ^), {x\ y") on the parabola y* — 4aa; = is 
[Art 95, (iii)] 

y(y'+y")-4aa:-yy'=o ..(i). 

Now, if the line (i) make an augle with the axis of the 

7-2 



• • 
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parabola, 

tan^= -; i, (ii). 

But, if the co-ordinates of the middle point of the 
chord be (a?, y), then will 

2a? = a;' + a?", and 2y = y' + y". 

Hence, from (ii), tan 0^-=—. 

2y 

or y = 2acot^ (iii), 

so that y is constant so long as is constant. 

Hence the locus of the middle points of a system 
of parallel chords of a parabola is a straight line parsdlel to 
the axis of the parabola. 

Def, The locus of the middle points of a system of 
parallel chords of a conic is called a diameter, and the 
chords it bisects are called the ordinates of that diameter. 

We have seen in Art 93 that a diameter of a parabola 
only meets the curve in one point at a finite distance from 
the vertex. The point where a diameter cuts the curve is 
called the extremity of that diameter. 

103. The tangent at the extremity of a diameter is 
parallel to the chords which are bisected by that diameter. 

All the middle points of a system of parallel chords of 
a parabola are on a diameter. Hence, by considering the 
parallel tangent, that is the parallel chord which cuts the 
curve in coincident points, we see that the diameter of a 
system of parallel chords passes through the point of con- 
tact of the tangent which is parallel to the chords. 

104. To find the equation of a parabola when the a^xes 
are any diameter and tlie tangent at the extremity of that 
diameter. 

Let P be the extremity of the diameter, and let the 
tangent at P make an angle with the axis. / /.^^ 

Then NP^ 2a cot [Art. 102 (iii)], V j? '^ ^^/«^^ 

Pl!P '^u. e^ . 
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Let the co-ordinates of Q referred to the new axes be 
a?, y respectively, and draw QM perpendicular to the axis 
of the parabola, cutting the diameter PV in K, 

T' 







Then 






lfQ=JVP+-8'G = 2acot^ + ysintf (i), 

= acot'^ + a? + ycos tf (ii). 

But Qif' = 4a.ilif; 

therefore, from (i) and (ii), 

(2a cot tf +y sin ^*= ia (acot* tf + a? 4-y cos ^, 
or y*sin' ^=4aa; (iii). 

a 



But AN = a cot* tf ; therefore j8fP= a + u4JV: 



sin«^' 



Therefore, putting a' for iSP or ■ - ^ a , the equation of 
the curve is j/*=4ja'a? ,..(iv). 

105. If the equation of a parabola, referred to any 
diameter and the tangent at the extremity of that diameter 

as axes, be «" — 4cm? = : the line v = mx H — will be a 

tangent for all values of m \ the equation of the tangent 
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ai any point (a;', y") will be yy* — 2a (« + ic') = ; the 
equation of the polar of (x', y^ with respect to the 
parabola will be yy' — 2a (a + jc") = ; and the locos of the 
middle points of chords parallel to the line y=mx nill 
, 2o 

be y™ — . 

These propositions require no fresh investigations ; for 
Articles 94, 95, 100 and 102 hold good equally whether 
the axes are at right angles or not. 

106. The equation of the normal at any point {x',y') 
of the parabola y* — iax = is 

V-V'+^i'-^l-O (i). 

If the line (i) pass through the point (A, k) we have 

'-!^ + a('-|i)-° <">■ 

The equation (ii) gives the ordinates of the points the 
normals at which pass through the particular point {h, k). 
The equation is a cubic e qiift*if>n, an d therefore throu gh 
any point three normals can be draw n to a para bola. 

Sl&ce there is no term containing y"*, we have, if y,, y,, 
y, be the three rooto of the equation (ii), 

J'i + J'i + y. = (Ui). 

Now, for a system of parallel chords of a parabola, the sum 
of the two ordinates at the ends of any chord is constant 
[Art. 102]. Therefore the normals at these points meet on 
the normal at a fixed point the ordinate of which added to 
the sum of their ordinates is zero. 

Hence the locus of the intersection of the normals at 
the ends of a system of parallel chords of a parabola is a 
straight line which is a normal to the curve. 

107. We shall conclude this Chapter by the solution 
of some examples. 

(1) To find the locut of the foint af itiltTtecHm of too tanfenU to a 
parabola ahieh makt a given angle uilA out oaolAer, 
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The line y=mx + - is a tangent to the parabola y* - 4ax^0, whateYer 

the Talne of m may be. [Art 94.] 

If (sB, y) be supposed known, the equation will give the directions of 
the tangents which paae through that point. 

The equation giving the directions will be 

m*aB-my+o=0. 

And, if the roots of this quadratic equation be m^ and m^, then 
will 

i?4 + m, =- and mjin, = - ; 

But, if the two tangents make an angle a with one another, 

tan«=3Jl!??? 

.•. tan'a=^ rs . 

So that the equation of the required locus is 

y' - 4ax - (x+ a)' tan* a=0. 

(2) To find the locut of the foot of the perpendicular drawn from 
a fixed point to any tangent to a parabola. 

Let the equation of the parabola be y*-4ax=0, and let A, A be the 
co-ordinates of the fixed point 0. 

The equation of any tangent to the parabola is 

y=:mx+'- (i). 

■ The equation of a line through (h, k) perpendicular to (i) is 

y-*=--(«-^) (ii). 

To find the locus we have to eliminate m between the equations (i) and 
(ii). 

From (ii) we hare m— r ; 

thezelore, by substituting in (i), we get 

x-h y-k ^ 
^ y-k x-h ' 

or y(y-fc)(a5-A)+«(x-fc)>+a(y-fc)«=0 (iii). 

The locus is therefore a curve of the third degree. 

From (iii) we see that the point itself is always on the locus. If 
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the point be outside the parabola this presents no diffioolfy, for two real 
tangents can in that case be drawn through O, and the feet of the perpen- 
diculars from O on these will be itself. When the point O is within the 
parabola the tangents from are imaginary, and the x>erpendiculani to 
them from are also imaginary, but they all pass through the real point 
0, and therefore O is a point on the locus. 

When h=a, h=0, that is when O is the focus of the parabola, (iii) 
i reduces to x{y^+(x~a)'}=0; so that the cubic reduces to the point 
I eirde ^ + (x - a)' = 0, and the straight line x = 0. [See Art. 98 /]. , 

(8) The orthocentre of the triangle formed by three tangent* to 
a parabola it on the directrix. 

Let the equations of the sides of the triangle be 

y=m'x+~. y=m"x+^,, and y=m"'x+^,. 
fn mm 

The point of intersection of the second and third sides is 

\m"m"" m"^m"J' 

The line through this point perpendicular to the first side has for 

I equation 

_ o ^ a !_/' a \ 

^'nir " wT """w7 ym'V') ' 

Now this line cuts the directrix, whose equation is x= -a, in the 

point whose ordinate is equal to 

/'i _L J_ 1 \ 

* \m' "*" w" "*■ m'" "*■ m'm'W'V ' 

The symmetry of this result shews that the other i)erpendiculars cut 

the directrix in the same point, which proves the theorem. 

(4) To find the locus of the point of intersection of two normals 
which are at right angles to one another. 

The line whose equation is Cl^ f'^V 

y=mx-2am-ani^ (i) 

is a normal to the parabola y* - 4ax=0, whatever the value of m may be. 
If the point (x, y) be supposed known, the equation (i) gives the 
directions of the normals which pass through that point. 
If the roots of the equation (i) be m^, m^ m^, we have 

»ii+»i3+m,=0 (ii), 

«,m,+m,m3+m,m,=?i--J (iii), 

iwimjw, = -^ H. 
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If two of the normalB, giTen by 114, m, suppose, be peii)endioiilar to 

^one another, we haye 

111x114= -I.- (v). 

The elimination of mi, 114, m^ from the equations (ii), (iii), (iy) and (v) 
will give the locos required. 

The result is y* =a (« - 8a). 



ExAXPLES OK Chapter Y. 

i^ 1. The perpendicular from a point on its polar witih respect 
to a parabola meets the polar in the point If and cuts the axis 
in Qy the polar cuts the axis in Ty and the ordinate through 
cuts the curve in P, P'; shew that the points T^ P, My Gy P 
are all on a circle whose centre is /SI 7" S -=»- ^ -/-x '^ hS =Sfp 

2. Prove that the two parabolas y* = ox, ic* = 5y will ^ ^ 
cut one another at an angle f<ry^cJ^^tm\^. cu l"^ et^i 

tan i =-. 

^ 3. If FSQ be a focal chord of a parabola, and FA meet 
the directrix in My shew that MQ will be parallel to the axis 

of the pan^boia. ^i^^f:Lii'^:>iJ'^^)^:^:^:^i^-''>^^ 

^ 4. Shew that the locus of the point of intCTsedtien ol' two 
tangents to a parabola at points on the curve whose ordinates 
are in a constant ratio is a parabola. J. £*••)» •^'^ • ^kfe^^*^^ ^i.*^* * h- ' 

5. The two tangents from a pomt !r to tne'^parabola ^^ 
;/— 4aa;=:0 make angles O^y 0^ with the axis of x; find the 
locus of P (i) when tan 0^ + tan 0^ is constant, and (ii) when ^ ^. 
tan'^j + tan"^, is constant. >***"* -»k y ^.ocr: o^'^f*:. h.,+^^= ^'fC')^^ •^^h^*^ 

• 

6. Pind the equation of the locus of the point of inter- 
section of two tangents to a parabola which inake an angle 
of 45* with one anotherj^*'^ I - ^^-'♦^ ^ «/ V ji^-f ^fi )^ i »^ 

\ 7. Shew that if two tangents^ to a parabola intercept a 
fixed length on the tangent at the vertex, the^ocus of their 
intersection is another equal parabola. . J-^^*' "^ f^=vtic-^ ^, 



0^^ 
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8. Shew that two tangents to a parabola which make equal 
angles respectively with the axis and directrix but are not at 
right angles, intez^t on the latus rectum. 

9. From any point on the latus rectum of a parabola 
perpendiculars are drawn to the tangents at its extremities ; 
shew that the line joining the feet of these perpendiculars 
touches the parabola. 

10. Shew that if tangents be drawn to the parabola 
y* — 4aa: = from a point on the line a? + 4a = 0, their chord of 
contact will subtend a right angle at the vertex. 

\/ 11. The perpendicular TJN^ iroja anj point T on its polar 
with respect to a parabola meets the axis in M; shew that if 
TJN^. TM is constant the locus of ^ is a parabola ; shew also 
that if the ratio TN : TM is constant the locus is a parabola. 

12. Two equal parabolas have their axes parallel and 
a common tangent at their vertices: straight lines are drawn 
parallel to the direction of either axis ; shew that the locus of 
the middle points of the parts of the lines intercepted between 
the curves is an equal parabola. 

13. Two parabolas touch one another and have their axes 
parallel ; shew that, if the tangents at two points of these 
parabolas intersect in any point on their common tangent, the 
line joining their points of contact will be parallel to the 
axis. 

14. Two parabolas have the same axis; tangents are drawn 
from points on the first to the second ; prove that the middle 
points of the chords of contact with the second lie on a fixed 
parabola. 

15. Shew that the locus of the middle point of a chord of 
a parabola which passes through a fixed point is a parabola. 

16. The middle point of a chord PP* is on a fixed strai^t 
line perpendicular to the axis of a parabola; shew that the 
locus of the pole of the chord is another parabola. 

17. If TP^ TQ be tangents to a parabola whose vertex is 
A^ and if the lines AP^ AT, AQ, produced if necessazy, cut the 
directrix in p^ t, and q respectively; shew that pt = tq. 
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18. If the diameter throngh any point of a parabola 
meet any chord in P^ and the tangents at the ends of that 
chord meet the diameter in Q, Q'-, shew that 01* = OQ . OQ'* 

19. The vertex of a triangle is fixed, the base is of 
constant length and moves along a fixed straight line; shew 
that the locus of the centre of its circumscribing circle is a 
parabola. 

y 20. Shew that the polar of any point on the circle 

a;' + y*-2aaj-3a' = 0, 

with respect to the circle 

a:' + y' + 2aa;-3a"=0, 

will touch the parabola 

y* + 4aa; = 0. 

21. FSP* is a focal chord of a parabola ; V is the middle 
point of PPy and VO is perpendicular to PP and cuts the axis 
in 0; prove that SO, VO are the arithmetic and geometric 
means between SP and JSP. 

22. PSp, QSq, BSr are three focal chords of a parabola ; 
QB meets the diameter through p in A, JRP meets the diameter 
through q in By and PQ meets the diameter through r in G; 
shew that the three points Ay By are on a straight line 
through ^S". 

23. PP is any one of a system of parallel chords of a 
parabola, is a point on PP such that the rectangle PO . OP 
is constant; shew that the locus of is a parabola. 

24. On the diameter through a point of a parabola two 
points Py P are taken so that OP , OP is constant; prove that 
the four points of intersection of the tangents drawn from P, P 
to the parabola will lie on two fixed straight lines parallel to 
the tangent at and equidistant from it. 

25. If a quadrilateral circumscribe a parabola the line 
through the middle points of its diagonals will bo parallel 
to the axis of the parabola. 

26. If from any point on a focal chord of a parabola two 
tangents be drawn, these two tangents are equally inclined 
to the tangents at the extremities of the focal chord. 
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27. If two tangents to a parabola make equal angles with 
a fixed straight line, shew that the chord of contact mart 
pass through a fixed point 

28. Two parabolas have a common focus and their axes in 
opposite directionB; prove that the locus of the middle points of 
chords of either which touch the other is another parabola. 

29. Find the locus of the middle point of a chord of 
a parabola which subtends a right angle at the vertex. 

30. The locus of the middle points of normal cbords of 
the parabola y'—4aas = is -^- +—Y = x-2a. 

31. PQ la a chord of a parabola normal at P, AQ is 
drawn from the vertex A, and through P a line is drawn 
parallel to AQ meeting the axis in Jt. Shew that AR u 
double the focal distance of P. 

32. Parallel chords are drawn to a parabola; shew that the 
locus of the intersection of tangents at the ends of the chords 
is a straight line, also the locus of the intersection of the 
normals is a straight line, and the loooa of the intersection of 
these two lines is a parabola. 

33. If the normals at the points P, Q, Ji of a parabola 
meet in a point; ^ew that the circle PQR will go through 
the vertex of the parabola. 

31. If the normals at two points of a parabola be indlDed 
to the axis at angles 6, tft such that tan tf tan ^ = 2, shew tliat 
they intersect on die parabola, 

35. The locus of a point from which two normals can bo 
drawn making complementary angles with the axis is a 
parabola. 

36. Two of the normals drawn to a parabola from a point 
P make equal angles with a given straight line. Prove that 
the locus of i* is a parabola. 

37. The normal at a point P o( a. parabola meets the axis 
in e, PG i» produced to if, so that Olf^ ^PG; prove that the 
other two normals to the parabola, which pass through ff, are 
at right angles to each other. 
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38. The normals at three points P, Q, B of & parabola 
meet in the point 0. Prove that SP-hSQ + SB-h SA^ 20M, 
where S ia the focus and OM the perpendicular from on the 
tangent at the vertex. 

39. Any three tangents to a parabola, the tangents of 
whose inclinations to the axis arc in any given harmonical 
progression, wiU form a triangle of constant <^ea. 

40. Shew that the area of the triangle formed by three 
normals to a parabola will be 

a* 

41. If a tangent to a parabola cut two given parallel 
straight lines in P, Q, the locus of the point of intersection 
of the other tangents from F,Q to the curve will be a parabola. 

42. If an equilateral triangle circumscribe a parabola, 
shew that the lines from any vertex to the focus will pass 
through the point of contact of the opposite side. 

43. From aoy point on y*= a(x + c) tangents are drawn to 
y* = 4(ix; shew that the normals to this parabola at the points 
of contact intersect on a fixed straight line. 

44. If the normals at two points on a parabola intersect 
on the curve, the line joining the points will pass through 
a fixed point on the axis. 

45. If through a fixed point any chord of a parabola be 
drawn, and normals be drawn at the ends of the chord, shew 
that the locus of the point of intersection of the normals is 
another parabola. 

46. If three normals from a point to the parabola y* = iax 
cat the axis in points whose distances from the vertex are in 
arithmetical progression, shew that the point lies on the curve 
27ay' = 2{x'2ay. 

47. If three of the sides of a quadrilateral inscribed in a 
piuubola be parallel to given straight lines; shew that the 
fourth side will also be parallel to a fixed straight line. 

48. Circles are described on any two focal chords of a 
parabola as diameters. Prove that their common chord passes 
throngh the vertex of the parabola. 
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49. Two tangents to a given parabola make angles with 
the axis such that the product of the tangents of their halves 
is constant; prove that the locus of the point of intersectum. 
of the tangents is a confocal parabola. 

50. If the circle described on the chord PQ of a parabola 
OS diameter cut the parabola again in the points E, S, then 
will FQ and JRS intercept a constant length on the axis of the 
parabola. 

51. If the normals at P, Qy E meet in a point 0, and 
PP', QQ\ RR be lines through P, Qy R making with the axis 
angles equal to those made by PO, QO, RO respectively, then 
will PP^f QQ^y RR' pass through anotiber point (7, and the line 
Off will be perpendicular to the polar of 0\ 

52. The normals to a parabola at P, Q, R meet in 0; 
shew that OP, OQ.OR^a. OL . OJ/, where OL and OM are 
tangents from to the parabola, and 4a is the length of the 
latus rectum. 

53. If from any point in a straight line perpendicular to 
the axis of a parabola normals be drawn to the curve, prove 
that the sum of the squares of the sides of the triangle formed 
by joining the feet of these normals is constant. 

64. A triangle ABC is formed by three tangents to a 
parabola, another triangle DEF is formed by joining the points 
in which the chords through two points of contact meet the 
diameter through the third. Shew that Aj B, C are the middle 
point^of the sides of DEF, 

55. If ABC be a triangle inscribed in a parabola, and 
A* BO be a triangle formed by three tangents parallel to the 
sides of the triangle ABC^ shew that the sides of ABC will be 
four times the corresponding sides of A'BC 

56. If four straight lines touch a parabola, shew that the 
product of the squares of the abscissie of the point of inter- 
section of two of these tangents and of the point of intersection 
of the other two is equal to the continued product of the 
abscissse of the four points of contact. 
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57. TP, TQ are tangents to a parabola, and p^^ p ^ p^ 
are the lengths of the perpendiculars from jP, T^ Q respectively 
on any other tangent to the curve; shew that pjp%=^p^* 

5S. OA, OB are tangents to a parabola, and AP^ BP are 
the corresponding normab ; shew that, if P lies on a fixed line 
perpendicular to the axis, describes a parabola; and find 
the locus of 0, if jP lies on a fixed diameter. 

59. PG is the normal at P to the parabola ^ — 4aa;=0, 
G being on the axis; GP is produced outwards to Q so that 
PQ = GP; shew that the locus of Q is a parabola, and that 
the locus of the intersection of the tangents at P and Q is 

y«(a: + 4a)+16a* = 0. 







M'«;fS=. 55^.. >of;^''^ ffi. ^C^Z.4C^ i.e. sc^ne 



CHAPTER VI. 



The Ellipse. 



Definition. Ad Ellipse is the locus of a point which 
moves so that its distance from a fixed point, called the 
focus, bears a constant ratio, which is less than unity, to its 
distance from a fixed line, called the directrix. 

108. To find the equation of an ellipse. 




Let 8 be the focus and KL the directrix. 
Draw ^^perpendicular to the directrix. 
Divide Z5 in J. so that ^8^1 : J^-= given ration: 6 : 1 
suppose. 

There will be a point A' in Z8 produced such that 

8A' : A'Z :: e : 1. 
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Let C be the middle point of AA\ and let AA'^ 2a. 
Then SA^e.AZ, and 8A^e.A'Z\ 

:. 8A + 8A'^e{AZ+A'Z); 
/. 2^(7=2fe.ZC; 

.-. Za=- (i). 

Also 8A' -8A^e {A'Z - AZ) ; 

or AA'"2A8^e.AA'; 

.-. 8C^e.AC^ae (ii). 

Now let C be taken as origin, CA' as the axis of x, 
and a line perpendicular to CA* as the axis of y, 

liet P be any point on the curve, and let its co- 
ordinates be X, y. 

Then, in the figure, 

SP = 6'PJIf ; 
/. 8N^ + NP" -- e'ZN^. 
Now SN'^SC + CN^ae + x; 

and ZN^'ZC + CN^^^ + x; 

e 

.-. {ae + xy-\'y'=^e'(x+^, 
or 2^» + ajMl-0=y(l-A 

a" a*(l-r) ^ ' 

Putting x — 0, we get y= + aV(l — OJ which gives 
us the intercepts on the axis of y. If these lengths be 
called ± b, we have 

5« = a«(l-0 (iv), 

and the equation (iii) takes the form 

-4.2^ = 1 (v) 

s. cs. ^ 
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. The laius rectum is the chord through the focus 
parallel to the directrix. To find its lenjgth we must put 
x=^ — aein equation (v). 

Then y" = 6"(l-^ = ^, from (iv), 

so that the length of the semi-latus. rectum is — . 

a 

109. In equation (v) [Art. 108] the value of y cannot 
be greater than b, for otherwise a^ would be negative ; and 
similarly x cannot be greater than a. Hence an ellipse is 
a curve which is limited in all directions. 

If X be numerically less than a, y* will be positive ; 
and for any particular value of x there will be two equal 
and opposite values of y. The axis of x therefore divides 
the curve into two similar and equal parts. 

So also, if y be numerically less than J, x* will be 
positive, and for any particular value of y there will be two 
values of x which will be equal and opposite. The axis 
of y therefore divides the curve into two similar and equal 
parts. From this it follows that if on the axis of x the 
points 8\ Z' be taken such that C8' = SG, and CZ' = ZC, 
the point S' will also be a focus of the curve, and the line 
through Z' perpendicular to CZ" will be the corresponding 
directrix. 

If {x, y) be. any point on the curve, the co-ordinates 

. a? V* 
x\ y will satisfy the equation -s + "ls "" I == ; and it is 

clear that in that case the co-ordinates — x, — y will also 
satisfy the equation, so that the point {—x\ —y) will also 
be on the curve. But the points {x, y') and (— x, — y) are 
on a straight line through the origin and are equidistant 
from the origin. Hence the origin bisects every chord 
which passes through it, and is therefore called the centre 
of the curve. 

The chord through the foci is called the major axis, 
and the chord through the centre perpendicular to this 
the minor axis. 
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110. To find the focal distances of any point on an 
ellipse. 

In the fig[ure to Art. 108, since 8P = ePM, we have 
SP==^eZN:==e{ZG+CN)^e(^'^x\^a'\'ex; 
also 8'P^e.NZ' = e{GZ' -CN)-=^a-ex\ . 

An ellipse is sometimes defined as the locus of a point ^^oh moves so 
that the som of its distances from two fixed points is constant. 

To find the equation of the curve from this definition. 

Let the constant sum be 2a, and the distance between the two fixed 
points be 2a€. 

Take the middle point of the line joining the fixed points for origin, 
and this line and a line perpendicular to it for axes, then we have from 
the given condition 

which, when rationalized, becomes 
which is the equation previously obtained. 

111. The polar equation of the ellipse referred to the 
centre as pole will be found by writing rcos^ for a?, and 
r sind for y in the equation 

a* ^ 6' 



The equation -vyiU therefore be 



or 



a 
1 



+ 



v 



= 1, 






(i). 



The equation (i) can be writteu in the form 

Since jz — ^ is positive, we see from (ii) that the least 



^.ouj ^ -V ^ Jt^^ 



^ to. ^ft^* , 
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"1.1 1 . 

value of -J is -5 , and that -= increases as increases from 
r Oi 'r 

to -5 , the greatest value of -3 being ^ . Hence the 

radius vector diminishes from a to 6 as ^ increases from 

Oto|. 

112, We have found that for all points on the ellipse 

^ + ^-1 = 0. 

We can shew in a manner similar to that adopted in 
Art. 92 that, if a;, y be the co-ordinates of any point within 

the curve, -, + '^ — 1 will be negative, and that -^ + ^ — 1 

will be positive if a?, y be the co-ordinates of any point 
outside tne curve. 

113. To find the points of intersection of a given 
straight line and an ellipse, and to find the condition that 
a given straight line may touch the ellipse. 

Note. We shall henceforth sJways take -5 + '^ = 1 as 

the equation of the ellipse, unless it is othenvise expressed. 

Let the equation of the straight line be 

y==7wa7 + c (i). 

At points which are common to the straight line and 
the ellipse both these relations are satisfied. Hence at 
the common points we have 

a? (mx -f c)* _- 

or a;«(6« + a»m*) + 2mca'a; + a«(c»-6*) = (ii). 

This is a quadratic equation, and every quadratic 
equation has two roots, real, coincident, or imaginary. 

Hence there are two values of a, and the two corre- 
sponding values of y are given by equation (i). 
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The roots of the equation (ii) will be equal to one 
another, if 

that is, if c* = a'm' + b\ 

If the two vahies of x are equal to one another the two 
values of f^ must also be equal to one another from (i). 

Therefore the two points in which the ellipse is. cut by 
the line will be coincident if c = j^(a*m* + 6'). 

Hence the line whose equation is 

y==mx + j^(a^m* -{-b^ (lii) 

will touch the ellipse for all values of m. 

Since either sign may be given to the radical in (iii), 
it follows that there are two tangents to the ellipse for 
every value of m, that is, there are two tangents parallel 
to any given straight line. These two parallel tangents 
are equidistant from the centre of the ellipse. 

114, To find the equation of the chord joining two 
points on the ellipse, and to find the equation of the tangent 
at any point 

Let x\ y and x", j/' be the co-ordinates of two points 
on the ellipse. 

The eauation of the secant through the points (a?', y) 
and (x", y) is 

a."-.a?'"y"-y ^'^• 

But, since the two points are on the ellipse, we have 

^4-2^ = 1 and — 4.?'- = l. 
cf^b^ ^> ana ^, + J, - 1 , 

Multiply the corresponding sides of the equations (i) 
and (ii), and we have 

o' b* 
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a» "^ 6* " a» "*■ 6" ^ 
or, since, ^-+-^=:1, 

which is the equation of the chord joining the two given 
points. 

In order to find the equation of the tangent at (x, y) 
we must put x" =«', and ^'=y' in equation (iii), and we 
obtain /y.V ,.«.' 

Cob. 1. The co-ordinates of the extremities of the 
major axis are a, and — a, respectively, and, from (iv), 
the tangents at these points are x=^a and a? = — a. 

Hence the tangents at the extremities of the major 
axis are parallel to the minor axis. 

Similarly the tangents at the extremities of the minor 
axis are parallel to the major axis. 

Cob. 2. The tangent at the point {x\ y') is parallel 
to the tangent at the point (—a?, — y')> and these two 
points are on a straight line through the centre of the 
curve. 

Hence the tangents at the extremities of any chord 
through the centre of an ellipse are parallel to one another. 

116. To find the condition that the line Ix + my — n^O 
may touch the ellipse. 

The equation of the lines joining the origin to the 
points where the ellipse 

^+p=i (•). 

is cut by the straight line 

lx-\'my=^n (ii), 

is [Art. 38] ^ + ^-(^y=0 (iii). 
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If the line (ii) cut the ellipse in coincident points, the 
equation (iii) will represent coincident straight lines. 
Therefore the left-hana member of (iii) must be a perfect 
square : the condition for this is 



whence 



U" nV \b* nV ^ n* ' 

aV + Vm^=^n* (iv). 



Cor. The line ajcosa+ysina— 1) = will touch the 
ellipse, if 

p*^a* cos*a + 6" sin'a (v). 

116. To find the equcxti&ii of the normal at any point 
of an ellipse. 

The equation of the tangent at any point (x', y) 
of the ellipse is 

The nomial is the line through {x\ y') perpendicular 
to the tangent; its equation is therefore [Art. 30] 

x-^a! _y — ^ 



X 

a' 



b* 



EXAMPLES. 

^' 1. Find the eccentricities, and the c<M)rdinate8- of the foci of the 
following ellipBes: 

(i) 2x«+V-l=0. (ii) 8(a:-l)«+6(y + l)«-l=0. 

-4w. (i) 4q' (=*=-7fi'^)5 (ii)J, a. -l^AVej- 
^^ 2. Find the lengths of the latera recta of the ellipses in question 1. 

Ans, }>^andiV6. 

"^ 3. Shew that the Ime y=a;+ V* touches the ellipse 2x«+8y«=l. 
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1/4, Shew tiiat the line By^x--^ oats the oarve 4iB>-S^'-2:rsO in 
two points eqnidiBtant from the axis of y. X "=- i: -^ 

/ 5, Is the point (2, 1) within or without the ellipse 2x^,+ 8v* - 12 =0? 

\/ C. Find the equations of the tangents to -^ + Tg==l which make an 
angle of COO with the axis of », iW.m^Qo, ; ^\V^^-l-\h^t\\/^^^ 

^ 7. Find (i) the equations of '^e-tasigehis and (ii) the equations of the 
normals at the ends of the latera recta ol 2x^ + 8^^ = 6. 
The four points are (±1, ±| V^). 

^8. Find the equations of the tangents to -i; + rs=l which make 

equal intercepts on the axes, r * ^ ' ^^ Am. x±yJzJd*-^b^=iO, 

J 9. Shew that the equation 43^ +2^' =60; represents an elUpse whose 

1 ' 

eccentricity is — r^ , and ,ahew. that the origin is at an extremity of the "■ 

minor axis, ^S^ ^ ifk " 

V 10. Find the equation of the ^ipse which has the point ( - 1, 1) for 
focus, the line 4a;- 8y=0 for directrix, and whose eccentricity is f. 

Am, 20a;« + 24a:y+27y* + 72(x-y+l)=0. ,/ 

1/11, If the normal at the end of a latus rectum of an ellipse pass 
through one extremity of the minor axis, shew that the eco^trioity of the 'S 
curve is given hy the equation e^+e^-l^O.j;^^^ j^ ' .^Z'^22^ 4! 

J 12. If any ordinate JifP^be produced to meet the tangent at the end 
of the latus rectum through the focus 5 in Q, shew that the ordinate of, ^ 
Q is equal to the distance 5P, ^ <^ (f*' fcV' ^^^''^ "^"^i '' > ' ^^"^'^ > ^ 

\J 13. A straight line AB of given length has its extremities on two 
fixed straight lines OA^ OB which are at right angles; shew that the locus | 
of any point C on the line is an ellipse whose semi-axes are equal to C'.^^^L ^ 
and CB respectively. J. » j^^ ) ■^-^^^'^ ^^ 

117. Two tangents can be drawn to an ellipse from 
any point, which will he real, coincident, or imaginary, 
according as the point is outside, upon, or within the curve. 

The line whose equation is 

y = mx + j^(a^m^ + ¥) (i) 

will touch the ellipse, whatever the value of m may be 
[Art. 113], 
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The line (i) will pass through the particular point 

« y), if 

y' = ma;' 4- V(a'^' + i'), 
that is, if 

Cy-7naO"-aV-6" = 0, 

or m»(iB^-a*)-2ma?y-hj^-y = (ii). 

Eauation (ii) is a quadratic equation which chives the 
directions of those tangents to the ellipse which pass 
through the point {x\ y'). Since a quadratic equation has 
two roots, two tangents will pass through any point {x\ y'). 

The roots of (ii) are resJ, coincident, or imaginary, 
according as 

(a:''-o«)(y'*-i')-arV 

is negative, zero, or positive ; or according as -1 + ?« — 1 is 

positive, zero, or negative. That is, [Art. 112] according as 
{x\ i/) is outside the ellipse, upon the ellipse, or within it. 

118. To find the equation of the line through the points 
of contact of the two tangents which can he drawn to 
an ellipse from any point 

Let a?', y be the co-ordinates of the point from which 
the tangents are drawn. 

Let the co-ordinates of the points of contact of the tan- 
gents be A, A; and A', k' respectively. 

The equations of the tangents at (A, h) and {h\ k) are 



and 



^ yfc_ 
a- ■*" ft'* " ' 
xj^ yj£ 
-* ■*■ 6« " A. 



We know that (af,.y') is on both these lines ; 

•• "^"^y -^ W. 

and -i+TT^l (")• 
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But (i) and (ii) shew that the points (A, h) and Qi\ Ic) 
are both on the straight line whose equation is 

$+^-1 » 

Hence (iii) is the required equation of the line through 
the points of contact of the tangents from {af^ y^. 

The line joining the points of contact of the two 
tangents from any point P to an ellipse is called the polat 
of P with respect to the ellipse. [See Art. 76.] 

119, If ike polar of a point P with respect to an ellipse 
pass through ine point Q, then wiU the polar of Q pass 
through P. 

This may be proved exactly as in Art. 78. 

1 20. To find the locus of the point of intersection of two 
tangents to an ellipse which are at right angles to one 
another. 

The line whose equation is 

y = mx + Jd^m* + 6* (i) 

will touch the ellipse, whatever the value of m may be. 

If we suppose x and y to be known, the equation gives 
lis the directions of the tangents which pass through the 
point (x^ y). 

The equation, when rationalized, becomes 

m'(a;' — a*)r-2micy + y*— 6' = (ii). 

Let m, and m,be the roots of (ii) ; then, if the tangents 
be at right angles, m^n^ ^ — 1 ; 

n -s 1 

•• af-a' ' 

or o' + y'^a' + J* (iii). 

The required locus is therefore a circle. 

This circle is called the director circle of the ellipse. 
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121. The circle described on the major axis of an 
ellipse as diameter is called the auxiliary circle. 




If the equation of the ellipse be 

^ + ^" = 1.. (i) 

the equation of the auxiliary circle will be 

?+$=! (")• 

If therefore any ordinate NP of the ellipse be produced 
to meet the auxiliary circle inp, we have from (i) and (ii) 

NP" CN*_Np* 

h* ~ a* ~ a' ' 

IfP b 

• ^_„ 

Np ~~ a * 

Hence the ordinates of the ellipse and of the circle are 
in a constant ratio to one another. 

The angle A'Cp is called the eccentric angle of the 
point P. The point p on the auxiliary circle is said 
to correspond to the point P on the ellipse. * 
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If tbe angle A'Ophe<f>, the co-ordinates of p will be 
acos^, asin^; and those of P will be a cos. ^» isin^, 

122. To find the equation of the line joining two points 
whose eccentric angles are given. 

Let (f>, if/ be the eccentric angles of the two points ; 
then the co-ordinates are acos^, 6sin^, and acos^', 
bsixiif)' respectively. 

Hence the equation of the line joining them is 

x — a cos 4) __ y — 6 sin ^ 
a cos ^ — a cos <f/ b sin ^ — 6 sin ^' * 



or 



— cos 4> 

a ^ 



•^-sin<^ 



j\ > 



- sin i (^ + <^') cos i (<^ + <^') 

which is the required equation. 

To find the tangent at the point ^, we have to put 
<^'= ^ in equation (i), and we obtain 

- cos 6 + Y sin 6 = 1 (ii) . 

a ^ ^ ^ 

123. From equation (i) of the preceding article we see 
that if the sum of the eccentric angles of two points on an 
ellipse is constant and equal to 2a, the chord joining those 
points is always parallel to the line 

-cosa + r8ina = l: 
a b ' 

that is, the chord is always parallel to the tangent at the 
point whose eccentric angle is a. 

Conversely, if we have a system of parallel chords 
of an ellipse the sum of the eccentric angles of the 
extremities of any chord is constant 



/ 
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124. To find the equation of the normal at any point 
of an ellipse in terms of the eccentric angle of the paint. 

Let <f> be the eccentric angle of a point P on the 
ellipse ; the equation of the tangent at P is [Art. 122] 

-CO80+ r8U19==l. 

a ^ b ^ 
The equation of the line through (acos^, frsin^) 
perpendicidar to the tangent is [Art. 30] 

(a? — a cos 6) r — (y — 6 sin 6) -: — -. = 0, 

^ ^' cos 9 ^ ^' sin ^ 



or 



ax 



_^.=a*-y. 



COS (f} sin ^ 

125. We will now prove some geometrical properties 
of an ellipse. 

Let the tangent at P meet the axes of x and y in 
T, t respectively, and let the normal meet the axes in G, g. 
IDl»w 8Zy SZ, GK perpendicular to the tangent at P; 
draw also CE parallel to the tangent at P, meeting 
the normal in P, and the focal distance 8P in E, 




Then if x\ y' be the co-ordinates of the point P, 
the equation of the tangent at P will be 






.(i). 
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Where this cuts the axis o{ x, y=^ 0, and at that point 
we have from (i), 



OCX 



a 



r = i; 



CN. CT 



= 1, or Cir.CT^ CA" (a). 

•••• (iS). 



•• CA" 
Similarly NP. Ottos' .... 

The equation of the normal at P is 

tc—a^ y—y' r-\ 

^ ^y^ (")• 

a* h* 

Where the normal cuts the axis of x, we have y ^ 0, and 
therefore from (ii), 

— X = — ^x, or x^x (1 — jj =eV; 

.-. CO^f^.CN. .' (7). 



X 




Also, since 
SG^SG+ CG = ae + e*x', and GS^ =-ae-^af, 

we have . . ' "* 

SG _ a»-\-^x' _ a + eaf SP 

0S'~ ae-e'x'~ a-eaf^ S'P' 
therefore P(y bisects the an^e iSfPSf' (8). 
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Again, since P(y»=: OIP + NI^^(CN-'CG)' + NP'. 



*> 



we have 



or 



AndPF=Jr(7 = 



1 



7^^ 



[Art. 31] ; 






/J. 



'/ 



.-. FF.Pa='V (e). 

The line whose equation is 

y = 7w J? + tj{d^m* 4- 5") (iii) 

will touch the ellipse whatever the yalue of m may be. 

Hence, if £»Z, S^Z' be the perpendiculars from the foci 
on the line (iii), then [Art. 31] 



.> 



•i 1 1. 



.-. 8Z. S'Z = 



<f m* + y - mVe * 
i + ni* 



= 6*. 



((0. 



Again, the equation of the line through S perpendicular 
to (iii) is 

my-\-x + ae = (iv). 

To find the locus of ^the point of intersection of (iii) 
and (iv), we must eliminate m from the two equations. 
The equations may be written in the form 

y — «ia? = \/(aW + 6'), and my + x= — ae. 

Square both sides of these equations and add, we thus 
obtain 

(a^ + y")(l + m')=aW + 6' + aV = a«(l + m»); 

therefore the locus of Z is the auxiliary circle whose 
equation is 

a^ + y'-a* (17). 

We should have arrived at the same result if we had 
supposed the perpendicular to have been drawn from S\ 



f: 
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126. Let P be any point, and let QQ' be the polar of 
P. Let QQ meet the axes in T, t Draw SZ, 8'Z\ CK 
and PO perpendicular to QQ'\ and let PO meet the axes 
in Ot g. Then, if x\ y' be the co-ordinates of P, the 
equation of QQ[ will be [Art 118] 

-s^+f -=1 w- 

The equation of POff will therefore be [Art, 30] 

ir--^ ("^• 

From (i) and (ii) we can prove, exactly as in the 
preceding Article, 

(a) CN.OT^CA*', (0) NP.Ct^Cff. 
(7) Ce = e* CN, and (S) Z^C . PG = 6'. 




' 



EXAMPLES. 

^ 1. Shew that tho fooos of an ellipse is the pole of the correspoziding 
directrix. 

^ 2. Shew that the equation of the locos of the foot of the perpen- 
dioolAr fh>m the centre of an ellipse on a tangent is r^ aa'cos^g+ t'dp*^* 
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*^ 8. Shew that the sum ^f the reciprocals of the squares of any two 
diameters of an ellipse which are at right uigles to one another is 
constant. [See Art. 111.] jr^ *- :i'>x ' i^-f i^ 

V 4- If &n equilateral triangle he inscribed in an ellipse the sum of the J 
squares of the reciprocals of the diameters parallel to the sides will' 
be constant. 

V 5. An ellipse slides between two straight lines at right angles to one 
another; shew that the locos of its centre is a circle. [See Art. 120.] 

«/ 6. If the points S', H' be taken on the minor axis of an ellipse such 
that S'C^CH'=CS^ where C is the centre and iS* is a focus; shew that 
the sum of the squares of the perpendiculars from S' and H* on any... — ^ 
tangent to the ellipse is constant. ^^ .^^^ ^ in^Cn.) %u^i*j^*» ~VJrt>roti»i^^ ^ 
v/ 7. Shew that the locus of the point of intersecnon of tangents to an 
ellii)se at two points whose eccentric angles differ by a constant is an ellipse. 

[If the tangents at 0+a and - a meet at («', y^ ; then-=cos^8eoa, t- 

J 'V, /^_ '^t^ 

^=:8in0seca. Eliminate for the locus.] ^^ -f- V- ^ "^"^"^ 

i/8. The polar of a point P cuts the minor axis in t, and the perpen- 
dicular firom P to its polar cuts the polar in the point and the minor 
axis in g ; shew that the circle through the points t, 0, g will 
the (bcL [Prove that tC.Cg=SC. CS\] ^ C^-fr . tj, 

^9. ProTe that the line Zx+my +n=0 is a normal to C 

[Compare with -^^ r^=a'-W; we have =-5^?_ 

then eliminate $J] 




\/10. The perpendicular from the focus of an ellipse whose centre 
is C on tha^tangent at any point P will meet the line CP on the « / 
directrix. '^^>'^i^^^ -?^-^^ Wr. ;f^. ^ 0^^tV^M/fltL^|fr^ 

y 11. If Q be th^^9mt"^d^i^t^~auxiliary circle corresponding to the 
point P on an ellipse, shew that the normals at P and Q meet on a fixed 

circle. A^^2/'/f./ty;*A^/'«y } / "^^ ^ %, Q,'^ ^ d )'^ 

y/l2. If Q be the point on the auxiliary circle corresponding to the point 
P on an ellipse, shew that the perpendicular distances of the foci S, U 
fro;n the tangent at Q are equal to SP and UP respectively. 
^y 13. Shew that the area of a triangle inscribed in an ellipse is 

Ja6{sin(/3-7) +sin{7-a) + sin(a-/3)}, 
where a, /3, 7 are the eooentrio angles of the angular points. 

8. C. S, Q 
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127. To find the locus of the middle pointa of a system 
of parallel chords of an ellipse. 

The equation of the line through the two points (a^, y*) 
and (a/', y' ) on the ellipse is [Art. 114] 

a' + 6* ^"^"S^ "^1^ ^^^'. 

If the line (i) is parallel to the line y = mx, then 

m« — i . . /, (ii). 

Now, if 0?, y be the co-ordinates of the middle point of 
the chord joining {x\ %f) and ip'\y"^t then 2a? = fl/+fl^', 
and 2y^y +y"; /. 

therefore, from (ii), we have [Y^jUd^^Xi'kot^ ^fl€^VVi/^^<^< 

m = — J- (ui). 

ory ^ ' 

Hence the locus of the middle points of all chords 
which are parallel to the line y ^ mx is the straight line 
whose equation is 

y = - -,- X (iv). 

^ am ^ ' 

From (iv) we see that all diameters of an ellipse [Art. 
102, I^ef^ pass through the centre. 

Writing (iv) in the form y == mo?, we see that 

?nm = — 5 (v), 

a ^ ^ 

It is clear from the symmetry of the relation (v) that 
all chords parallel to y = m'x are bisected by y = mx. 

Hence, if one diameter of an ellipse bisect chords paral- 
lel to a second, the second diameter will bisect all chords 
parallel to the first. 

Bef Two diameters are said to be conjiufat e when each 
bisects chords parallel to the other. 

128. The tangent ai an extremity of any diameter %s 
parallel to the chords bisected by thai diameter. 
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AH the middle points of a system of parallel chords of 
an ellipse are on a diameter. Hence, by considering the 
parallel tangents, that is the parallel chords which cut the 
curve in coincident points, we see that the diameter of 
a system of parallel chords passes through the points 
of contact of the tangents which are parallel to the 
chords. 

129. Let P, D he extremities of a pair of conjugate 
diameters; let the co-ordinates of P be x\ %(, and the 
co-ordinates of D be x'\ y". The equations of CF and 



CDzxe 






X 



hence from (v) Art. 127 we have ^-rj, = — , ; 

so OS Ck 



'^of'yY. 



a 



% * 1M 



= 0. 



.(i). 




If A, ^' be the eccentric angles of P and irrespectively, 
then a? = a cos ^, y' = 6 sin ^, x'' = a cos ^\ y" = h sin 9 . 
Substituting these values in (i) we have 

cos ^ cos ^' + sin ^ sin ^' =: 0, 



or 



^-*'-|. 






I ^— 'i. 
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Hence the difference of the eccentric angles of two 
points which are at extremities of two conjugate diameters 
of an ellipse is a right angle. 

If 'pCp\ dCd be the diameters of the auxiliary circle 
corresponding to the diameters PCF^yDCU of the ellipse, 
then 'pCp\ dCd! will be at right angles to one another. 
Hence tne co-ordinates of 2) and of iX can be at once 
expressed in terms of those of P or of P'. 

130. To shew that the sum of the squares of two con- 
jugate semi-diameters is constant. 

Let P, D be extremities of two conjugate diameters of 
the ellipse. 

Let the eccentric angle of P be ^, then the eccentric 

angle of i) will be ^ ± | [Art. 129]. 

The co-ordinates of P will be acos^, isin^, and 
those of D will be a cos f ^ ± ^ J , 6 sin f ^ ± ^ J . 

.-. CP» = a"cos*<^ + 6»sin^<^, 

C2>* = a»cos«r^ ±1) + 6»8in' (^ ± j) ; 

.-. CP»+Ci>» = a« + 6». 



and 



131. The area of the parallelogram which touches an 
ellipse at the ends of conjugate diameters is constant. 

Let PCRy DCiy be the conjugate diameters. The 
area of the parallelogram which touches the ellipse at 
P, F,D,U\^^GP. CD sin PCD, or ^ CD . CF where CFis 
the perpendicular from C on the tangent at P. 

Now if the eccentric angle of P be (f>, the eccentric 
angle of D will be ^ + - . 

/. CJy = a" cos' U±fj+h' sin* U±~y 
CD' = a* son* <I> + V cos* <l> (i). 



or 
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idS 



The equation of the tangent at P will be [Art. 122] 

- cos (b +r sin A = 1. 
1 



(7i?^ = 



cos 9 sm 9 
H — Fi — 



[Art. 31], 



a 



or 



cr = >-,- 



11.3 



a*6' 



(ii). 



a* sin" (f> + b* cos" ^ 

From (i) and (ii) we see that the area of the parallelo- 
gram is equal to 4a6. 

132. If r, r' be the lengths of a pair of conjugate 
semi-diameters, and be the angle between them, then 

r/8in^ = a6[Art. 131]. 

Hence sin is least when r/ is greatest. 

Now the sum of the squares of two conjugate diameters 
is constant; hence the product will be greatest when the^ 
diameters are equal to one anothej^^^ JJ^^- J>;..^^ 

Hence the acute angle between two conjugate diameters .vC^^ 
of an ellipse is least when the conjugate diameters are equal *y 
to one another. 'j^/*^ 

133. Let the eccentric angles of the extremities P, D 

of two conjugate diameters be 0, ^ ± ^ respectively; then 

C?P' = a«cos»<^ + 6"sin*^, 
and CD* = a'sin* ^ + i' cos* ^ ; 

.-. CP*-CZ>* = (a"-6^cos2^. 

Hence CP = GB when ^ is 7 or -r- • 

The equations of the equal conjugate diameters are 
therefore 

Hence the equi-conjugate diameters of an ellipse are 
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coincident in direction with the diagonals of the rectangle 
formed by the tangents at the ends of its axes. 

134. Def. The two straight lines drawn from any 
point on an ellipse to the extremities of any diameter are 
called supplemerUcd chords. 

Any two supplemental chords of an ellipse are parallel 
to a pair of conjugate diameters. 

Let the chords be formed by joining the point Q to the 
extremities P, P' of the diameter PCP'. Let V be the 
middle point of QP, and V the middle point of QP\ 
Then CV' and CV are conjugate, for each bisects a chord 
parallel to the other ; and GV\ CV are parallel respec- 
tively to QP and QP'. 

Hence QP and QP' are parallel to a pair of conjugate 
diameters. 

135. We can find the position of a pair of conjugate 
diameters which make a given angle with one another. 

For, draw any diameter PC^ and on PP' describe a 
^gment of a cm;le containing the given angle. If this 
circle cut the ellipse in a point Q, the angle PQP' is equal 
to the given angle, and QP^ QP are parallel to conjugate 
diameters [Art 1341 

The circle and ellipse will not however intersect in any 
real points besides the points P, P' if the given angle 
be less than that between the equi-conjugate mameters of 
the ellipse [Art. 132]. 

136. To find the eqiuUion of an ellipse referred to any 
pair of conjugate diameters as axes. 

Let the equation of the ellipse referred to its major 
and minor axes be 

-+^-1 rt) 

Since the origin is unaltered we substitute for x, y ex- 
pressions of the form Ix + my, Vx + m'y in order to obtain 
the transformed equation [Art. 51]. 
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The equation of the ellipse will therefore be of the 

form Aa^-^-iHxy + By^^l (ii). 

By supposition the axis of x bisects all chords parallel 
to the axis of y. Therefore for any particular value of a 
the two values of y found from (ii) must be equal and of 
opposite sign. Hence ir = ; the equation will therefore 

be of the form Aa^-h Bjf = l (iii). 

To obtain the lengths (a\ 6') of the intercepts on the 
axes of X, y, we must put y = and a; = in (iii) ; we 

thus obtain ^a'" = 1 = 56'". 

Hence the equation of an ellipse referred to conjugate 
diameters is 

where a\ V are the lengths of the semi-diameters. 

137. By the preceding Article we see that when an 
ellipse is referred to any pair of conjugate diameters as 
axes of co-ordinates, its equation is of the same form 
as when its major and minor axes are the axes of co- 
ordinates. 

It will be seen that Articles 113, 114, 115, 118 and 127, 
hold good when the axes of co-ordinates are any pair of 
conjugate diameters. 

138. We shall conclude this chapter by the solution of 
some examples. 

(1) To find when the area of a triangle intcHbed in an eUipee U 
greatest. 

Let the eccentric angles of P, Q, R^ the angolait points of the triangle, 
^ ^» ^ 0s* ^^ JP> 9» 9* he the three corresponding points on the auxiliary 
drole. 

The areas of the triangles PQR, and pqr are [Art. 6] 



aoos0^, bBia^^ii 1 
aoos^ &sin0,, 1 
acos^,, Ssin^, 1 



, and^ 



acos0^, asin^^, 1 
a COB 01, asin^ 1 
acos^ asin^, 1 



.\£iPQR : t^pqr :: 6 : «• 
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Henoe the trianglefl PQR and p^ are to one another in the constant 

ratio b : a. Therefore PQR is greatest when pqr is greatest. 

Kow Apgr is greatest when it is an equilateral triangle; and in that 

2r 
ease ^'^ 0,^0, '^^B^^^=y 

Hence when a triangle inscribed in an ellipse is a maxinmm, the 

2r 4r 

eccentric angles of its angolar points area, a+-g-,a+-a-* 

(2) ff any pair of corrugate diameten of an ellipte cut the tangent at 
a point P in T, T'; thew that TP.PT'=CD\ where CD is the diameter 
conjugate to CP» 

Take CP, CD for axes of x and y, then the equation of the ellipse will 
- ac^ «* - 

or 6* 

The equation of the tangent at P (a, 0) will be a;=a. 

If y=mx, y=m'x be the equations of any pair of oonjngate diameters, 
then 

wia'=-^[Art.l27] (i). 

But PT=:ma, and PT=m'a ; 

,\PT.Pr^mm!a* (u) 

.-. TP.Pr =63, from (i). 

(8) The line joining the extremities of any two diameters of an 
ellipse which are at right angles to one another will always touch a fixed 
circle. 

Let CP, CQ be two diameters which are at right angles to one another, 
and let the equation of the line PQ be 

X COB a+y sin a=p. 

The equation of the lines CP, CQ will be [Art. 88] 



a:« y« fxcoB o+y sin o\« ,.^ 

55+6i= V P ) ^'^' 



But, since the lines CP, CQ are at right angles to one another, the 
sum of the coefficients of x? and y* in (i) is zero [Art. 86]; 

which shews that the perpendicular distance of the line PQ from the 
centre is constant. 

Hence the line PQ always touches a fixed drde. 
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(4) ^0 find the Ucui of the poles of normal chords of an ellipse* 
The equatfon of the nonnal at any point $ ia 

ax "by 



. =a>-b» 

COS 6 sm6 

The equation of the polar of any point (x', y^ is 

a« ■*■ 6» " 



(i). 



(ii). 



The equations (i) and (ii) will represent the same straight line, if 

«* a , , • ,^v' h 



(a>-6a)-j = -^,and(a«-6»)^=--. 



or 



sintf ' 



(aa-6«)co8^=-r, and (a3-6>)sin ^=- ->; 
therefore, by squaring and adding the two last equations, we have 

Hence the equation of the locus is 

{S) If a quadrilateral circumserihe an ellipse, the line through the 
middle points of its diagonals will pass through the centre of the ellipse. 

Let the eccentric angles of the four points of contact of the tangents 
be a, /3, 7, 8, 

The equations of the tangents at the points a, p are 

X y XV 

-cosa+f Bina=l, and-cos/3 + vsin/3=l. 

These meet in the point 



/ C0Bjja+j8) . 8ini(a+/3) \ 
\ C08i(a-/9)' C08i(a-/9)/* 

The tangents at 7 and d wiU meet in the point 

/ coB^J(7_+«) - 8ini(7-Hg) \ 
V co8i(7-«)'''co8i(7-3);- 



The oo-ordinates of the middle point of the line joining these points of 
intersection are given by 

a cosi(tt+/3)cos^ ( 7~8) + c od i(7 + 8)co8^(tt~j3) 
*'^2 cosi(7-a)cos4(a-/9) ' 

_ h Bint(a+j8)co8 4 (7-8) + sin4(7+8)cos|(tt-/3) 



y=; 



COS i(y - 6) 0(}Bi{n~ p) 
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Therefoxe the line joining the centre of the ^pee to this point 
makes with the major axis an angle the tangent of whioh ia 

6 flin^(tt+/3)eo8^(7-8) + Bin^(7+g)coBi(tt-/3) 
a cos i (a +/9) OOB 1 (7 - d) + cos jli (7 + d) COS i (a - /3) ' 

which is equal to 

h sin(f-tt) + 8in(t~/3) + sin(f-7) + 8in(f--8 ) 
a COB (« - a) + COS (« - /3 ) + cos (« - 7) + COS (< - 8) ' 

where 2$=a+p+y+9. 

The symmetry of the above result shews that the line joining the 
centre of the ellipse to one of the middle points of the diagonals of 
the quadrilateral will pass through the other two middle points. 



Examples on Chapter YL 

^1. If SPf S'P be the focal distances of a point P on an 
ellipse whose centre is (7, and CD be the semi-cQameter codju- 
gatp to CP; shew that SP . S'P = CD'. , J'^l^^^yj 

^ 2. The tangent at a point P of an ellipse meets the 
tangent at A^ one extremity of the axis ACA\ in the point Yi 
shew that (7 F is parallel to A'P^ G being the centre of the 
curve. 

V 3. A point moves so that the sum of the squares of its 
distances from two intersecting straight lines is constant. 
Prove that its locus is an ellipse^ and find Uie eccentricity in ^ 
terms of the angle between the lines. '^;:?L^C:tf^>Xr^ ^^^'t^i 

V A. P9 Q are fixed points on an ellipse&na E any other 
point on the curve; V, V are the middle points of PJiy QR, 
and VGf Y' G' are perpendicular to PRj QR respectively and , ^ 
meet the axis in G, G\ Shew that GG' is ooptent ^7 --><^ « cTG :^ ; 

v/ 5. A series of ellipses are described with a given focus and 
corresponding directrix; shew that the locus of the extremitiea^jj^v^ 
of their minor axes is a parabola. ^ ^"^ n^ ~ ]( ) Jii'^^^i^ 3t$« 3L< 

*^ 6. PNP' is a double ordinate of an ellipse, and Q is any 
point on the curve; shew that, if QP^ QF meet ijie nugor axis 
mM.M' respectively, CM. CM'^CA\ ^, 
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7. lines are drawn through the foci of an ellipse peipen« 
dicular respectively to a pair of conjugate diameters and 
intersect in Q; shew that the locus of Q is a concentric ellipse. 

8. The tangent at any point P of an ellipse cuts the 
equi-conjugate diameters in T, T') shew that the triangles TCP^ 
TCP are in the ratio of CT : CT\ 

9. If CQ be conjugate to the normal at P, then will CP 
be conjugate to the normal at Q, 

10. If P, D be extremities of conjugate diameters of an 
ellipse, and PP^ DD* be chords parallel to an axis of the 
ellipse; shew that PU and PD are parallel to the equi- 
conjugates. 

11. li JP, D are extremities of conjugate diameters, and 
the tangent at P cut the major axis in T, and the tangent at 
J) cut the minor axis in T'-, shew that TI" will be parallel to 
one of the eqni-conjugates. 

12. QQ' is any chord of an ellipse parallel to one of the 
equi-conjugates, and the tangents at Q, Q* meet in T\ shew 
that the circle QTQ[ passes through the centre. 

13. In the ellipse prove that the normal at any point is a 
fourth proportional to the perpendiculars on the tangent from 
the centre and from the two foci 

14. Two conjugate diameters of an ellipse are drawn, and 
their four extremities are joined to any point on a given circle 
whose centre is at the centre of the ellipse; shew that the sum 
of the squares of the lengths of these four lines is constant. 

15. PNP is a double ordinate of an ellipse whose centre 
is C, and the normal at P meets CP in 0; shew that the locus 
of is an ellipse. 

^ 16. If the normal at any point P cut the major axis in (r, 

/ shew that, for different positions of P, the locus of the middle 

point oiPG will be an eUipse. ^'^,ny- t^y/.(#^>); ' 

17. A, A' are the vertices of an ellipse, and P any point 
<m the curve; shew that, if PN be perpendicular to AP and 
PM perpendicular to APy My N being on the axis AA\ then 
will MN be equal to the latua rectum of the ellipse. 
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18. Find the equation of the locus of a point £roui which 
two tangents can be drawn to an ellipse making angles 0^, 0,, 
with the axis-major such that (1) tan 0^ + tan ^^ is constant^ 
(2) cot 6^ + cot 0^ is constant^ and (3) tan 6^ tan 6^ is constant. 

19. The line joining two extremities of any two diameters 
of an ellipse is either parallel or conjugate to the line joining 
two extremities of their conjugate diameters. - 

20. If F and J) are extremities of conjugate diameters of 
an ellipse, shew that the tangents at F and D meet on the 

ellipse -i + Ts = 2, and that the locus of the middle point of 
FD is^+|]=i. 

21. A line is drawn parallel to the axis-minor of an ellipse 
midway between a focus and the corresponding directrix; prove 
that the pix>duct of the perpendiciilars on it from the extremi- 
ties of any chord passing through that focus is constant. 

22. If the chord joining two points whose eccentric angles 
are a, fi cut the major axis of an ellipse at a distance d from the 

centre, shew that tan ^ tan ^ = -j , where 2a is the length 

of the major axis. 

23. If any two chords be drawn through two points on the 

axis-major of an ellipse equidistant from the centre, shew that 

ft S 'V o 
tan - tan ^ tan ^ tan h = 1> where a, fi, y, 8 are the eccentrio 

angles of the extremities of the chords. 

24. It Sf JI he the foci of an ellipse and any point A be 
taken on the curve and the chords A SB, BUCy CSD, DHE„. be 
drawn and the eccentric angles of -4, J9, (7, i>,... be B^y ^,, ^3, tf^..., 

prove that tan ;j tan -J = cot -jr» cot-J = tan7jtan;^« ... 

25. Shew that the area of the triangle formed by the 
tangents at the points whose eccentric angles are a, jS, y respec- 
tively is oi tan J()8-y)tan J(y-a)tan J(ft-j8). 

26. Prove that, if tangents be drawn to an ellipse at 
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points whose ecoenirio angles are ^,y ^,> ^s* ^^^ radius of the 
circle circnmscribing the triangle so formed is 

P^ sec ^?-^ sec '^»""'^» sec *lZ*« • 

p, q, r being the length of the diameters of the ellipse parallel 
to the sides of the triangle, and a, b the semi-axes of the ellipse, 

27. From any point F on an ellipse straight lines are 
4niwn through the foci S, H cutting the corresponding direc- 
trices \siQy R respectively; shew that the locus of the point of 
intersection of QH and BS is an ellipse. 

28. If P, j9 be corresponding points on an ellipse and its 
auxiliary circle, centre C, and if CP be produced to meet the 
auxiliary circle in q\ prove that the tangent at the point Q on 
the ellipse corresponding to (^ is perpendicular to Cp^ and that 
it cuts off from Cp a length equal to CP. 

29. If P, Q be the points of contact of perpendicular tan- 
gents to an ellipse, and Ji>, 7 be the corresponding points on the 
auxiliary circle; shew that (7j9, Cq are conjugate diameters of 
the ellipse. 

^ 30. From the centre C of two concentric circles two 
y^radii CQy Cq are drawn equally inclined to a fixed straight line, 
the first to the outer circle, the second to the inner: prove that 
the locus of the middle point P of Q^ is an ellipse, that PQ is 
the normal at P to this ellipse, and that Qq is equal to the 
diameter conjugate to CP. ^^JrJ^ ^ Jyto)*^ ' 

31. If CD is the difference of the eccentric angles of two 
points on the ellipse the tangents at which are at right angles, 
prove that ab sina> = Xfi, where X, /a are the semi -diameters 
parallel to the tangents at the points, and a, b are the semi-axes 
of the ellipse, 

32. Two equal circles touch one another, find the locus of 
a point which moves so that the sum of the tangents from it 
to the two circles is constant. 

33. Prove that the sum of the products of the perpen- 
diculars from the two extremities of each of two conjugate 
diameters on any tangent to an ellipse is equal to the square of 
tihe perpendicular from the centre on that tangent. 
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3i, Q is a point on the nonnal at any point P of an ellipfle 
whose centre is C such that the lines CP^ CQ make equal 
angles with the axis of the ellipse; shew that FQ is proportional 
to the diameter conjugate to GP. 

35. If a pair of tangents to a conic be at right angles to 
one another, the product of the perpendiculars from the centre 
and the intersection of the tangents on the chord of contact is 
constantb 

36. Find the locus of the middle points of chords of an 
ellipse which all pass through a fixed point. 

37. If P be any point on an ellipse and any chord PQ cat 
the diameter conjugate to CP in E^ then will PQ . PE be equal 
to half the square on the diameter parallel to PQ. 

38. Find the locus of the middle points of all chords of 
an ellipse which are of constant length. 

39. Tangents at right angles are drawn to an ellipse; find 
the locus of ti^e middle point of the chord of contact. 

40. If three of the sides of a quadrilateral inscribed in an 
ellipse are parallel respectively to three given straight lines, 
shew that the fourth side wiU also be paraUel to a fixed atnught 
line. 

41. The area of the parallelogram formed by the tangents 
at the ends of any pair of diameters of an ellipse varies inversely 
as the area of the parallelogram formed by joining the points of 
contact. 

42. If at the extremities P, Q of any two diameters 
CP, CQ of an ellipse, two tangents Pp, Qq be drawn cutting 
each other iu T and the diameters produced in j9, and q^ then 
the areas of the triangles TQp^ TPq will be equal. 

43. From the point two tangents OP, OQ are drawn to 

the ellipse i + ?« = 1 ; shew that the area of the triangle CPQ 

Ib equal to 

a'b'Jb 'h' + a*k^ - aV 
b'h' + a V ' 

and the area of the quadrilateral OPCQ is equal to 

C being the centre of the ellipsCi and hf k the coordinates of 0^ 
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44. TF, TQ are tangenta to an ellipse whose centre is C, 
ahew that the area of the quadrilateral GFTQ is ah tan ^(^ — ^0 > 
where a, h are the semi-axes of the ellipse, and ^, ^' are the 
eccentric angles of P and Q. 

45. PCF* is a diameter of an ellipse and QCQ' is the 
corresponding diameter of the auxiliary circle; shew that the 
area of the parallelogram formed by the tangents at P, P', Qy Q 

is 7 rr-' — KT % "where ^ is the eccentric angle of P. 

(a — 6) sin 2^' ^ ° 

46. A parallelogram circumscribes a circle, and two of the 
angular points are on fixed straight lines parallel to one an- 
other and equidistant from the centre; shew that the other two 
are on an ellipse of which the circle is the minor auxiliary 
circle. 

47. Two fixed conjugate diameters of an ellipse are met in 
the points P, Q respectively by two lines OP, OQ which pass 
through a fixed point and are parallel to any other pair of 
conjugate diameters; shew that the locus of the middle point 
of PQ is a straight line. 

48. If from any point in the plane of an ellipse the per- 
pendiculars OMy ON be drawn on the equal conjugate diameters, 
the direction OP of the diagonal of the parallelogram MONP 
will be perpendicular to the polar of 0. 

49. Three points A^ P^ B are taken on an ellipse whose 
centre is C Parallels to the tangents at A and B drawn 
through P meet CB and CA respectively in the points Q and P, 
I^ve that QR is parallel to the tangent at P. 

50. Find the locus of the point of intersection of normals 
at two points on an ellipse which are extremities of conjugate 
diameters. 

51. Normals to an ellipse are drawn at the extremities 
of a chord parallel to one of the equi-conjugate diameters; 
prove that t^ey intersect on a diameter perpendicular to the 
other equi-conjugate. 

52. If normals be drawn at the extremities of any focal 
chord of an ellipse, a line through their intersection parallel to 
the axis-m^or will bisect the chord 
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53. If a length PQ be taken in the normal at any point P 
of an ellipse whose centre is C, equal in length to the semi- 
diameter which is conjugate to CP, shew that Q lies on one or 
other of two circles. 

54. Shew that, if <^ be the angle between the tangents to 
the ellipse —, + ^ — 1=0 drawn from the point (x\ y'), then 

will tan<^ (aj^ + y^-a'-ft') = 2a& ^^, + ^'-1. 

55. TPy TQ are the tangents drawn from an external 

of v' 
point (x, y) to the ellipse — , + t* — 1 =0; shew that, if /S" be a 

^"^"^^ SP.SQ^a'^V' 

56. If two tangents to an ellipse from a point T intersect 
at an angle ^, shew that ST . II T cos <^ = CT* - a* - 6*, where 
C is the centre of the ellipse and S^ U the foci« 

57. If the perpendicular from the centre C of an ellipse 
on the tangent at any point P meet the focal distance /SP^ 
produced if necessary, in R\ the locus of It will bo a circle. 

58. If two concentric ellipses be such that the foci of one 
lie on the other, and if e^ e' be their eccentricities, shew that 

their axes are inclined at an angle cos"* ^ -, . 

ee 

59. Shew that the angle which a diameter of an ellipse 
subtends at either end of the axis-major is supplementary to 
that which the conjugate diameter subtends at Uie end of the 
axis-minor. 

60. If ^, 0' be the angles subtended by the axis major of 
an ellipse at the extremities of a pair of conjugate diameters^ 
show that cot"^ + cot*^ is constant. 

61. If the distance between the foci of an ellipse subtend 
angles 2^, 2& at the ends of a pair of conjugate diameters, shew 
that tan'0 + tan'tf' is constant. 
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62. If X, X' be the angles which any two conjugate diame- 
ters subtend at any fixed point on an ellipse, prove that 
cot^X + cot'X' is constant. 

63. Shew that pairs of conjugate diameters of an ellipse 
are cut in involution by any straight lina 

64. A triangle whose sides touch an ellipse and enclose 
it, is a minimum; shew that each side of the triangle touches 
at its middle pointy and that the triangle formed by joining the 
points of contact is a maximum. 

65. A, B, Cf J) are four fixed points on an ellipse, and F 
any other point on the curve; shew that the product of the 
perpendiculars from F on AB and CD bears a constant ratio to 
the product of the perpendiculars from F on BC and DA, 

66. Find the locus of the point of intersection of two 
normals to an ellipse which are perpendicular to one another. 

67. Find the equation of the locus of the point of inter- 
section of the tangent at one end of a focal chord of an ellipse 
with the normal at the other end. 

68. Two straight lines are drawn parallel to the axis-major 

of an ellipse at a distance —.^ --^ from it; prove that the part 

J a" - 0* 

of any tangent intercepted between them is divided by the 

point of contact into two parts which subtend equal angles at 

the centre. 

69. FG is the normal to an ellipse a,t F, G being in the 
major axis, GF is produced outwards to Q so that FQ = GF ; 
shew that the locus of Q is an ellipse whose eccentricity is 

"5 — -. j , and find the equation of the locus of the intersection of 

the tangents at F and Q, 
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CHAPTER VII. 



The Hyperbola. 



Definition. The Hyperbola is the locus of a point 
which moves so that its distance from a fixed point, oalled 
the focus, bears a constant ratio, which is greater than 
unity, to its distance from a fixed straight line, called the 
directrix. 

^ 139. To find Hie equation of an hyperbola. 

Let S be the focus and ZM the directrix. 

Draw SZ perpendicular to the directrix. 

Divide Z8 in A so that 8 A : AZ= given ratio = e : 1 
suppose. Then -A is a point on the curve. 

There will also be a point A' in iSZ produced such that 

SA" : A'Z :: e : 1. 

Let C7be the middle point of -4^', and let -4-4' = 2a- 
Then SA = e.AZ, and SA' = e.A'Z; 

.'. SA + SA'^eiAZ+A'Z); 
.-. 2SC=2e.AGi 

.-. CS^ae (i). 

Also 8A' --8A^e {A'Z^ AZ), 

or AA't^e{AA''-iAZ)', 
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.-. AG'=^e.ZG, 



or 



e 



(u). 



Now let C be taken as origin, CA as the axis of x, 
and a line perpendicular to CA as the axis of y. 

Let P be any point on the curve, and let its co- 
ordinates be X, y. 




Then, in the figure 



Now 
and 



SP" = ^PM*; 

.: 8N* + NP* = ^Z2P. 
SN=CN-CS = x-ae, 



or 
or 



ZN=CN-CZ=x--; 

e 

.: (x-aey + y' = e'(x-^, 

y» + a;» (1 - e') = a* (1 - e*), 

a» "*■ o' (1 - O ~ 



(iii). 

10—2 
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Since e is greater than unity a*(l— 6*) is negative; 
if we put — 6* for a* (1 — c*), the equation takes the form 

^-|=i ('^)- 

The latus rectum is the chord through the focus parallel 
to the directrix. To find its length we must put tc^ae 
in equation (iv). 

Then y« = J»(<^-l) = -?. since 6' = a«(0»-l); 
so that the length of the semi-latus rectum is — . 

^ 140. In equation (iv) [Art. 139] a? cannot be less than 
a*, for otherwise y* would be negative. 

Hence no part of the curve lies between 

a? = — a and x = a. 

If X be greater than a, y* will be positive ; and for any 
particular value of x there will be two equal and opposite 
values of y. Therefore the axis of x divides the curve 
into two similar and equal parts. 

For any value of y, a^ is positive; and for any particular 
value of y there will be two equal and opposite values of x. 
Therefore the axis of y divides the curve into two similar 
and equal parts. From this it follows that if on the axis 
of X the points S', Z' be taken such that CS'^SC, and 
CZ' = ZC, the point S' will also be a focus of the curve, 
and the line through Z' perpendicular to CZ' will be the 
corresponding directrix. 

If {x, y') be any point on the curve, it is clear that the 
point (—a;', — y') will also be on the curve. But the points 
(a?', y') and (— x\ — y') are on a straight line through the 
origin and are equidistant from the origin. Hence the 
origin bisects every chord which passes through it, and is 
therefore called the centre of the curve. 

From equation (iv) [Art. 139] it is clear that if ic' be 
greater than a\ y* will be positive, and will get larger and 
larger as x^ becomes larger and larger, and t^iere is no 
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limit to this increase of x and y. The curve is therefore 
shaped somewhat as in the figure to Art. 139, and consists 
of two infinite branches. 

AA' is called the transverse cuds of the hyperbola. 
The line through C perpendicular to AA' does not meet 
the curve in real points ; but, if B^ B' be the points on this 
line such that BG=CB'=^h, the line -B-B' is called the 
conjugate axis. 

V 141. To find the focal distances of any point on an 
hyperbola. 

In the figure to Art. 139, since SP^^ePM, we have 
SP = eZN^e{CN^CZ) = e(x'--] = ex^a: 

also 8'P==e.PM'=-e{CN'+Z'C)^efx+^=^ex + a; 

V 142. The polar equation of the hyperbola referred to 
the centre as pole will be found by writing rcos^ for x, 
and r sin^ for y in the equation 

a* I? 
The equation will therefore be 

r* cos*d r* sin*^ _ . 
~^ F ' 

1 cos*5 sin*5 ,., 

?=-a^—r ^•>- 

The equation (i) can be written in the form 

We see from (ii) that^— , is greatest, and therefore r is 

least, when is zero. As increases, 3 diminishes, and 

is zero when sin*^= -= — r.; so that for this value of 0, 

a +0 
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6' 1 

r is infinite. If sin* 5 be greater than -5 — r-, , 3 will be 

negative, so that a radius vector which makes with the 

axis an angle greater than sin"* -^, -^ does not meet 
the curve in real points. ^^ "*" ^ ^ 

>i 143. Most of the results obtained in the preceding 
chapter hold good for the hyperbola, and in the proofs 
there given it is only necessary to change the sign of 6*. 
We shall therefore only enumerate them. 

Let the equation of the hyperbola be 

(i) The line y = inix + V(«'»i* — 6*) is a tangent for all 
values of m [Art. 113]. 

(ii) The equation of the tangent at (a?', y') is 

^-f- = l. [Art. 114.] 



(iii) The equation of the polar of (a;', y) is 
^-^^- = 1. [Art. 118.] 

(iv) The equation of the normal at (a?', y') is 



x^x _y—y 



[Art. 116.1 
X y ^ ■" 

(v) The line lx + my = n will touch the curve, if 
aV - 6'm* = n' [Art. 115]. 

(vi) The line a; cosa + y sina=^ will touch the 
curve, if p* = a* cos* a — 6' sin' a [Art. 115]. 

(vii) The equation of the director-circle of the hTOer- 
bola is a;« +y« = a' - 6' [Art. 120J. 

The director-circle is clearly imaginary when a is less 
than b, and reduces to a point when a = 6. 
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(viii) The geometrical propositions proved in Art. 125 
are also true for the hjrperbola. 

(ix) The locus of the middle points of all chords of 
the hyperbola which are parallel to y = mx is the straight 

line y = rria, where mm' = -5 [Art. 127].* 

144. The lines y = rrur, y = mx sjj/e conjugate if 

mm = —i . '*-** ' I 
a 

These two diameters meet the curve in points whose 
abscissae are given by the equations 

The first equation gives real values of a; if m be less 
than - , and the second gives real values if m' be less than 

h h* 

- . But, since mm' = -i , m and ?/i' cannot both be less 
a or 

than - , nor both be greater. 
a 

Therefore, of two conjugate diameters of an hyperbola 

one meets the curve in real points, and the other in 

imaginary points. 

The two conjugate diameters are coincident if m = + - . 

'^ 145. Let P, D be extremities of a pair of conjugate 
diameters; let the co-ordinates of P be x\ y', and the 
co-ordinates of D be x\ y\ We know from Art. 144 that 
if one of these two points be real the other will be 
imaginary. 

The equations of CP and CD are 

y ^ X 1 y _ ^ 
- > — —f and -"77 — --77 . 
y X y 25 

Hence, from (ix) Art. 143, we have 
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f ^t 



x'af 



S.Jf 



a 

x'^x"* 



^-^- = (i), 



y'V 



whence . — ,, , 

a 

or, since {x\ y') and {af\ y") are both on the curve, 






or 



.-. a;"= + |y'7="l (ii). 



and .'. from (i) 



y'^f-aV-l 



(iu). 



From (ii) and (iii) we have 

So that, as in the case of the ellipse, the sura of the 
squares of two conjugate diameters is constant. ^ 

>/ 146. Definition, An asymptote is a straight line whicli 
meets a curve in two points at infinity, but which is not 
altogether at infinity. 

To find Vie asymptotes of an hyperbola. 

To find the abscissae of the points where the straight 
line y = ma -f c cuts the hyperbola, we have the equation 

a? (mx 4- c)* _ 

a' F ' 

,/l w*\ 2mc c* - ^ ..V 

^' ^U'""6v > "'■"ft"'" ^'^' 

Both roots of the equation (i) will be infinite if the 



/ 



/ 
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coefficients of a? and of x are both zero ; that is, if 

-fl — r« = 0, and Tnc = 0. 
a 

Hence we must have c = 0, and m = + - . 

"a 

The hyperbola -« — p = 1 

has therefore two real asymptotes whose equations arc 
y=±-x) or, expressed in one equation, 

5-^=0 (")• 

Draw lines through -B, B^ parallel to the transverse 
axis, and through A, A' parallel to the conjugate axis ; 
then we see from (ii) that the asjrmptotes are the diagonals 
of the rectangle so formed. 

The ellipse has no real points at infinity, and therefore 
the asymptotes of an ellipse are imaginary. 

a 

V 147. Any straight line parallel to an asymptote will 
meet the curve in one point at infinity. 

For, one root of the equation (i) Art. 14G will be in- 
finite, if the coefficient of ic* is zero. This will be the case 

if m = + - . So that the line y = + - x + c meets the 

curve in (me point at infinity whatever the value of c may be. 

148. The equation of the hyperbola which has BI^ for 
its transverse axis and AA' for its conjugate axis is 

-a«+i^=^ W- 

This hyperbola and the original hyperbola, whose 
equation is 

^-?«=i (")' 

are said to be conjugate to one another. 
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We append some properties of a pair of conjugate 
hyperbolas. 




--Cs 



(1) The two hyperbolas have the same asymptotes. 

(2) If two diameters be conjugate with respect to one 
of the hyperbolas, they will be conjugate with respect 
to the other. 

This follows from the condition in (ix) Article 143. 

(3) The equations of the hyperbolas (ii) and (i) can 
[Art. 142] be written in the forms 

1 _ cos' e sin' 
_\ 



a' 
cos'^ 



sin'^ 



It is clear that if, for any value of 0, r* is positive for one 
curve it is negative for the other. 

Hence every diameter meets one curve in real points 
and the other in imaginary points ; moreover the lengths 
of semi-diameters of the two curves are, for all values of 0, 
connected by the relation r* = — r*. 

(4) If two conjugate diameters cut the curves (ii) and 
(i) in P and d respectively, then CP' — CcP = a' — b\ 

Let x\ y be the co-ordinates of P, and x\ y" the 
co-ordinates of d. 
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Then the equations of CP and Cd are 

(d y X y 

The condition for conjugate diameters, viz. mm = -j , 



' // 



.'-.// 



gives 






or 



x'^x" _!,Y'' 



a* b* 

And, since {x', y') is on (ii), and {x", y") on (i), we 

have 






or 



a" 



Jt 



6" ' 



and, .'. from (iii), 



6 a ' 

x" t/ 
a 



(iv), 



Hence CF*-Cd^ = x'* + y'^-x"*- y"* 



a- „ J' 



=x'+y'-uy -:rix 



a 



=(«'-^')($-!^^ 



(5) The parallelogram formed by the tangents at 
P, P', d, d' is of constant area. 

The parallelogram is equal to 4CjP . Cd sin PCd, or 
equal to 4(7d . CF, where Cr* is the perpendicular from C 
on the tangent at P. 

* CP and Cd mnst not be looked upon as conjugate Bemi-diameters, 
since the points P and d are not on the same hyperbola. The line dCd^ 
onts the original hyperbola in two imaginary points; and if these points 
be D, ly, we see from (3) that CD^=: - Cd*. 
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Now the equation of the tangent at P is 

1 






.-. GiP" = 



And ^ir ^^^j^y +^-^ =«* (^i+lij- 
Hence Ci . OF— ah, 

(6) The asymptotes bisect Pd and Pd'. 

If ar, y be the co-ordinates of the middle point of P(f, 



then 



2a? = a?' + «", and 2y = y +y"; 

^' 4. ? ./ 

a?' + fl/' ""-6 



y 



j/+y" 



y ±- X 
^ a 






therefore the middle points of Pd and of Pd' are on one 
or other of the lines 

a b ' 

Also, since CPKd is a parallelogram CK bisects Pd 
or Pd\ and therefore is one of the asjrmptotes, so that the 
tangents at D, U meet those at d, d' on the asymptotes. 

(7) The equations of the polars of (a?', y) with respect 
to the hyperbolas (ii) and (i) respectively are 

"^^^yjL^l and- — + '^'=1 
^. J, -i,ana ^, + j, -i. 

Hence the polars of any point with respect to the two 
curves are parallel to one another and equidistant from the 
centre. 

If {x\ y*) be any point P on (ii), then its polar with 
respect to (i) is ^ 
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But the last equation is the tangent to (ii) at the point 
(— a;', — y ), which is the other extremity of the diameter 
through P. 

Hence, if from any point on an hyperbola tjie tangents 
PQ, PQ' be drawn to the conjugate hyperbola, the line 
QQ[ will touch the original hyperbola at the other end of 
tlie diameter through P, 

149. To find ike equation of an hyperbola referred to 
any pair of conjugate diameters as a^es. 

The equation of the hyperbola referred to its transverse 
and conjugate axes is 

Since the origin is unaltered we substitute for x, y ex- 
pressions of the form Ix + my, l'x-\-my in order to obtain 
the transformed equation [Art. 51]. 

The equation of the hyperbola will therefore be of the 
form 

Ax''-\'2Hxy + Bf^l (i). 

By supposition the axis of x bisects the chords parallel 
to the axis of y. Therefore for any particular value of x 
the two values of y found from (i) must be equal and 
opposite. Hence -ff = ; the equation will therefore be 
of the form 

A^-^-Bif^l (ii). 

Of the two semi-conjugate diameters one is real and 

the other imaginary. If their lengths be a and J —lb' ; 
since these are the intercepts on the axes of x and y re- 
spectively, we obtain from (ii) 

Hence the required equation is 

-i - ?^* = 1 fiii) 

1 50. Since the equation of the curve is of the same form 
as before, all investigations in which it was not assumed 
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that the axes were at right angles to one another still hold 
good. For example (i), (ii), (iii), (v) and (ix) of Art. 143 
require no change. Art. 146 will also apply without change, 
so that the equation of the asymptotes of the hyperbola 
whose equation is (ii) is 

a!* 6'* ' 

/ V 151. To find ike equation of an hyperbola when referred 
to its asymptotes as axes of co-ordinates. 

Let the asymptotes be the lines CK, CK in the 
• figure, and let the angle AGK' = a, so that tan a = - . 



a 



Let P be any point (a?, y) of the curve, and let a?', %f 
be the co-ordinates of P when referred to CK, CK!. Draw 
PM parallel to CK to meet CK in if, and draw PJV 
perpendicular to the transverse axis. 




or 



or 



Then 
Now 

Also 



CM=x\ MP^'if, CN^x, NP^y. 
CN = CM cos a + MP cos a, 

x = (x +y') cos a (i). 

iVP= JfPsin a -CJf sin a, 

y = (y'-»)sina (ii). 



4 
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Hence^ by substituting in the equation 

we obtain 

cos'g {x + y )* sin* a (y ^ — x'f _ - ..... 
a» " V " "" ^"^''* 

■D X X ^ xi. r sin*a cos'a 1 

ijut tan a =-, therefore— 7^- = - ,— = « . , > . 

Hence, suppressing the accents, we have from (iii) 

4x7/ = a* + b*, 
which is the required equation. ^ 

The equation of the conjugate hyperbola^ when referred 
to the asymptotes, will be 

4ry = -(a* + ft*). 

v^ 152. The equations of an hyperbola, of the asymptotes, 
and of the conjugate hyperbola are 

^-2^-1 ^-5^ = and--?^ = -l 

respectively. ^ 

If the axes of co-ordinates be changed in any manner, 
we should, in order to obtain the new equations, have 
to make the same substitutions in all three cases. 

Hence, for all positions of the axes of co-ordinates, the 
equations of an hyperbola and of the conjugate hyperbola 
will only differ from the equation of the asymptotes by 
constants, and the two constants will be equal and opposite 
for the two hyperbolas. 

%/ ^ 153. To find the eqttation of the tangent at any point 
of the hyperbola whose equation is 4ixy = a* + 6'. 

The equation of the line joining the two points {x, y'), 

(x'\ y") is 

y^'^i/ i'^Tl ^^• 






vo 
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But, since the points {x\ y^ and (x'\ y") are on the 
curve, 

' From (i) and (ii) we have 

y'" 



or 



(ii). 



X 



// • 



The equation of the tangent at {x\ y*) is therefore 

^-^+ — 7-=0, 

y a? 

hy^ »*^ 

From (iii) we see that the intercepts on the axes are 
2x and 2y\ 

Hence the portion of the tangent intercepted by the 
^asymptotes is bisected at the point of contact. 

The area of the triangle cut oflf from the asymptotes 
j by any tangent is from (iii) equal to 2x'y' sin a> ; or, since 

' 4xY ^^a^-h b*, and sin a) = -5 — ^ , the area of the triangle 

is equal to ab. 

n/ 154. When the angle between the asymptotes of an 
hyperbola is a right angle it is called a rectangular hyper- 
bola. 

Tlie angle between the asymptotes is equal to 2 tan"*- , 

and therefore when the angle is a right angle we have 
6 = a. On this account the curve is sometimes called an 
equilateral hyperbola. 






r 
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155. The asymptoUs and any pair of conjugate diame- 
ter e of an hyperbola form a harmonic pencil. 

The tangent at the extremity of any diameter of an 
hyperbola is parallel to the conjugate diameter; also 
[Art. 153], the portion of the tangent intercepted by the 
asymptotes is bisected at the point of contact. Hence 
[Art. 55] the pencil formed by the asymptotes and a pair 
of conjugate diameters is harmonic. 

156. We may, as in the case of the ellipse, express the 
co-ordinates of any point on the hyperbola in terms of a 
single parameter. We may put a? = a sec ^, and y = 6 tan 0, 
since for all values of fl, sec'tf — tan*^ =1. . i 

If PiVbe the ordinate of any point P on the curve, and '/tJ' 
NQ be the tangent from N to the auxiliary circle ; then 
CN^ a sec ulCQ. Hence ACQ\& the angle 0. 

v^l57. The equation of an ellipse or hyperbola referred 
to a vertex as origin is found by writing x — a ior x in 
the equation referred to the centre as origin. The equation 
will therefore be 

a" 6 a ^ ' 

Now, if the distance from the vertex to the nearer focus 
remain fixed {d suppose) » and the eccentricity become 
unity, the curve will become a parabola of latus rectum 4c2. 

The equation of the parabola can be deduced from (i). 
For, since a(l — e)=d, a must be infinite when e = l. 

Also a (1 - e^ =d (1 + c) = 2d ; therefore - = 2d. 
Hence, from (i) 

a -2d "^^ "' 
or, since a is infinite, 

y* = ±4dx. 
s. C. s. 11 
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. The parabola therefore is a limiting form of an ellipse 
or of an hyperbola^ the latus rectum of which is finite, but 
the major and minor axes are infinite. The centre and 
the second focus are at infinity. 

It is a very instructive exercise for the student to 
deduce the properties of a parabola from those of an ellipse 
or hyperbola. 

v^ 158. Let the focus of a conic be on the directrix. 

Take the focus as origin, and let the directrix be the 
axis of y ; then the equation of the conic will be 

or a^(l-.e*) + y» = a 

This equation represents two straight lines which are 
real if « be greater than unity, coincident if c be equal to 
unity, and imaginary if 6 be less than unity. 

Hence we must not only consider as conies an ellipse, 
a parabola, and an hyperbola, but also two real or imaginary 
straight lines. 

It should be noticed that the directrix of a circle is at 
an infinite distance ; also that the foci and directrices of 
two parallel straight lines are all at infinity. 



Examples ox Chapter VII. 

y/' 1. AOBf COD are two straight lines which bisect one A^ 
another at right angles; shew that the locus of a point which ^V 
moves so that FA . FB = FC . FD is a rectangular hyperbola. * *1 ' 

J 2. If a straight line cut an hyperbola in Q^ Q' and its 
asymptotes in F, F\ shew that the middle point of QQ will 
be the middle point of ER'. ^V-^^ , JT^*''*^^ f -^ \ '-^ 

"/ 3. A straight line has its extremitie^n two fixed straight 
lines and passes through a fixed point ; find the locus of the 
middle point of the line, i ^ ^ a. / /k*^ f^A^^it^ '\!^)/ '' r* '*"1t ''/ 



>a:v 
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%/ 4. A straiglit line has its extremities on two fixed straight 
lines and cuts otf from them a triangle of constant area ; find 
the locus of the middle point of the Hne. A^ i ^ k.^^ ^j .'. ^juj-i^U 4 

. *^ 5. 0-4, OB are fixed straight lines, F any point, and PJT, 
;'Fy the perpendicolarB from P on OA^ OB ; find the locas of 
'\P a the qoadrilateral OMFN be of constant area. ^ y ^ -fr 

v/' 6. The distance of any point from the centre of a rectan< 
golar h3rperbola varies inversely .aaJ^e perpendicular distance 
of its polar from the centre. ^^ = ^''^M' y ^^'-J^^'--^ r^^. . 

y/ 7. FN is the ordinate of a point P on an hyperbola, FG 
is the normal meeting the axis in 6^; if NF be produced to 
meet the asymptote in Q^ prove that QG is at right angles to 
the asymptote, i {A''^l), o) , ^: ( )^'; i^j ; ^. r/ /fi? A, », . _ ^ 

»/ 8. If tf, e be the eccentricities of an hyperbola and of the 

1 1 ^'i\%: r.A-/'/-/;.-N/7''-(/ 
conjugate hyperbola, then will -j + -75 = 1. .*. /^ i^\.i)(^-i) . 

y/ 9. The two straight lines joining the points in which any 
two tangents to an hyperbola meet the asymptotes are parallel 
to the chord of contact of the tangents and are equidistant 
from it ^^^ ^y-j^^ -' oiu^^) >^>;Mft^y^ 

*^10. Prove that the part of the tangent at any point of an 
hyperbola intercepted between the point of contact and the 
transverse axis is a harmonic mean between the lengths of the 




•''^ 11. If through any point a line OFQ be drawn parallel 
to an asymptote of an hyperbola cutting the curve in F and 
the polar of in <?, shew that F is the middle point of OQ. "ri*^"^ 

^'12. A parallelogram is constructed with its sides parallel 
to the asymptotes of an hyperbola, and one of its diagonals 
is a chord of the hyperbola; shew tiiat thedireption of ^ the^ 
other wiU pass through the centre. JL ^;. X Gi,'^!^4^r^'-^ijH*^/*?^ 

/* /1 3. A, A' are the vertices of a rectangular hyperbola, and 
I Fis any point on the curve ; shew that the internal and external 
I bisectors of the angle AFA' are parallel to the asymptotes. (^>^^) 

11—2 
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•^14. Ay A' are the extremities of a fixed diameter of a 
circle and jP, jP are the extremities of any chord perpendicular A^ 
to this diameter ; shew that the locus of the point of intersec- 
tion of AF and -i'P' is a rectangular hyperbola. ^ • ""^^ » iT'-^^vV 

15. Shew that the co-ordinates of the point of intersection 
of two tangents to an hyperbola referred to its asymptotes as 
axes are luumonic means between the co-ordinates of the points 
! of contact. 

/ 16. From any point of one hyperbola tangents are drawn 
/ to another which has the same asymptotes; shew that the chord 
' of contact cuts off a constant area from the asymptotes. 

/ v/17. The straight lines drawn from any point of an equi- 



I 



'^■- -fj-'j' 



1 lateral hyperbola to the extremities of any disuj^eter are equally 
' inclined to the asymptotes. 0'/y>^/-^';1fy//,V ^'^ ■* ^'. " 

^ »/L8. The locus of the middle points of normal chords of 
the I'ectangular hyperbola a:'-y" = a*is (y" — sc*)* = 4a*j^y*. 

%/^ ^9. Shew that the line a; - is an asymptote of the 
hyperbola 2xy + Sx* -»- 4aj = 9. 

What is the equation of the other asymptote 1 

^ ^20. Find the asymptotes of rcy - 3a? - 2y = 0. (jf" 'XC^-'J) -^ ^ 
What is the equation of the conjugate hyperbola ? 

21. Shew that in an hyperbola the ratio of the tangents 
of half the angles which the radii vectores from the foci to a 
point on the curve make with the axis, is constant. 

22. A circle intersects an hyperbola in four points ; prove 
that the product of the distances of the four points of inter- 
section from one asymptote is equal to the product of their 
distances from the other. 

23. Shew that if a rectangular hyperbola cut a circle in 
four points the centre of mean position of the four points is 
midway between the centres of the two curves. 

24. If four points be taken on a rectangular hyperbola 
such that the chord joining any two is perpendicular to the 
chord joining the other two, and if a, ^, y, fi be the inclinatiomi 
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to cither asymptote of the straight lines joining these points 
respectively to the centre ; prove that tan a tan ft tan y tan 3 = 1. 

25. A series of chords of the hyperbola -§ — p = 1 are 

tangents to the circle described on the straight line joining 

the foci of the hyperbola as diameter; shew that the locus of 

sc* f/ 1 
their poles with respect to the hyperbola is — ^ + ~ = -^ — ^j . 

26. If two straight lines pass through fixed points, and 
the bisector of the angle between them is always parallel to a 
fixed line, prove that the locus of the point of intersection of 
the lines is a rectangular hyperbola. 

27. Shew that pairs of conjugate diameters of an hyperbola 
are cut in involution by any straight line. 

28» The locus of the intersection of two equal circles, 
which are described on two sides AB^ AG o£ & triangle as 
chords, is a rectangular hyperbola, whose centre is the middle 
point of BGj and which passes through A, B, C. 
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CHAPTER VIII. 



Polar Equation of a Cokic, the Focus beikq the 
Pole. 



159. To fini (A« ^^r e^uatwm of a conic, the focus 
heing the pole. 

Let '8 be the focna and ZM the directrix of the conic, 
and let the eccentricity be e. 







Draw SZ peipendicular to the directrix, and let SZhe 
taken for initial line. 

Let LSL' be the latus rectum, then e.8Z = 8L = l 



fi^-^: /* t 
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Let the co-ordinates of any point P on the curve be 
r, 0. Let PM, PN be perpendicular respectively to the 
directrix imd to SZ. 

Then we have 

8P^e.PM=e . NZ=^ e.NS^-e.SZ, 
or r = e . r cos (tt — tf) + Z ; 

••• ; = l + «cosft * ^^/.//^ 

If the axis of the conic make an angle a wit h tf^ 
initial line the equation of the curve will be 'z ^ 

- =1 +eco8(tf — a). 

For in this case 8P makes with SZdiXL angle — a, 

160. If r, ^ be the co-ordinates of any point on the 
directrix, then 

rcostf = fifir=-: 

e \ 

therefore Hie equation of the directrix is 

- = e cos 6. 
r 

I 




The equation of the directrix of - = 1 + 6 cos tf — a is 

-= 6C0S (^ — a), 

161. To shew that in any conic the semi-laJtue rectum is 
a harmonic mean between the segments of any focal chord. 

If PSP be the focal chord, and the vectorial angle of 
Pbe 0, that of P will be + 7r. 

Hence, if SP'^r, and SP' = /, we have 

- = 1 + 6 008^, and -T=*H-ecos (tf + 7r) ; 

• • r ~~, ^^ ^» 

r r 

TI 1^12 

Hence ^ + - = - . 

r r I 
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162. To trace the conic - = 1 + ecos ^ from its equation. 

(1) Let « = 1, then the curve is a parabola, and the 
equation becomes 



~ = 1 + cos tf . 

r 



[c^ 




^tY4K 






At the point -4, where the curve cuts the axis, 

5 = and r=|. 

As the angle increases, (1 + cos d) decreases, that is 

- decreases, and therefore r increases: and r increases 
r 

without limit until tf = 7r, when r is infinite. As in- 
creases beyond tt, 1 + cos increases continuously, and 
therefore r decreases continuously until when 0^2ir it 

again becomes equal to ^ . The curve therefore is as in 

the figure going to an iiifinite distance in the direction AS. 
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(2) Let e be less than unity, then the curve is an 
ellipse. 

At the point A, 0=0, and r = 



1 + 6' 



I 



As 6 increases cosd decreases, and therefore - decreases, 

r 

that is r increases, until O — iTy when r'= -^ — - . [Since e<l. 



this value of r is positive.] 



1-c 




The curve therefore cuts the axis again at some point 

A' such that 8 A' = q . 

1— e 

As passes from tf to 27r, cos increases continuously 
from — 1 to 1 ; hence - increases continuously, and r de- 

V 

creases continuously from =-— to -—— . 

Since, for any value of 0, cos = 60s (27r — 0), the curve 
is symmetrical about the axis. 

Therefore when e is less than unity, the equation repre- 
sents a closed curve, symmetrical about the initial line. 

(3) Let e be greater than unity, then the curve is an 
hyperbola. 

At the point -4, 5 = and r=^^ — . 
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As increases cos decreases, and therefore r increases 
until 1 + e cos ^ = 0. For this value of tf, which we will 
call a (the angle ASK in the figure), the value of r will be 
infinitelv great. 

As increases beyond the value a, (1 + e cos 0) becomes 

negative, and when = Tr, r = ^ = 8 A' in the figure. 

(1 + COS 0) will remain negative until is equal to 
(27r — a), the angle A8K' in the figure. When is equal 
to (27r — a), r is again infinite. If is somewhat less than 
this, r is very great and is negative, and if is somewhat 
greater, r is very great and is positive. The values of r 
will remain positive while changes from (27r — a) to 27r. 

The curve is therefore described in the following order. 

First the part ABO, then C'PA' and A'DE, and 
lastly KQA. 




The curve consists of two separate branches, and the 
radius vector is negative for the whole of the branch 
G'PA'DE. 

If, as in the figure, a line SQP be drawn cutting the 
curve in the two points Q and P which are on dinerent 
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branches^ the two points Q and P must not be considered 
to have the same vectorial angle. The radius vector SP 
is negative, that is to say SPis drawn in the direction 
opposite to that which bounds its vectorial angle, the 
vectorial angle must therefore be A 8p, p being on PS 
produced. So that, if the vectorial angle of Q be 0, 
that of P will be tf - TT. 

163. To find the polar equation of the straight line 
through two given points on a conic, and to find the equation 
of the tangent at any point. 

Let the vectorial angles of the two points P, Q he 
(oL — ff) and (a+iS) respectively. 

Let the equation of the conic be 

- = 1 +tfcos^ (i). 

The straight line whose equation is 

'^Acose + Bcoaie-a) (ii), 

will pass through any two points, since its equation con- 
tains the two independent constants A and B. 

It will pass through the two points P, Q if r has 
the same values in (ii) as in (i) when = a — fi, and when 
= a-\-fi. 

This will be the case, if 

1 + e cos (a — /8) == -4 cos (a — )8) + B cos ^8, 
and 1 +6cos(a -f )8) = ^cos(a+)8) +-Bcos)8; 

.'. A=^e, and B cos /8 = 1. 
Substituting these values of A and B in (ii) we have 
the required equation of the chord, viz. 

- = «cos^ + sec)8cos (tf — a) (iii). 

To find the equation of the tangent at the point whose 
vectorial angle is a, we must put )8 = in (lii), and we 
obtain 

- = 6COS^ + cos(tf — a) (iv). 
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Cor. If the equation of the conic be 

-= l+6C08(tf — 7), 

the chord joining the points (a — ^) and (a + iS) has for 
equation 

- = eco8(d— 7) + sec/9cos(^— a), 

and the tangent at a has for equation 

- = 6 cos {0 — 7) + cos (0 — a). 

164. To find the eqitation of the polar of a point with 
respect to a conic. 

Let the equation of the conic be 

-=1 + 6cosd (i), 

r 

and let the co-ordinates of the point be r , dj. 

Let a ± ^ be the vectorial angles of the points the tan- 
gents at which pass through (r,, 6^. 

The equation of the line through these points will be 

- = ccosd + sec^cos (^— a) (ii). 

The equations of the tangents will be 

- = e cos tf H- cos (^ — a + /9), 
r 

and - = «cos^ + cos(d — a — iS). 

Since these pass through (r^, tfj, we have 

- = 6 cos tf^ + cos (tfj — a + fi) ; 

and - = c cos 5j + cos (tf^ — a — /9) ; 



whence 



^j = a, and cos/9 = ecos^^. 
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Substitute for a and fi in (ii), and we have 

/ — 6C08 0j f ecosOA = cos (d — dj)...(iii), 

which is the required equation. 

165. We will now solve some examples. 

(1) The equation of the tangents at two points whose vectorial angles 
are a, /3 respectively are 

=«cos^+co8(^-a), 



and 

Where these meet 



-=«cos ^+cos (^ -P). 
cos(d-o>=co8(d-/3); S^-oCi-^-^-ZJ) 



.',$ 



2 



Hence, if T be the point of intersection of the tangents at the two 
points Py Q of a conic, ST will bisect the angle PSQ. If however 
the conic he an hyperhola, and the points he on different branches of the 
onrve, ST will bisect the exterior angle PSQ ; for, as we have seen, 
the vectorial angle of P (if P be on the farther branch) is not the angle 
which SP makes with SZ, bat the angle PS prodaced makes with SZ. 

(2) If the tangent at any point P of a conic meet the directrix in K, 
tlien the angle KSP is a right angle. 

If the vectorial angle of P be a, the equation of the tangent at 
PwiUbe 

- = « cos d + cos {d - a). 

This will meet the directrix, whose equation is Z = «rcos0, where 
oos(^-o)=0. 

Hence, at the point A', B-a^Az., 

Therefore the angle KSP is a right angle. 

(3) If chords of a conic subtend a constant angle at a focw, the 
tangents at the ends of the chord will meet on a fixed conic, and the 
chord will touch another fixed conic. 

Let 2/9 be the angle the chord subtends at the focus. Let a - /9 and 
a+/9 be the vectorial angles of the extremities of the chord. 
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The equation of the ohord will be 

I 



or 



-=e COS ^+seo/3 cos (^ - a), 

I COB 3 

~=ie cos p , cos $ +C06 (^ - o) 



,(i). 



But (i) is the equation of the tangent, at the point whose vectorial 

angle is a, to the eonio whose equation is 

icosfl , ^ J, 

^ = 1 +e 008/9. cos ^ (u). 

Hence the chord always touches a fixed conic, whose eooentricitj 
is e cos/9, and semi-latus rectum I cos /9. 

The equations of the tangents at the ends of the chord will be 

I 

-i=c cos ^ + cos (^ - a+/3), 



and 



-=« COS ^+ cos (^— a - /3). 



Both these lines meet the conic 

-=ecos^+cosj9 

I 
in the same point, Tiz. where $=a and -=0oosa+co8/3. 

Hence, the locus of the intersection of the tangents at the ends of the 
chord is the conic 



Zsecfi - • - - -... 

- — ^=l + e8eo/3.cos^ (iii). 



Both the conies (ii) and (iii) have the same focus and directrix as the 
given conic. 

(4) To find the equation of the circle circumscribing the triangle formed 
hy three tangents to a parabola. 

Let the vectorial angles of the three points ^, B, C be a, p, y 
respectively. 

Let the equation of the parabola be 

-=l+cos^. 

r 

The equations of the tangents at ^, B, C respectively will be 

- = CO8^ + C08(^-o), 

~=coB$ + Qoa{0-p), 

~ = C08 5 + C0S(5-7). 
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The tangents at B and C meet where 

^-i{P+y)f ""Did .•. -sQoos^cos^. 
The tangents at C and A meet where 

^=i(7+«), and-=2cos|coB|. 
And the tangents at A and B meet where 

^=}(a+/S), and -=2 008^008^. 

By snhstitation we see that the three points of intersection are on the 
circle whose equation is 

2 COS ^008^ COS ~ ^ ' 

The oirde always passes through the focus of the parabola. 

(5) To find the loeus of the foot of the perpendicular from the focus of a 
conic on any tangent. 

Let the equation of the conic be 

= l + eoos^. 

r 

The equation of the tangent at any point a is 

-=« cos ^+cos (^ - a), 

I 
or -= (e + cosa) cos^+sin asin ^ (i). 

This may be written in the form 

~=:Ecos{$-A) (ii), 

where J?cos^=«+co8a, and J?sinil=sina (iii). 

Now, if (r, $) be the co-ordinates of the foot of the perpendicular from 

the origin on (i) or on (ii), we have r =-^; and 0=A ; 

therefore, from (iii), - cos $ - e=coB a, and - sin 0=:sin a. 

By the elimination of a we get 

P=(l-«»)r»+2eZrcos^. 

The locus is therefore a circle, as we have already found [Art. 125, (17)]. 
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Examples on Chapter YIII. 

1. The exterior angle between any two tangents to a 
parabola is equal to half the difference of the vectorial angles 
of their points of contact 

2. The locus of the point of intersection of two tangents 
to a parabola which cut one another at a constant angle is a 
hyperbola having the same focus and directrix as the original 
parabola. 

3. If PSF and QSQ' be any two focal chords of a conic 
at right angles to one another, shew that ^„ „j^ + ~7\-^-o?v 
is constant. 

4. li Ay J3, C he any three points on a parabola^ and the 
tangents at these points form a triangle A'BC\ shew that 
SA.SB',SC'^SA'.SJr.SC\ S being the focus of the para- 
bola. 

5. If a focal chord of an ellipse make an angle a with the 
axis, the angle between the tangents at its extremities is 

., 2e sin a 



tan' 



1-6* 



6. By means of the equation -—l + e cos $, shew that the 

ellipse might be generated by the motion of a point moving so 
that the sum of its distances from two fixed points is constant. 

7. Find the locus of the pole of a chord which subtends 
a constant angle (2a) at a focus of a conic, distinguishing the 
cases for which cos a > » < «. 

8. PQ is a chord of a conic which subtends a right angle 
at a focus. Shew that the locus of the pole of PQ and the 
locus enveloped by PQ are each conies whose latera recta are 
to that of the original conic as J2 : 1 and 1 : ^2 respectively. 

9. Given the focus and directrix of a conic, shew that the 
polar of a given point with respect to it passes through a fixed 
point 
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10. If two conies have a common focus, shew that two of 
their common chords will pass through the point of intersection 
of their directrices. 

11. Two conies have a common focus and any chord is 
drawn through the focus meeting the conies in P, P' and Q, Q' 
respectively. Shew that the tangents at P or P' meet those at 
Q, Q* in points lying on two straight lines through the inter- 
section of the directrices, these lines being at right angles if 
the conies have the same eccentiicity. 

12. Through the focus "of a parabola any two chords LSL\ 
MSM' are drawn; the tangent at L meets those at M^ M' in 
the points Ny N' and the tangent at L* meets them in K\ K. 
Shew that the lines KN^ K'N' are at right angles. 

13. Two conies have a common focus about which one is 
turned; shew that two of their common chords will touch 
conies having the fixed focu^ for focus. 

14. Shew that the equation of the locus of the point of 
intersection of two tangents to ~ = l + 6cos0, which are at 
right angles to one another, is r* («" — 1) — 2/6 r cos ^ + 2? = 0. 

15. If PSQy PHR be two chords of an ellipse through the 

pg pj£ 

foci Sy Hy then will -;,^ + -rpn be independent of the position 
of P. 

16. Two conies are described having the same focus, and 
the distance of this focus from the corresponding directrix 
of each is the same ; if the conies touch one another, prove that 
twice the sine of half the angle between the transverse axes ia 
equal to the difference of the reciprocals of the eccentricities. 

17. A circle of given radius passing through the focus of 
a given conic intersects it in -4, P, C, i>; shew that 

SA.SB.SC.SD 
ia constant. 

a C. a 12 
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18. A circle pas&ing through the fociis of a conic whose latas 
rectum is 21 meets the conic in four points whose distances 

from the focus are r,, r^ r^, r^; prove that ~+-+— + --=-^. 

19. A given circle whose centre is on the axis of a 
parabola passes through the focus Sy and is cut in four points 
A, B, C, D by any conic of given latus rectum having S 
for focus and a tangent to the parabola for dii*ectrix; shew 
that the sum of the distances SA, SB, SO, SB is constant. 

20. Two points Py Q are taken one on each of two conies, 
which have a common focus and their axes in the same 
direction, such that PS and QS are at right angles, S being the 
common focua Shew that the tangents at P and Q meet on a 
conic whose ecc€£ntricity is equal to the sum of the squares 
of the eccentricities of the original conies. 

21. A series of conies are described with a common latus 
rectum; prove that the locus of points upon them, at which 
the perpendicular from the focus on the tangent is equal to 
the semi-latus rectum, is given by the equation l = -r cos 20« 

22. JfPOP' be a chord of a conic through a fixed point O, 
then will tan \P'SO tan \PSO be constant, S being a focus of 
the conia 

23. Conies are described with equal latera recta and 
a common focus. Also the corresponding directrices en- 
velope a fixed confocal conic. Prove that these conies all touch 
two fixed conies, the reciprocals of whose latera recta are the 
sum and difierenoe respectively of those of the variable conic 
and their fixed confocal and which have the same directrix as 
the fixed confocal. 



CHAPTER IX. 



GENERAL EQUATION OF THE SECOND DEGREE. 



166. We have seen in the preceding Chapters that 
the equation of a conic is always of the second degree : we 
shall now prove that every equation of the second degree 
represents a conic, and shew how to determine fix>m any 
such equation the nature and position of the conic which it 
represents. 

167» To shew that every curve whose eqtuition is of the 
second degree is a conic. 

We may suppose the axes of co-otdinates to be rect- 
angular ; for if the equation be referred to oblique axes, 
and we change to rectangular axes, the degree of tne equa- 
tion is not altered [Art. 53]. 

Let then the equation of the curve be 

aa^+2Aa?y+6y*+25ra?+2/^+c = (i). 

As this is the most general form of the equation of the 
second degree it will include all possible cases. . 

We can get rid of the term containing xy by turning 
the axes through a certain angle. 

For, to turn the axes through an angle we have to 
substitute for x and y respectively xcoB0 — y%m0, and 
fl^sin^ + ycosd [Art. 60]. 
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The equation (i) will become 
a (a: cos ^ — y sin Oy + 2A (a? cos ^ — y sin ^ (a? sin ^ + y cos 0) 
+b(xs\n0'{-y(x>s0)^+2g(xco80--ysm0)+2f{xBm0'{'ycoa0) 
+ c = (ii). 

The coefficient of ay in (ii) is 

2 ^6 - a) sin ^ cos ^ + 2A (cos*^ - sin"^ ; 
and this will be zero, if ^Ojj^,^ 

tan 10 — ?\ .7. . h. :. f. r"(iii). 

Since an angle can be found whose tangent is equal to 

any real quantity whatever, the angle 0^\ tan'^ ■ ^, is in 

all cases real. 

Equation (ii) may now be written 

4a:* + %" + 2G^a?+2Fy+ (7=0 (iv). 

If neither A nor B be zero, we can write equation (iv) 
in the form 

(C* 7P\ 

Aa^ + Bf = ^ + ^-C. (V). 

If the right side of (v) be zero, the equation will repre- 
sent two straight lines [Art. 35]. 

I£ however the right side of (v) be not zero, we have 
the equation 

aKa + b-^) b\a^b V 

which we know rej)resents an ellipse if both denominators 
are positive, and an hyperbola if one denominator is posi- 
tive and the other negative. 

If both denominators are negative, it is clear that no 
real values of x and of y will satisfy the equation. In this 
case the curve is an imctginary ellipse. 
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Next let il or .B be zero, A suppose. [A and B cannot 

both be zero by Art. 53.] Equation (iv) can then be 
written 



B 



(y + f)" = -2(?a:-(7+5 (^^>- 



If G = 0, this equation represents a pair of parallel 
straight lines. 

If be not zero, we may write the equation 

V'^BJ ""■ B V'^2BG'^2G)' 

which represents a parabola, whose axis is parallel to the 
axis of X. 

Hence in all cases the curve represented by the general 
equation of the second degree is a conic. 

168. To find the co-ordinates of the centre of a conic. 
We have seen [Art. 109] that when the origin of co- 
ordinates is the centre of a conic its equation does not 
contain any terms involving the first power of the variables. 
To find the centre of the conic, we must therefore change 
the origin to some point {x\ y'), and choose x\ y\ so that 
the coeflBcients of x and y in the transformed equation may 
be zero. 

Let the equation of the conic be 

act? + 2hxy + by^ + 2gx + 2/y + c = 0. 
The equation referred to parallel axes through the 
point (a/, y) will be found by substituting x^-x' for x, and 
y -V y for y, and will therefore be 
a(x-¥xy + 2h{x + x'){y-^j/)-^b{y + 'ify-\'2g{x + x') 

+ 2/(y + /) + c=0, 
or oo* + 2kxy •\-bf-\-2x {ax + hy' + ^r) + 2^ Qix + by' +/) 
+ ax^ + 2hxy + by^ + 2gx' -{■ 2fy + c = 0. 
The coeflScients of x and y will both be zero in the 
above, if x' and y' be so chosen that 

aa;'+Ay'+^ = (i), 

and hx' + byf +f=Q (ii). 

The equation referred to (x\ j/) as origin will then be 

aa? + 2hxy + bj/'+c=^0 (iii), 
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where & =^aa/* + 2hxy + by'* + 2gx' + 2fy' + c......(iy). 

Hence the co-ordinates of the centre of the conic are the 
values of x' and j/ given by the equations (i) and (ii). 
The centre is therefore the point 






When aJ — A* = 0, the co-ordinates of the centre are 
infinite, and the curve is therefore a parabola [Art. 157]. 
If however hf— bg=^0 and a6 — A* = ; that is, if 

a_h_g 

A"6V 
the equations (i) and (ii) represent the same straight line, 
and any point of that line is a centre. The locus in this 
case is a pair of parallel straight lines. 

In the above investigation the axes may be either 
rectangular or oblique. 

Subsequent investigations which hold good for oblique 
axes will be distinguished by the sign (q>). 

169. Multiply equations (i) and (ii) of the preceding 
Article by x', j/ respectively, and subtract the sum from 
the right-hand member of (iv) ; then we have 

^^ ¥-bg .gh-af 

170. The expression abc^-^fgh^af^ — bg^ — ch^ is 
usually denoted by the symbol A, and is called the 
discriminant of 

'"^ aa^ + 2hxi/ + 5y* + 2gx + 2fy + c. 

A«0 is the condition that the conic may be two 
straight lines. 

For, if A is zero, c is zero ; and in that case equation 
(iii) Art. 168 will represent two straight lines. 

This is the condition we found in Art* 37. (o)). 



■V. •^ 
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171. To find the position and magnitude of the axes of / Vv^> 
the conic whose equation is aa? + ihxy + 6y*=s 1. -i^ >'^'^'«&7/Wv^ 

If a conic be cut by any concentric circle, the diameters 
through the points of intersection will be equally inclined 
to the axes of the conic, and will be coincident if the 
radius of the circle be equal to either of the semi-axes of 
the conic. ^ 

Now the lines through the origin and through the 
points of intersection of the oOnic and the circle whose 
\ equation is jt* +y* = r*, are given by the equation 

(a - i) a? + 2A;ry + (6 - 1) 3,« = . . .-.. . . (i). 

These lines will be coincident^ if 

(«-^)(6-p)-^*=o (">• 

and they will then coincide with one or other of the axes 
of the conic. 

Hence the lengths of the semi-axes of the conic are the 
roots of the equation (ii), that is of the equation 

-^ — (a 4- 6) -3 + a J — A* = (iii). 

Multiply (i) by («— 3); then, if 3 is either of the 
roots of the equation (ii), we get 

whence f^"";^) ^+ % = (^v). 

Hence if we substitute in (iv) either root of the equation 
(iii) we get the equation of the corresponding axis. 

In the above we have supposed the axes to be rect- 
angular. If however they are inclined at an angle q> the 
investigation must be slightly modified, for the equation of 
the circle of radius r will be a? + 2a:y cos cd + y'^ 1^. _ . 
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172. To find the cuds and lotus rectum of a parabola. 

If the equation 

aa^ + 2hay + bf + 2gx + 2fy + c = 

represent a parabola, the terms of the second degree 

form a perfect square. [This follows from the fact that the 

\oH equation of any parabola can be expressed in the form 

A- y^— 4a'a? = 0, and therefore with any axes the equation 

will be of the form 

{Ix + my + r?.)' — 4a' {Vx + m'y + n) = 0.] 

Hence the equation is equivalent to 

(ax+fiyy + 2gx + 2fy + c = (i), 

where a' = a, and y3*=6. 

From (i) we see that the square of the perpendicular 
on the line ax + ^y = varies as the perpendicular on the 
line 2gx + 2fi/ -f c = 0. These lines may not be at right 
angles, but wo may write the equation (i) in the form 

(ax + l3y+\y=^2x(\oL-g) + 2y{\^-f)+\'-c, 
and the two straight lines, whose equations are 
ax + l3y + \=0, and 2a? (Xa-^r) +2y (X)8-/) + X*- c = 0, 
will be at right angles to one another, if 

a(Xa-(7)+y9(X/3-/)=0> 

or if X-'^^-^^-^ 

Now take 

aa? + /3i/ + X = and 2 (aX - ^r) a? + 2 (y9X -/) y + X* - c = 

for new axes of x and y respectively, and we get 

y • = 4ipx, 

and this we know is the equation of a parabola referred to 
its axis and the tangent at the vertex. 

To find the latus-rectum, we write the equation in 
the form 

(ax t^y + xy^ f2(gX-g)a?+2()9X-/)y+X'-c) , 
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hence ^^^ V{4(aX-^jM-M/8X-/)!|^ 

Hence (i) is a parabola whose axis is the line 

ar + /3y + X = 0, 
and whose latus-rectum is 

2 V((aX - gy + {ff\ -/)'} _ 2 («/- )8g) 

since \ = ^ . ^ . 

173. We will now find the nature and position of the 
conies given by the following equations. 

(1) 7x«-17«y + 6y'+23x-2y-20=0. 

(2) a*- 6xy+y«+8x- 20^+16=0, 

(3) 86««+24a:y + 29y«-72ic + 126y+81=0. 

(4) (6x~12y)»-2a;-29y-l=0. 

(1) The equations for finding the centre are [Art. 168, (i), (ii)] 

14a^-17y' + 23=0) 
-17x' + 12y'-2=0)' 
These give «'=2, y'=3. Therefore centre is the point (2, 3). 

The equation referred to parallel axes through the centre will be [Art. 
169] 

QQ 

7ic»-17xi/ + 6y«+~.2-1.3-20=0. 

or 7x« - 17xy + 6y' = 0. 

The equation therefore represents two straight lines which intersect 
in the point (2, 3). They cut the axis of x, where 7x*+23x-20=0, that 

is where x=- 4, and where x=z-. 

(2) x*-6xy+y* + 8x-20y + 16=0. 

The equations for fin<img the centre are 

2x'-6y' + 8=0,and -6x'+2y'-20=0; 
.-. x'=-4,y'=0. 

The equation referred to parallel axes through the centre will be 

««-6xy+y'+4(-4)+15=0, 
or 9^-5xy+y*=ih 
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The semi-axes of the oonic aie the roots of the equation 
^-.(a+6)l+ad-A«=0 [Art. 171, (iii)]; 
1 2 , 26 ^ 

or 21r*+8r«-4=0; 

J 2 2 

The oorve is therefore an hyperbola whose real semi-axis is = ^H, 
and whose imaginary semi-axis is „ J^, 




The direction of the real axis is given [Art. 171, (iv)] by the equation 

or s+ysO. 

(8) 36x>+24ay+29y'-72x+126y + 81=0. 
The equations for finding the centre are 

36x'+lV-86=0, and 12*' +291^ +68=0; 
.-. «'=2, y'=-8. 

The equation referred to parallel axes through the centre, will be 
86«>+24ay+29y«-72+68(-8) + 81=0, 



or 



«^^ 2 ^ 29 . - 



5 ' 15 



180 



EXAMPLES OF CONIC& 

The 8emi*aze8 of the conio are the roots of the equation 

i-(a+6)^+a6-W=0. 

LA ^ 65 18 

And a+&= — = — . \ 

^ 180 86' 'V 

~9(J6"225~86' 
.-. 86-18r«+r*=0. 

Hence the squares of the semi-axes are 9 and 4. 
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The equation of the major axis is [Art. 171, (iv)] 

or 44:+8y=0. 

(4) (5a;-12y)»-22;-29y-l=0. 

The equation may be written 

(6«-12y+X)«=2»(l + 5X)+y(29-24X)+X»+l. 
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The lines 5a;-12y+X=0 

and 2(l + 6X)a;+(29-24\)y+X«+l=0 

are at right angles, if 

10+50\-348 + 288\=0; 
thatis, ifX=l. 

The equation is therefore equivalent to 

V 13 y ~i3' 13 ^^^' 

therefore 5x - 12y + 1=0 is the equation of the axis of the parabola, and 
12as+5y+2=0 is the equation of the tangent at the vertex. 

rfTj^ Every point on the curve must clearly be on the positive side of the 

* y ^ line 12a; + 5y + 2 = 0, since the left side of equation (i) is always positive. 

*?^ J yr-oj^t^' To find the equation of the asymptotes of a conic. 

_ ^J-^ We have seen [Art. 14&] that the equations of a conic .?i 
and of the asymptotes only xliffer by a constant. f^ 

Let the equation of a conic be 

ax^+ 2hxy+bf + 2gx + 2fy + c= (i). 

Then the equations of the asymptotes will be 

aa^+2ha;y+h}/' + 2gx + 2f7/+c + \=^0 (ii), 

provided we give to X that value which will make (ii) 
represent a pair of straight lines. 

The condition that (ii) may represent a pair of straight 
lines is [Art. 170] 

ab (c + \) + 2fgh - af^ - J^r' - (c + X) A' = ; 
.-. X(a6-A') + A = 0. 
Hence the equation of the asymptotes of (i) is 

aa^ + 2hxy + hy^ + 2gx + 2/y + c- ^^__^a = 0. 

The equations of two conjugate hyperbolas differ from 
the equation of their asymptotes by constants which are 
equal and opposite to one another [Art. 152] ; therefore 
the equation of the hyperbola conjugate to (i) is 

2A 

aa^ + 2hxy + hy'' + 2gx + 2fif + c - ^j:r^« "= ^- 1 



X- 
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Cor. The lines represented by the equation 
axe parallel to the asymptotes of the conic. (ei>). 

Ex. Find the asymptoteB of the conic 

a^-xy-2y«+8y-2=0. 

The asymptotes will be a5*-a^-2y* + 8y-2+X=0, if this equation 
represents straight lines. Solving as a quadratic in x, we have 

Hence [Art, 87], the condition for straight lines is 9 (2 - X) = 9, or X = 1. 
The asymptotes are therefore x'-xy-2y3+8y— 1=0. 

175. To find the condition that the conic represented 
by the general equation of the second degree may be a rect- 
angular hyperbola. 

If the equation of the conic be 

aa? + 2hxy + bf + Sflro? + 2/y + c = 0, 

the equation 

aa^^-'lhxy + by^^O (i) 

represents straight lines parallel to the asymptotes. 

Hence, if the conic is a rectangular hyperbola^ the 

lines given by (i) must be at right angles. 

\ — ... ^~ 

The required condition is therefore [Art. 44] 

a + 5 — 2/ico8a) = (^)l._ 

If the axes of co-ordinates be at right angles to 
one another the condition is ^f^l-'hd^ 

a + 6 = (iii). 

'^ The required condition may also be found as follows. 
If the axes of co-ordinates be changed in any manner 
whatever, we have 

a + 6 — 2i cos Q> a' + 6' — 2A' coso/ ^ . -<j, 

-. — « = : — 5 — -. I Art. u/tU 

Sin* a> sm* © ^ •* 

But, if the jconic be a rectangular hyperbola and 
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the asjnnptotes be taken for axes, the equation will be 
xy + constant = ; 

/. a' = 6' = cosft>' = 0. 
Hence a 4- 6 — 2A cos » = 0. (w). 



Examples on Chapteb IX. 

*^1. Find the centres of the following curves: . 3x-r.y^^*^/'=L \ 
•/(i) Sa:* - 6ajy + By* + llic - 17y + 13 - O.^'^v ^v.>^ , $^A^''^ 
^(ii) a^ + 3aa:-3ay = 0. C^-^*), xy^f-i^^'^v^Ji^L.^' 
; ' le;-;, -<iii) 3a:* - 7a:y - 6/ + 3a;- 9y + 5 = 0. tf.r^), ^^^'f*1 '^r^^-o^, 
ti<^ivf>e^ Find also the equations of the curves referred to paraJ' ** ' 
axes through their centres. ...-''^ 

2. What do the following eaua^ons represent f^ /K. 

^(i) xy^^x + y-^^oT^J^) y'-2ay + 4aa: = 0.<^-*J«-W*-^ 

.Xv) ^j(aJ + 2y)!+(y-,2a:)V5a'. v(vi) y« - a:* - 2a« = 0. ^ 



lA 



3. ^Braw the following curves: 



\x\ 




+j^-2.-l = 0.g|jj 



a^ + oas — 2ay = 0. ^^(2) a? + 
v^(3) 2x* + 6ay + 2y« + 3y - 2 ==,0. ci", J^) ,x.V,tcjf i^'^-^^ ^^i?^^ 
, .(4^ a^ + 4a^ + y'-ll = 0. -^- ^l' W,^\\ -^s4^ 
y (5) (2a: + 3^/ + 2a; + 2y + 2 = 0. ?k. 4i ) VvA ) "^^V -ih \ 
N/Y6) a* - 4a;y - 2y» + 10a? + 4y = 0. (-/, a),*^%-»^ •«> *it- »y^( Al 
»/ (7) 41a;»+ 24ay + 93^-1 30aa; - 60av + 116a' = 0. A**) 

y/ 4. Shew that if two chords of a' conic bisect each other. 1^ 
their point of intersection must be the centre of the curve. **^'*" **^ 

y 5. Shew that the product of the semi-axes of the conio . 
whose equation is V.^^^^l*-^^cf^ 

(a;-2y + l)'+(4a;+2y-3)'-10 = 0>1.2^^ /'"^ 

^ G. Shew that the product of the semi-axes of the euipee 
whose equation is ^^ ^ ^ ^^j^^ 

a;«-a^ + 2y*-2a:-6y+7 = 0is-y=; A\: J^-M-I^y^^' 



and that the equation of its axes is 

a:*-y'-2a:y + 8y-8-0. 

1/ m7^(k4^1^%) — ^^**— =^ 




tt>-S--- 1''*2' 



y/y^^ 



.j^r^^^^^^'^^'-i^'h'^^ 



EXAMPLES. 
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t i -I 



;0 



;.x-- 



rr/J-W\ • 



^ 7. Find for what value of X tho equation 

2a^ + Aay-y* - 3x + 6y - 9 = 
will represent a pair of straight lines. 

^ 8. Find the equation of the conic whose asymptotes are 
the lines 2a; + 3y — 5 ~ and 5a: + 3y- 8 = 0, and which passes 
through the poix^t (1. - 1). =^(^^-7,7^^^=''^-/:-* ^ ' " 
^ 9. Find the equation of the asymptotes of the conic ^^ 

3iB*-2a;y-6y" + 7a;-9y = 0; ^ "' 

and find the equation of the conic which has the same asymp- 
totes and which passes through the point (2, 2). C ^ 1 o 

10. Find the asymptotes of the hyperbola 

6a:'-7icy-3y*-2a;-8y-6 = 0; '^ 
find also the equation of the conjugate hyperW ^}^;;:i:;'^^ 

11. Shew that, if ^ ^'^ 
asx? + 2hxy + 6y* = 1, and aV + 2h!xy + hY = 1 

represent the same conic, and the axes are rectangular, then 

(a - hf + W = {a! - 60' + ih"^. 

12. Shew that for all positions of the axes so long as they 
remain rectangular, and the origin is unchanged, the value of 
^* +/• in the equation aa^ + 2kxy + 1)1^ + 2gx + 2/y + c = is 
constant. 

13. From any point on a given straight line tangents are 
drawn to each of two circles: shew that the locus of &e point 
of intersection of the chords of contact is a hyperbola whose 
asymptotes are perpendicular to the given line and to the line 
joining the centres of the two circles. 

li. A variable circle always passes through a fixed point 
and cuta a conic in the points P, Q, R, S; shew that 

OP. OQ. OR. OS 



is constant 



(radius of circle)' 



15. If aa' + 2A«y + 6y'=l, and Jic* + 2^a?y + -By" = 1 be 
the equations of two conies, then will aA +hB + 2hH be un- 
altered by any change of rectangular axes. 



CHAPTER X. 



mSCELLAKEOUS PROPOSITIONS. 

176. We have proved [Art 167] that the curve 
represented by an equation of the second degree is always 
a conic. 

We shall throughout the present chapter assume that 
the equation of the conic is 

unless it is otherwise expressed. 

The left-hand side of this equation will be sometimes 
denoted by ^ (x, y). 

177. To find the equation of the straight line passing 
through two points on a conic, and to find the equation of the 
tangent at any point. 

Let {x\ y") and (a?'', y") be two points on the conic. 
The equation 

+ 6(y-y')(y-y") = cw;* + 2A^ + 6y' + 25ra? + 2/y + c... (i) 

when simplified is of the first degree, and therefore 
represents some straight line. 
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If we put x^x and y = .v' in (i) the left side vanishes 
identically, and the right side vanishes since (cc', y') is on 
the conic. Hence the point (a?', y') is on the line (i). So 
also the point (x\ y") is on the line (i). 

Hence the equation of the straight line through the 
two points {x\ \f) and (x\ y'') is (i), and this reduces to 

ax(^x^-ai!')^-hy{^x'^x')^hx(y*^y')->r^ 

+ 2/y + c = axx + h (ar'y^ + yV) + hy y"...(ii). 

To obtain the tangent at (x^ ij) we put x" = x\ and 
y' "=}/ in (ii), and we get 
'2axx + 2A {xy' + xy) + 2byy+2gx + 2fy + c = ax'* 

+ 2hxy + 6y^ 

Add 2ffx' + 2fy + c to both sides : then, since {x\ y) is 
on the conic, the right side will vanish; and we get for the 
equation of the tangent 

axx + h (y'x + xy) -f byy +g{x + x')+f(2/-{-y')+c==0. 

It should be noticed that the equation of the tangent 
at {x\ y) is obtained from the equation of the curve 
by writing xx for a^y y'x + xy for 2xy, yy for y*, x-^-a! for 
2x, and y-\-y for 2y. (cd). 

178. lb ^nd the condition that a given straight line 
may be a tangent to a conic. 

Let the equation of the straight line be 

Za: + my + n = (i). 

The equation of the straight lines joining the origin to 
the points where the line (i) cuts the conic <f>{x, y) = 0, 
are given [Art. 38] by the equation 

ax'+2lixy+b7f'-2{gx+fy) ^^'^^^ 



+ c 



n 
'Ix + 'iny\* 



(^^)-0 (ii). 



If the line (i) be a tangent it will cut the conic in 
coincident points, and therefore the lines (ii) must be 
coincident. The condition for this is 

s. c. s. 13 
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(an' — 2ffln + cP) (6/i' - 2fmn + cm*) 

— (An* —fin --gmn + cZm)*, 

or Z" (6c -/*) + m* {ca - 51*) + n* (a6 - A') + 2mn ((jrA -/a) 
+ 2nZ (A/- ^6) + 2Zm (^ - Ac) = (iii). 

The equation (iii) may be written in the form 
JIZ" + i?m" + C;i* + 2Fmn + 2 G^nZ + 2£r/m = 0. . .(iv), 
where the coefficients A, B, C, &c. are the mki6ra of 
tty b, c, &c. in the determinant t&ititJ^n^ 

A. \ f 



9^f> c 



(^). 



179. To find the equation of Hie polar of any point with 
respect to a conic. 

It may be shewn, exactly as in Article 76, 100, or 118, 
that the equation of the polar is of the samefonn as the 
equation of the tangent. 

The equation of the polar of {x\ y) is therefore 

axx^-h {%/x 4- x'y) + hyy + g («?+«') +/(y +y') + <? = 0, 

or x{ax'^hy+g) •\-y{hx + byr'\-f)+gx' +//+ c = 0. 

The equation of the polar of the origin is found by 
putting a?' = y' = in the above ; the result is 

gx-\^fy+c = 0. 

180. If two points P,Q be such that Q is on the polar 
ofP with respect to a conic, then will F be on the polar of 
Q witlh respect to iJiat conic. 

Let the co-ordinates of P be x\ y\ and those of Q 



x". f. 



The equation of the polar of P is 
axx'\r A (21 X + xy) + byy + g {x + x') +/(y + y) +c = 0. 

Since (x\ ?/') is on the polar of P, we have 
axW'+h(ifx''+xy')+byy+g{x'+x'')+f(y'^y^') + c^O. 

The symmetry of this result shews that it is also 
the condition that the polar of Q should pass through P. 
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If the polars of two points P, Q meet in i2, then 22 is 
the pole of the line PQ. 

For, since R is on the polar of P, the polar of R will 
go through P; similarly the polar of iJ will go through Q; 
and therefore it must be the line PQ. 

If any chord of a conic be drawn through a fixed point 
Qy and P be the pole of the chord ; then, since Q is on the 
polar of P, the point P will always lie on a fixed straight 
line, namely on the polar of Q, 

Def, Two points are said to be conjugate with respect 
to a conic when each lies on the polar of the other. 

Def. Two straight lines are said to be conjugate with 
respect to a conic when each passes through the pole of the 
other. Conjugate diameters, as defined in Art. 127» are 
conjugate lines through the centre. 

181. If any chord of a conic be drawn through a 
point it will he cut harmonically/ hjj the curve and 
the polar of 0. 

Let OPQB be any chord which cuts a conic in P, B 
and the polar of with respect to the conic in Q. 

Take for origin, and the line OPQR for axis of x ; 
and let the equation of the conic be 

aa;»+2A^ + V4-25ra: + 2/y + c= 0. 

Where y = cuts the conic we have 

as? + igx + c = ; 

1 2/7 



" OP^ OR c 
The equation of the polar of is 

5ra;+/y + c = 0; 
1 _i 

''~0Q^ 

From (i) and (ii) we see that 

OP'^OR^OQ' 



+ yi-r> = — r W- 



.(ii). 



13—2 
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182. To find the locris of the middle points of a system 
of parallel chords of a conic. 

Let {Xy y) and {x\ y") be two points on the conic. 
The equation 

13 the equation of the straight line joining the two points. 

In (i) the coefficient of a: is a (a?'+ x") + A(y' + y") + 2^, 
and the coefficient of y is A (x + x") + J (y' + y) 4- 2/; 
hence if the line is parallel to the line y = mx, we have 

a(a;-+a;-0 + A(y- + y")+2flr 

'^'" A(;c'+a;") + 6(y' + y") + 2/ ^ ^• 

Now, if {Xy y) be the middle point of the chord joining 
{x\ y') and (a? , y"), then 2x=^x + x\ and 2y = y' + y" ; 
therefore, from (ii), we have 

^^ ax + hy+g 

hx + by+f 

or ar (a + wiA) +y (A + wi6) +g + mf=^ 0...(iii), 

which is the required equation. 

If the line (iii) be written in the form y = vix + k, then 
we have 

, a-hmh 

or a+h{m + m')+bmTn=0 (iv). 

This is the condition that the lines y = mx and y = mx 
may be parallel to conjugate diameters of the conic given 
by the general equation of the second degree. (a>). 

183. To find the condition that the two lines given by 
the equation Ao? + 2nxy + -By* = may be conjugate dia- 
meters of the conic aa? + 2hxy + 6y* = 1. 

If the lines given by the equation Aof-\-2Hxy-\-By^=^0 
be the same as y — mx = 0, and y — m!x = ; then 

m + m = — 2 -j;^ , and mm = -jz . 
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But y^mx= and y— m'aj=0 are conjugate diameters 
if a + A (r?i + wi') + 6mm' = 0. 

Therefore the required condition is 

or aB + bA=^ 2hH. («). 

[The above result follows at once from Articles 155 
and 58.] 

Ex. 1. To find the equation of the equi-eonjugate diameters of the eonie 

The straight lines through the centre of a oonio and any ooncentrio 
circle give equal diameters. Through the intersections of the conic and 
the circle whose equation is X (x* + ^ + 2ay cos w) == 1, the lines 
(a - X) ac2 + 2 (fc - X cos w) afy + (6 - X) y»=0 pass. 

These are conjugate if 

6(a-X) + a(6-X)=2fc(fc-Xcos«). 
Substituting the value of X so found, we have the required equation 

ax' + 2Jucy + by* .- -sx — — (as* + «* + 2xu cos to) = 0. 

Ex. 2. To shew tliat any two concentric conice have in general one 
and only one pair of common conjugtUe diameters. 

Let the equations of the two conies be 

ax«-t-2/ury + 6y2=l, and a'^ + 2h'xy + h'y*=^l. 
The diameters Ax^-\-2Hxy + By*=:0 are conjugate with respect to 

both conies if 

Ah-2Hh-\-Ba=zO, 

and ^6'-2Z/V+jBa'=0; 

A --2H_ ^ 

•*• ha' -ah'^'ah' -a'b" hh' -b%' 

The equation of the common conjugate diameters is therefore 
{ha' - a^O x» - [ah' - a'b) xy + (6 V - Vh) y« = 0. 

Since any two concentric conies have one pair of conjugate diameters 
in common, it follows that the equations of any two concentric conies 
can be reduced to the forms 

ax' + 6y"=l, a'x*+6y=l. 
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184. To find the length of a straight line drawn from 
a given point in a given direction to meet a conic. 

Let {x\ y) be the given point, and let a line be drawn 
through it making an angle d with the axis of x. The 
point which is at a distance r along the line from {x\ y') is 
(a?' + rco8 5, y' + rsin5), the axes being supposed to be 
rectangular ; and, if this point be on the conic given by the 
general equation, we have 

a(^'+ r cos fff'\-2h (x +rco3 0) (y'+ r sin 0) + 6(y'+r8infl)* 

+ 25r (a?' + r cos 5) + 2/(3^ + r sin ^ + c = 0, 

or r^{a cos* + 2h sin cos 5 + 6 sin' 0) 

+ 2r oo85((w:'+ Ay' +5r) + 2r sin 5 (Aa:'+ 6y+/) + <^ (a;', y) =0. 

The roots of this quadratic equation are the two values 
of r required. 

185. If the point (x, y') be the middle point of the 
chord intercepted by the conic on the line, the two values 
of r, given by the quadratic equation in the preceding 
Article, will be equal in magnitude and opposite in sign ; 
hence the coefficient of r must vanish ; thus 

{ax' + hy+g) cos + Qiaf + hy +f) sin = 0. 

If the chords are always drawn in a fixed direction, so 
that is constant, the above equation gives us the relation 
satisfied by the co-ordinates x\ j/ of the middle point of 
any chord. 

The locus of the middle points of chords of the conic 
which make an angle with the axis of a? is therefore a 
straight line. [See Art. 182.] 

186. The rectangle of the segments of the chord 
which passes through the point (of, y') and makes an angle 
with the axis of Xy is the product of the two values of r 
given by the quadratic equation in Art. 184; and is equal to 

a Go^0 + 2A. sin 5 cos 5 + 6 sin*^ * 

Cor. 1. If through the same point {x\ y') another 
chord be drawn making an angle ff with the axis of x, the 
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rectangle of the segments of this chord will be 

^(^',y') 

a cos'' 6^ + 2A8mi:/'cosd'' H- 1 sin'tf'* 

Hence we see that the ratio of the rectangles of the seg- 
ments of two chords of a conic drawn in given directions 
through the same point is constant for all points, including 
the centre of the conic, so that the ratio is equal to the 
ratio of the squares of the parallel diameters of the conic. 

Cor, 2. The ratio of the two tangents drawn to a conic 
from any point is equal to the ratio of the parallel diame- 
:ers of the conic. 

Cor, 3. If through the point {x\ y") a chord be drawn 
&S0 making an angle 6 with the axis of x^ the rectangle 
oi the segments of this chord will be 

"^(^Vv!) . 

a cos* d + th sin cos d+b sin* ' 

llence the ratio of the rectangles of the segments of 
any two parallel chords drawn through two fixed points 
(jc, jf) and {x\ y") is constant and equal to the ratio of 
4> {x\ y') to <^ {x'\ y"\ 

Gor^ 4. If a circle cut a conic in four points P, Q, J2, 8^ 
the line PQ joining any two of the points and the line RS 
joining the other two make equal angles with an axis of 
the conic. 

For, if PQ and RS meet in T, the rectangles TP . TQ 
and TR . TS are equal since the four points are on a circle. 
Therefore by Cor. 1, the parallel diameters of the conic are 
equal ; and hence they must be equally inclined to an axis 
of the conic. 

Ex. 1. If ay pt y^ Z he t^ eccentric angUt of the four joints of inter- 
section of a circle and an eUipse^ then tviU a+/9+7 + d=2ni-. 

The equations of the lines joining a, /3 and 7, d are 

-C08j(o+/5) + '|8inJ(o+/9)=C08j(a-/8), 
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and -cosl(7 + 8)+|smJ(7+8)=co8i(y-«). 

Theso two ohprds are equally indined to the axis by Cor. 4 : therefore 
tani(a+/3) = -tanJ(7+8), or i(a+/3)=7n-- J(7+a); therefore 

a+/J+7 + a=2nfr. 

Ex. 2. A focal chord of a conic varies as tlie square of tlie paraUel 
diameter. [See Art. 161.] 

Ex. 9, If a triangle circumscribe a conic tlie three lines from the ■ 
angular points of the triangle to the points of contact of the opposite sides 
wiU meet in a poijU, 

Let the angular points he A, B, C and the pomts of contact of the 
opposite sides of the triangle be A\ B*, C\ also let r^ r,, r, be the semi-; 
diameters of the conic parallel to the sides of the triangle. Then 

BA* : BCz^r^ : r,; CB' : C4'=ra : r^; and AC : AB'=r^ : 7,. 
Hence BA' . CB' . AC^BG. AB* . CA\ 

which shews that the three lines meet in a point. . 

Ex. 4. If a conic cut the three sides of a triangle ABC in the poiits 
A' and A", B' and B", C and C respectively, tlien will ^,Z 

BA\BA'\CB\CB".A€r.AC'=BC.BC\CA\CA''.AD'.AB"i \.x 

(C amofs Theorem. "^ 

[BA' . BA" : BC . BC'=r^ : r,», and so for the others ; r„ rj, r, Ceing 
the semi-diameters of the conic parallel to the sides of the triangle «3 

Ex. 5. If a conic touch all the sides of a polygon ABCD.'.... the 

points of contact of the sides AB, BC being P, Q, B, S ; then will 

AP,BQ.CR.DS be equal to PB .QC .RD 

187. If S be written for shortness instead of the left- 
hand side of the equation 

and 8' be written instead of the left-hand side of the 
equation 

aV+ 2hxy + by + 2gx + 2fy + c' = 0, 

then S — XS' = is the equation of a conic which 
passes through the points common to the two conies 
5 = 0, ig'=0. 

For, the equation S— X5' = is of the second degree, 
and therefore represents some conic. Also if any point be 
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Oil both the given conies, its co-ordinates will satisfy both 
the equations S=0 and /8'=0, and therefore also the 
equation /S — X fi" = 0. 

By giving a suitable value to X, the conic S — XS' = 
can be made to satisfy any one other condition. 

If the conic iSf = really be two straight lines whose 
equations are Ix + my + n = and I'x + my + n' = 0, which 
for shortness we will call u = 0, and t; = 0, then <S> — X ut; = 
will, for all values of X, be the equation of a conic passing 
through the points where 5 = is cut by the lines w = and 

If now the line v = be supposed to move up to 
and ultimately coincide with the line w = 0, the equation 
jS — X tt' = will, for all values of X, represent a conic 
which cuts the conic S= in two pairs of coincident points, 
where 5 = is met by the line u = 0. That is to say 
jSi — Xtt" = is a conic touching 5=0 at the two points 
where S^O is cut by tt = 0. («). 

Ex. 1« All conies through the points of intersection of tvo rectangular 
hyperbolas are rectangvXar hyperbolas. 

If 5=0, S'=0 be the equations of two rectangular hyperbolas, all 
conies through their points of intersection are included in the equation 
S - XS'=0. Now the sum of the coeflScfents of «• and y> in S - X S'=0 
will be zero, since that sum is zero in S and also in S\ the axes being at 
right angles. This proves the proposition. [Art. 175.] 

The following are particular cases of the above. 

(i) If two rectangular hyperbolas intersect in four points, the line 
joining any two of the points is perpendicular to the line joining 
the other two. (For the pair of lines is a conic through the points 
of intersection.) (ii) If a rectangular hyperbola pass through the 
angular points of a triangle it wiU also pass through the orthocentrc. 
(For, it At £t Che the angular points, and the perpendicular from A on 
DC cut the conic in D ; then the pair of lines AD, BC is a rectangular hy. 
perbola, since these lines are at right angles ; therefore the pair BD^ AC 
is also a rectangular hyperbola, that is to say the lines are at right 
angles.) 

Ex. 2. If two conies have their axes parallel a circle will pass 
through their points of intersection. 
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Take axes parallel to the axes of the conies, their equations will 
then be aac? + fry* + 2pflr+ 2/y + c =0, 

and o'x» + &y+2/;'x+2/y + c'=0. 

The conic ax*+6ya+2^x+Vy+c + X(a'4f* + 6y+2^x + 2/V + c') = will go 
through their intersections. But this will be a circle, if we choose X so 
that a+Xa'=& + Xb', and this is clearly always possible. 

Ex. 8. If TP, TQ afu{ TF, TQ' be tangents to an eUipte, a conic 
vUlpau through the iixpointM T, P, Q, T, F, Q'. 

Let the conic be ax*-\-by*=l, and kt T be (a/, y') and T' be 
(oT, y"). The equations of PQ and P'Q' will be aj:jp' + 6yy'-l = and 
<wu5" + ftyy" -1 = 0, The conic 

X(aa:» + fty»- 1) - (oaac' + ftyy'-l) (oasr" -I- ftyy - 1)=0 
will always pass through the four points P, Q, P', Q'. It will also pass 
through T if X be such that 

X(«^+fty^-l)-(aa^»+6y'«-l)(«j'x''+fcy'y"-l) = 0. 
or if X=aa:'«"+6y'y"-l. 

The symmetry of this result shews that the conic will likewise pass 
through T', 

Ex. 4. If two chords of a conic he drawn through two points on 
a diameter equidistant from tlie centre, any conic through the extremities 
of those chords will be cut by that diameter in points equidistant from the 
centre. 

Take the diameter and its conjugate for axes, then the equation of 
the conic will be aa^^+^y^^l. Let the equations of the chords be 
y-ifi(af-c)=0 and y - to' (a; + c) = 0. Then the equation of any conic 
through their extremities is given by 

fla5»+6y«-l-X{y-iii(x-c)}{y-TO'(a:+c)}=b. 

The axis of x cuts this in points given by aa:*-l-XTOTO'(x*-c')=0, 
and these two values of x are clearly equal and opposite whatever X, m 
and to' may be. 

As a particular case, if PSQ and P'S^Q* be two focal chords of a conic, 
the lines PF* and QQ' cut the axis in points equidistant from the centre. 

188. To jind the equation of the pair of iangenta 
drawn from any point to a conic. 

Let the equation of the conic be 

aa? + 2.hxy -^hrf '\'2gx-\'2fy -k- c = (i). 

If {afy i/) be the point from which the tangents are 
drawn, the equation of the chord of contact will be 



THE DIKECTOR CIRCLE. 203 

The equation 

aa? + 2hxi/ + by* •{- 2gw '\- 2fy + c 
= \ {axx' + h {xy' + yx) + %' + <7 (a? + a;') H-/(y + y ) + c}* 

(ii) 

represents a conic touching the original conic at the two 
points where it is met by the chord of contact. The two 
tangents are a conic which touches at these two points and 
which also passes through the point {x\ 'if) itself. The 
equation (ii) will therefore be the equation required if X 
be so chosen that {x\ y) is on (ii) ; that is, if 

ax* + 2hxy + hf* + 2gx' + 2fy + c 
= \ {ar" + 2hxy + by'* + 2gx + 2/y' + c}^ 

Therefore 
l==\{a;r'« + 2Aa:y + 6y'' + 25ra^ + 2// + c}=X<^(ar',y). 

Substituting this value of X in (ii) we have 

(a«» + 2hxy + 6/ + 2gx + 2fy + c) <^ {x\ y ') 
= [axx + A ixy' 4- y/) + hyxj + fir (a; + x) •\-f[y + y) + c}', 

which is the required equation. (w). 

The above equation may be found in the following manner. 

Let TQ, TQ' be the two tangents from (jf, /), let P (x, y) be any 
point on TQ, and let TN^ PM be the perpendioulars from T and P on the 
chord of contact QQ\ 

rr» P(? PM^ ... 

Tlien T^i-fN^ ^^)- 

But [Art. 186, Cor. 3] JJ^^^gj)), 

and [Art. 81] 

PM* _ {axif + h (xj/'j- y3f) + byr/+g{x+af) +f{y+ i/Hjs)^ . 

therefore from (i) we have 

4>(x,y)ip(x',t^ = {ax3f'\-h{xi/+y3^ + hyi^+g{x+!gf)+f{}/+tf') + c}\ 

189. To find the equation of the director-circle of a 
conic. 

The equation of the tangents drawn from (x\ y') to the 
conic given by the general equation is 
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((Mr* + 2Aay + hy^ + 2gx + 2/y + c) </> {x\ y') 
^[axx' + h{an/ +yx)'\-hyy '\-g(x-\'X)'\-f(jf + jf)-\-c]\ 

The two tangents will be at right angles to one 
another if the sum of the coefficients of a:' and y* in the 
above equation is zero. This requires that 

(a + h) {ax^ + ilix'y' + 6/' + ^x + 2// + c) 

The point {x\ y) is therefore on the circle whose 
equation is 

or Ca:» + Cy-2(?a7-^2J?V+^+i?=0 (i), 

where -4, B, 0, i^, (?, if mean the same as in Art. 178. 
If A* — a6 = 0, the equation reduces to 

or 2Ga: + 2i^y-.4-i?=0 (ii). 

The conic in this case is a parabola, and (ii) is the 
equation of its directrix, 

Ex. 1. Trace the curve 11«» + 2ixy -I- 42r - 2x + 16y + 11 =0, and shew 
that the equation of the director-circle is x* + y' + 2x - 2y = 1. 

Kx. 2. Shew that the equation of the directrix of the parabola 
ic'+2apy+y»-4x + 8y-6=0 is 8aj-3y + 8 = 0. 

190. To shew that a central conic lias four and only 
four fod^ two of which are real and two inuu/inary. 

Let the equation of the conic be 

a;c* + 6y*-l=0 (i). 

Let {x\ y^ be a focus, and let a?cosa + ysina— 1) = 
be the equation of the corresponding directrix ; then if e 
be the eccentricity of the conic, the equation will be 

(a? — a?')" + (y — y')' — c* (a? cos a +y8ina — p)' = 0...(ii). 



THE Foa. 205 

Since (i) and (ii) represent the same curve, and the 
coefficient of xy is zero in (i), the coefficient of xy must be 

zero in (ii) ; hence a is or ^ . 

mi 

Hence a directrix is parallel to one or other of the 
axes. 

Let a = 0, then since the coefficients of x and y are 
zero in (i), we have y' = and a! = e'|). 

Also, by comparing the other coefficients in(i) and (ii), 
we have 

a_ _b _ -1 

*■• '^^(^"S '^")' 

apx =^ 1 (iv), 

and a;'* = -,- (v). 

From (v) we see that there are two foci on the axis of 

X whose distances from the centre are ±a/( r). 

From (iv) we see that a directrix is the polar of the 
corresponding focus. 

If a = -- , we can shew in a similar manner that there 

are two foci on the axis of y whose distances from the 

centre are i A/ir )• Of the two pairs of foci one is 

clearly real and the other imaginary, whatever the values 
of a and 6 (supposed real) may be. 

The eccentricity of a conic referred to a focus on the 
axis of X is from (iii) equal to a/ ll —r); the eccentricity 
referred to a focus on the axis of y will similarly be 
1 — J • If the curve bo an ellipse a and b have the 
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same sign, and one of these eccentricities is real and the 
other imaginary. If however the curve be an hyperbola, 
a and b nave different signs and both eccentricities are 
real. 

In any conic, if e^ and c, be the two eccentricities, we 
have 

— f- — = I = 1, 

e* e^ a — 6 b — a 

191. To find the eccentricity of a conic given by the 
general equation of the second degree. 

By changing the axes we can reduce the conic to the 
form 

cta;*-f)8j^ + 7 = 0... (i). 

If e be one of the eccentricities of the conic, 

a = /9(l-e') (ii). 

But [Art. 52], we know that 

a + i8 = a + 6 (iii), 

and o^ = a6.— /i' (iv). 

Eliminating a and p from the equations (ii), (iii) and 
(iv), we have 

(2-e^« ^ (rf-h6 )' 

^^ ^+ ab^h^ (e'-l)=0 (v). 

If tlie curve is an ellipse, ab — h^ is positive, and one 
value of e* is positive and the other negative. The real 
value of e is the eccentricity of the ellipse with reference 
to one of the real foci, and the imaginary value is the 
eccentricity with reference to one of the imaginary foci. 

If the curve is an hyperbola both values of e^ are 
positive, and therefore both eccentricities are real, as we 
found in Art. 190; we must therefore distinguish between 
the two eccentricities. 

The signs of a and fi in (i) are different when the curve 
is an hyperbola; and, if the sign of a be different. from 
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that of 7, the real foci will lie on the axis of a. Hence 
to find the eccentricity with reference to a real focus; 
obtain the values of a and fi from (iii) and (iv), then (li) 
will give the eccentricity required, if we take for a that 
value whose sign is dififerent from the sign of 7. 

Ex. Find the eooentridty of the conic whose equation is 

jp' - 4xy - 2y> + lOx + 4y = 0. 

The eqnation referred to the centre is 2* - 4xy - 2y* * 1 = 0. This will 
become 0x^+^^-1=0, where a+/3=-l and a/9=-6. Hence a=2, 
/9 = -3. The eccentricity with reference to a real focus is given by 
*2 = -3(l-«-}; therefore «=>/{• 

192. To find the foci of a conic. 

Let (x\ y) be one of the foci of the conic 

aaj' + 2^4-iy"+25ra; + 2/y + c = (i). 

^ The corresponding directrix of the conic is the polar of 
{x\ 1/) ; therefore its equation is 

a; (aa;' + *y' + //) + y (Aa?' + 6/ +/) + 5ra?' +/y + c =« 0. 

The equation of the conic may therefore be written in 
the form 

+^^'+/y + c}' = (ii). 

Since (i) and (ii) represent the same curve, the coeflS- 
cients in (ii) must be equal to the corresponding coefficients 
in (i) multiplied by some constant. We have therefore 

l-X(aa?' + Ay' + 5r)' =ia, 

-X(aa?' + Ay + (7) (Aa^ + ty+Z) =H, 

l-X(Aa;' + J/+/)' «ifc6, 

^af-^\lax'-vhif-\-g) {£x+fif + c) -^^kg, 

-y'-\{haf^hy'¥f){ja/^fif^c) ^If 
and a:'" + y'* - X {gx +^' + c)' = kc. 

From the first three of the above equations we have 
(ax + luf + gr - (hx' + hxf +/*) 



a—b 



_ (ax' + h2/ + g) (li x' + b/+f) .... 

— j •••lllLi. 
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Multiply the fourth and fifth equations by x', j/ respec- 
tively and add them to the sixth ; then, comparing with 
the second, after rejecting the factor gx +ftf' + c, we get 

x'{fltif + hy+g)+y' Qix' + 6/ +/) + gx' +fy' + c 

_ { ax' + hj+g) ( hx' + bg' + f) 

~' " ~h 

or ^ (.', g') = (f^h:±9n hx' + bj/+ /)^^^^ 

The four foci arc therefore from (iii) and (iv) the four 
points of intersection of the two conies 

(ax + hi/+ gY - (fcc + hy +/ )* ^ (ax + hy -{-</) (hx + btf+f) 
tt — 6 h 

= ^(a?, y). 

193. The equation of a conic referred to a focus as 
origin is a?* + y* = e' (x cos a + y sina — p)\ 

Either of the lines x ± J^ 1 y = meets the conic in 
coincident points. 

Hence the tangents from the focus to the conic are the 
imaginary lines x ±y J— 1 = 0, or as one equation 

a;« + y* = 0. 

Since the equation of the tangents from a focus is in- 
dependent of the position of the directrix, it follows that 
if conies have one focus common they have two imaginary 
tangents common, and that confocal conies have four 
common tangents. 

Now if the origin and axes of co-ordinates be changed 
in any manner, the equation of the tangents from a focus 
will be changed from 

aj« +y* = to a;'-|-y*+ 2yic + 2/y + c = 0. 

Hence the equation of tlie tangents to a conic from it 
focus satisfies the conditions for a circle. 

We may therefore find the foci of a conic in the 
following mapner. 
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The equation of the tangents from (x\ y') to the conic 
^ {x, y) = is 

(ax' + 2hxy + 6/ + 2gx + 2/y -f c) <f> {x\ y') 

= [ax'x 4- h {xy + i/x) + % y ^-^^ (a; + a?') +/(y + yO + c}'. 

If {si y y') be a focus of the conic, this equation satisfies 
the conditions for a circle, viz. that the coeflScients of a? 
and y' are equal, and that the coefficient of xy is zero. 

Hence we have 
«* {^\ yl - (cix' + Ay +^)' = bcf> {x\ y') - {hx' + 6/ 4- /r, 
and hxt> {x, yO = (aa;' + Ay' + y) (Aa?' + bi/ +/). 

The foci are therefore the points given by 
(a x + Ay + gy - (Ax + by +/) * 

_ (ax + hy + y) (Aa; + 6y +/) _ . . . 

;^ 9 1^* y> 

The equations giving the foci may be written 
\dx) \dy) dx dy ., 

— ITT^ — I **• 

194. To find the equation of tlie axes of a conic. 

The axes of a conic bisect the angles between the 
asymptotes, and the asymptotes are parallel to the lines 
given by the equation aa:^+ 2hyx + 6y'= [Art. 174]. Hence 
[Art. 39] the axes arc the straight lines through the centre 
of the conic parallel to the lines given by the equation 

a — b h 

We may also find the equation of the axes as follows. 

If a point Pbe on an axis of the conic, the line joining 
P to the centre of the conic is perpendicular to the polar 
of P. 

Let x\ if be the co-ordinates of P, then the equation 
of the polar of P is 

»(aa:'+Ay'+y) + y(Ax'+6y+/)+ya?'+/y'+c = 0...(i). 

S. C. S. 14t 
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The equation of any line through the centre of the 

conic is ax+hj+ff + \{hx+bif'^f)==0 (ii). 

Since (ii) is perpendicular to (i), we have 

{a+\h) {ax'-\-hiy+g) + (A+Xi) {hx'+bry+f) =0. . .(iii). 

Since (ii) passes through {x\ y'), we have 

ax -\-hy' +ff'\-X{hx' + hy' +f) =0 (iv). 

Eliminate X from (iii) and (iv), and we see that {x\ y') 
must be on the conic 

(cup + Ay + ff )'- [ hx 4- 6y -f / )' (aj; + Ay + ,g)(fcp-f &y+/ ) 
a-6 " ^ h ' 

which is the equation required. 

The equation of the axes may also be deduced from 
Article 192 or 193; for one of the conies on which we have 
found that the foci lie passes through the centre, and 
therefore must be the axes. 

Ex. 1. Shew that aU oonics through the four foci of a conic are 
rectangular hyperbolas. 

Ex. 2. Prove that the fod of the oonio whose eqoation is 

lie on the curves 

7?-y^ ^xy _ 1 

a-6 "" h '~ h*-ab* 
Ex. 8. Shew that the real foci of the oonio 

x9-6«y+y«-2x-2y + 6=0are (1, 1) and (- 2, -2). 
Ex. 4. The co-ordinates of the real foci of 2x* - Sx^ - 4y* - 4y + 1 = 

•re (0'2)'^<l(-3'-|)- 

Ex. 5. The focus of the parabola ^ + 2xy + yS . 4a; + 8y - 6=0 is the 
point (- i, - {). 

Ex. 6. Shew that the product of the perpendiculars from the two 
imaginaiy feci of an ellipse on any tangent to the curve is cfiual to the 
square of tho semi-major axis. 

Ex. 7. Shew that the foot of the perpendicular from an imaginaiy 
focus of an ellipse on the tangent at any point lies on the circle 
described on the minor axis as diameter. 
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Ex. 8. If a oircle have doable contact with an ellipse, ahew that the 
tangent to the circle from any point on the ellipse varies as the distance 
of that point from the chord of contact. 

195. To find {hs equation of a conic when the c^ xes 
of co-ordinates are the tangent andjiormal at any point. 

The most general form of the equation of a conic is 
ax^+ 2hxy + bif '[' 2gx -^ 2ftf -h c ^ 0. 

Since the origin is on the curve, the co-ordinates (0, 0) 
will satisfy the equation, and therefore c = 0. 

The line y = meets the curve where aa^ -f 2gx = 0. 
If y = is the tangent at the origin, both the values of x 
given by the equation cuc*-f 2(jra? = must be zero; there- 
fore g = 0. 

Hence the most general form of the equation of a conic, 
when referred to a tangent and the corresponding normal 
as axes of x and y respectively, is 

aa;'4-2Aa:y-f V + 2/y =0. 

Ex. 1. All cJtords of a conic which tubtend a right angle at a fixed 

point on the conic, cut the normal at in a fixed point. 

Take the tangent and normal at O for axes; then the equation 

of the conic will be 

<ur« + 2fery + fty' + 2/y = 0. 

Let the equation of PQ, one of the chords, be Lr+m^-l=0. The 
equation of the lines OP, OQ wiU be [Art. 88] 

a3^ + 2hxy + bg*-\'2fy(lx + mg)=0 (i). 

But OP, OQ are at right angles to one another, therefore the sum of 
the coefficients of x* and y^ in (i) is zero. Hence we have a + & + 2/m=0 ; 
which shews that m is constant, and m is the reciprocal of the intercept on 
the normal. 

Ex. 2. If any two chords OP, OQ of a conic make equal angles with 
tJie tangent at O, the line PQ will cut that tangent in a fixed point, 

196. The equation of the normal at any point {x\ y) 
of the conic whose equation is aa? + 6y* = 1 is 

x^ x' y-^y' 
ax' by' 

14—2 
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This will pass through the point (h, k) if 

A — a?' __ fc — y' 
dx' " by ' 
i. e. if xy' (a — 6) + bhy' — akaf = 0. 

Therefore the feet of the normals which pass through a 
particular point (A, k) are on the conic 

xy {a — b) '\-bhy^akx=^ (i). 

The four real or imaginary points of intersection of the 
conic (i) and the original conic are the points the normals 
at which pass through the point {h, k). 

The conic (i) is clearly a rectangular hyperbola whose 
asymptotes are parallel to the axes of co-ordinates, that is 
to the axes of the original conic. It also passes through 
the centre of that conic, and through the point {h, k) itself. 

197. If the normals at the extremities of the two 
chords Zjj+ wy — 1 = and Z'j; + m'y — 1 = meet in the 
point (A, A'), then, for some value of X, the conic 

cw:;» + 6/- 1 -X (fe + »iy- 1) (ra; + w'y - 1) = 0...(i), 

which, for all values of X, passes through the four extremities 
of the two chords, will [Art. 196] be the same as 

xy {a --b) -\- bhy — akx =^ (ii). 

The coefficients of x* and y*, and the constant term are 
:ill zero in this last equation, and therefore they must be 
zero in the preceding. 

We have therefore 

a-XZf = 0, 6-Xm?n' = 0, and l-fX = 0. 

Hence, if the normals at the ends of the chords 

Ic + viy —1 = and Z'a? + my — 1=0 meet in a point, we 

Iiave 

II jn/ni - ..... 

- =— ^ = -1 (ni). 

ah 

198. By the preceding Article we see that normals to 
the ellipse whose axes are 2a, 2b at the extremities of the 
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chords whose equations are 

fo -f my — 1 = 0, and Vx + iriy —1=0, 

will meet in a point, if 

a'«' = 6'mm' = -l (i). 

If the eccentric angles of these four points be a, P and 
7, S, the equations of the chords will be 

a? o + i8 . y . a + ^ a — p 

- cos —^ — f- r sin — ^r~ = cos ~^- 
a 2 b 1 Z 



and 



a; 

-cos 

a 



y+S?/. 7+8 7 — 8 

2 +6^^ 2 ="°" 2-- 



We have therefoi*e, by comparing with (i). 



cos 



a + P 7 + 8 a-^ 7-8 

+ cos — ^ - cos ~— = ^» 



cos 



2 



and 



sm -^^ sm -^ + cos -^— 

By subtraction, we have 

a + )8 + 7+ 8 



7 — ^ A 
cos -^ — = 0. 



cos 



-'-- =0, 



whence a +^ + 7 + 8= (2n + l) ir (ii). 

Also the first equation gives 

a + ^ + 7-:-S. a + y9-7-8 + 7-/8-8 
cos — - - "2 + cos —^ + cos 2^~ 

a + S-^-7 ,, 

and, using the condition (ii), this becomes 

sin (a + /8) + sin (/S + 7) + sin (7 + a) = 0...(iii). 

Ex. 1. If ABC he a maximum triangle inscribed in an ellipse, the 
normals at At B, C vill meet in a point. 

The eooentrio angles wiU be a, a +-3- , and a-\-\- [Art. 188]. The 
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oanditioii that the normals meet in a point ia [Art. 198 (iii)] 

Bin2o+Bin r2a+~^ +Bin ^2tt+y ^ =0, 

which is clearly tme. 

Ex. 2. The normals to a central conic at the four points P, Q, i2, S 
meet in a pointy and the circle through P, Q, R cuts the conic again in 5*; 
shew that SS' is a diameter of the conic, 

SS' will be a diameter of the conic if JtS and RS' are parallel to 
conjugate diameters [Art. 1S4]. 

Now if PQbe Ix+my -1=^0, JtS will beyx + ^y + l=0 [Art. 197]; 

also RS* will be parallel to Ix-my—O^ since P, Q, i2, S' are on a circle; 

hence iSS' is a diameter, for [Art. 182] Ix-my^O, and -zx+ —y=0 are 

t m 

conjugate diameters of ax* +by*=l, 

[The proposition may also be obtained from Art. 198 (ii), and 
Art. 186, Ex. (1).] 

Ex. S. If the normals to an ellipse at A, B^ C, D meet in a point, the 
axis of a parabola through A^ B, C, D is parallel to one or other of the 
equi-conjugates. 

If A, ifc be the point where the normals meet, A, B^C,D are the four 
points of intersection of the conies 

-, + ^^ = landxy(^-.-^-,j + -^-^,=a 

All conies throagh the intersections are indaded in the equation 
a:2 t/ , ( /I 1\ hy kx) ^ 

If this bo a parabola the terms of the second degree must be a perfect 

X t/ 
sqoare, and therefore must be the square of - ± ~ . The equation of erezy 

such parabola is therefore of the form f - db | j + Ax+By + C=0. Their 

X 1/ 

axes are therefore [Art. 172] parallel to one or other of the lines - :L | =0. 

a o 

Ex. 4. The perpendicular from any point P on its polar with respect to 

a conic passes through a fixed point 0; prove (a) that tlie locus of P is a 

rectangular hyperbola, (/3) that the circle circumscribing the triangle which 

the polar of P cuts off from the axes always passes through a fixed point (/, 

(7) that a parabola whose focus is 0' will touch the axes and aU such 

polars, {8) that the directrix of this parabola is CO, where C is the centre 

of the conic, and (e) that and (y are interchangeable. 
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Let the equation of the conio ^e -i + ^ = It and let (A, k) be the co-or- 
dinates of the fixed point O. 

If the co-ordinates of any point P be (x', y')^ the equation of the line 
through P perpendicular to its polar with I'espect to the conic will be 

If this line pass through the point (A, A;), wo have 

^-7-=*'-*' (^)- 

From (i) we see that (a^, ^) is on a rectangular hyperbola (a). 

The equation of the circle circumscribing the triangle cut off from the 
axes by the polar of (x', tf) will be 

The circle will pass through the point (XA, - XA.) if 

' 7! y' 
Hence, if (ds^, y) satisfies the relation (i), we have 

Hence the circles all pass through the point (f whose co-ordinates are 

FTX«^'^+*** ^^' 

The point O' is on the circle circumscribing the triangle formed by the 
axes and any one of the polars; hence the parabola whose focus is 0' and 

which touches the axes will touch every one of the polars (7). 

The parabola touches the axes of the original conic, therefore the centre 
C7 is a point on the directrix of the parabola. Also the lines CO and 
C(y make equal angles with the axis of x, which is a tangent to the 

parabola; therefore 0' being the focus, CO is the directrix (5). 

Since CO'.CO=a^-b\ and CO, CCf make equal angles with the 
axis of X, and are on the same side of the axis of y, the points and 0' 
are interchangeable (e). 

199. Definition, Two curves are said to be similar 
and similarly situated when radii vectores drawn to the 
first from a certain point are in a constant ratio to 
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parallel radii vectores drawn to the second from another 
point 0\ 

Two curves are similar when radii drawn from two 
fixed points and 0' making a constant angle with one 
another are proportional. 

The two fixed points and 0' may be called centres of 
similarity, 

200. If one pair of centres of similarity exist for two 
curves, then there mill be an infinite number of such pairs. 

Let 0, 0' be the given centres of similarity, and let 
OP, OP" be any pair of parallel radii. Take G any point 
whatever, and draw O'C parallel to OG and in the ratio 
O'P' : OP, Then, from the similar triangles GOP, and 
CffP" wo see that GP is parallel to GP' and in a 
constant ratio to it ; which proves that G, G are centres of 
similarity. 

201. If two central conies he similar the centres of the 
two curves will be centres of similarity. 

Let and (7 be two centres of similarity. Draw 
any chord POQ of the one, and the corresponding chord 
FO'^ of the other. Then by supposition PO. OQiFO', OQ[ 
is constant for every pair of corresponding chords. But 
since is a fixed point PO , OQ is always in a constant 
ratio to the square of the diameter of the first conic which 
is parallel to it. The same applies to the other conic. 
Therefore corresponding diameters of the two conies are 
in a constant ratio to one another; this shews that the 
centres of the curves are centres of similarity. 

202. To find the conditions that two conies may be 
similar and similarly situated. 

By the preceding Article, their respective centres 
are centres of similarity. 

Let the equations of the conies referred to those 
centres and parallel axes be 

aa? + 2hxy + iy* + c =0, 
and aV + 2h'icy + by + c' == ; 
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or, in polar co-ordinates, 

r* (acos"^+ 2A sin ^ cos + b sin* ^) + c = 0, 
and r'^ {a' cos* + 2h' sin ^ cos ^ + V sin* ^} + c' = 0. 
If therefore r* : r** be constant, we must have 

a cos'^ + 2h sin ^ cos ^ + 6 sin*tf 
a' cos*^ + 2A' sin tf cos ^ + b' sin* tf 
the same for all values of 0, 

n h h 

This requires that ~7= p — p' Hence the asymptotes 

of the two conies are parallel. [This result may be obtained 
in the following manner : since r : r is constant, when one 
of the two becomes infinite, the other will also be infinite, 
which shews that the asymptotes are parallel.] 

Conversely, if these conditions be satisfied, and if each 
fraction be equal to X, then 

r» c_ 

therefore the ratio of corresponding radii is constant, and 
therefore the curves are similar. 

If c and \c' have not the same sign the constant ratio 
is imaginary^ and is zero or infinite if c or c' be zero. 

The conditions of similarity are satisfied by the three 
curves whose equations are 

xy = c, xy=: 0, and xy=—c. 

Therefore an hyperbola, the conjugate hyperbola, and 
their asymptotes are three similar and similarly situated 

curves ; the constant ratio being ^/ — 1 for the conjugate 
hyperbola, and zero for the straight lines. 

These curves have not however the same shape. For 
similar curves to have the same shape the constant ratio 
must be real and finite. 

203. To find the condition that two conies may be 
similar although not similarly situated. 

We have seen that the centres of the two curves must 
be centres of similarity. 
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Let the equations of the curves referred to their 
respective centres be 

aaj"-f 2A^+6y" + c =«0 (i), 

aV + 2A'a;y + 6y + c' = (ii), 

and let the chord which makes an angle with the aids of 
X in the first be proportional, for all values of tf, to that which 
makes an angle {0 + a) in the second. If the axes of the 
second conic be turned through the angle a, we shall then 
have radii of the two conies which make the same angle 
with the respective axes in a constant ratio. 

Let the equation of the second conic become 
-4V+ 2ira:y +iB'y + c' = 0. 

Then, by the preceding Article, we must have 

a A " 6' 
therefore ,- = ,, ^^ — ra\— . 

But [Art.52] AfS^a'+h^KaAA'F^IT^^a'V^K^) 
therefore the condition of similarity is 

(a+i)«" («' + &')"• 

The above shews that the angles between the asymp- 
totes of similar conies are equal. [See Art. 174.] 

This result may also be obtained in the following 
manner : since radii vectores of the two curves which are 
inclined to one another at a certain constant angle are in a 
constant ratio, it follows that the angle between the two 
directions which give infinite values for the one curve 
must be equal to the corresponding angle for the other, 
that is to say the angle between the asymptotes of the one 
conic is equal to the angle between the asymptotes of the 
other. 
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Examples on Chapter X. 

1. If Q and F be any two points, and C the centre of a 
conic; shew that the perpendiculars from Q and C on the polar 
of F with respect to the conic, are to one another in the same 
ratio as the perpendiculars from F and C on the polar of Q. 

2. Two tangents drawn to a conic from any point are in 
the same ratio as the corresponding normals. 

3. Find the loci of the fixed points of the examples in 
Article 195, for different positions of on the conic. 

4. FOQ is one of a system of parallel chords of an ellipse, 
and is the point on it such that PO" + OQ* is constant; shew 
that, for different positions of the chord, the locus of is a 
concentric conic. 

5. If be any fixed point and OFF^ any chord cutting a 
conic in F, jP, and on this line a point D be taken such that 

jjj^ = jy=j, + jTp^f the locus of J) will be a conic whose centre 

is a 

6. If OFFQQ^ is one of a system of parallel straight lines 
cutting one given conic in P, P' and another in Q, Qf^ and is 
such that the ratio of the rectangles OF. OF and OQ . OQ^ is 
constant; shew that the locus of is a conic through the inter- 
sections of the original conies. 

7. FOF'^ QOQ; are any two chords of a conic at right 
angles to one another through a fixed point ; shew that 

+ -TTT^ — T^T^, is constant. 



FO.OF Qo.oq 

8. If a point be taken on the axis-major of an ellipse, 

whose abscissa is equal to a j^ ~, — ^j, prove that the sum of 

the squares of the reciprocals of the segments of any chord 
passing through that point is constant. 
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9. If PF be any one of a system of parallel chorda of 
a rectangular hyperbola, and A^ A' h^ the extremities of the 
perpendicular diameter; PA and P'A' will meet on a fixed 
circle. Shew also that the worfs rectangular hjrperbola, and 
circle, can be interchanged. 

10. If PSF be any focal chord of a parabola and PJf, FM' 
be perpendiculars on a fixed straight line, then will 

PM F}£ 

p;s ■*" F;s 

be constant 

11. Chords of a circle are drawn through a fixed point and 
circles are described on them as diameters; prove that the 
polar of the |)oint with regard to any one of these circles 
touches a fixed parabola. 

12. From a fixed point on a conic chords are drawn making 
equal intercepts, measured from the centre, on a fixed diameter; 
find the locus of the point of intersection of the tangents 
at their other extremities. 

13. If (a/, y') and (a:", y") be the co-ordinates of the 
extremities of any focal chord of an ellipse, and £, g he the 
co-ordinates of the middle point of the chord ; shew that y' y" 
will vary as x. What does this become for a parabola ? 

14. Sf H are two fixed points on the axis of an ellipse 
equidistant from the centre C; PSQ, PHQ' are chords through 
them, and the ordinate MQ is produced to jf? so that MR may 
be equal to the abscissa of Q ; shew that the locus of i? is 
a rectangular hyperbola. 

15. S^ U are two fixed points on the axis of an ellipse 
equidistant from the centre, and PSQ^ PHQ' are two chords of 
the ellipse; shew that the tangent at P and the line QQ^ make 
angles with the axis whose tangents are in a constant ratio. 

16. Two parallel chords of an ellipse, drawn through the 

foci, intersect the curve in points P, F on the same side of the 

major axis^ and the line through P, F intersects the semi-axes 

AC* BG* 
CAf CB in Z7, Frespectively : prove that ^^, + y^ is invariable. 
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17. From an external point two tangents are drawn to an 
ellipse ; shew that if the four points where the tangents cut 
the axes lie on a circle, the point from which the tangents are 
drawn will lie on a fixed rectangular hyperbola. 

18. Prove that the locus of the intersection of tangents to 
an ellipse which make equal angles with the major and minor 
axes respectively, but which are not at right angles, is a rect- 
angular hyperbola whose vertices are the foci of the ellipse, 

19. If a pair of tangents to a conic meet a fixed diameter 
in two points such that the sum of their distances from the 
centre is constant; shew that the locus of the point of intersec- 
tion is a conic. Shew also that the locus of the point of inter- 
section is a conic if the product^ or if the sum oftlie reciprocdU 
be constant. 

20. Through 0, the middle point of a chord AB of an 
ellipse, is drawn any chord POQ, The tangents at P and Q 
meet AB in S and T respectively. Prove that AS=^ BT. 

21. Pairs of tangents are drawn to the conic aa? + )3^ = 1 
so as to be always parallel to conjugate diameters of the conio 
ox" + ^hxy + ^ == 1 ; shew that the locus of their intersection is 

ax' + by' + 211X2/ = - +-5. 

a p 

22. PT, PT are two tangents to an ellipse which meet the 
tangent at a fixed point Q in T, T\ find the locus of P (i) 
when the sum of the squares of QT and QT' is constant^ and (ii) 
when the rectangle QT , QT is constant, 

23. is a fixed point on the tangent at the vertex ^ of a 
conic, and P, i^, are ])oints on that tangent equally distant 
from ; shew that the locus of the j)oint of intersection of the 
other tangents from P and i'^ is a straight line. 

24. If from any point of the circle circumscribing a given 
square tangents be drawn to the circle inscribed in the same 
square, these tangents will meet the diagonals of the square 
in four points lying on a rectangular hyperbola. 
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25. ¥md ihe locos of the point of intenectkm of two 
tangents to a conio which interoq>t a constant length on a fixed 
straight line. 

26. Two tangents to a conic meet a fixed straight line J/IY 
in r, Q: if P, Q he such that JPQ subtends a right angle 
at a fixed point 0, prove that the locns of the point of mier- 
section of the tangents will be another conic. 

27. The extremities of the diameter of a circle are joined 
to any point, and from that point two tangents are drawn to the 
circle; shew that the intercept on the perpendicular diameter 
between one line and one tangent is equal to that between the 
other line and the other tangent. 

28. Triangles are described about an ellipse on a given base 
which touches the ellipse at P; if the base angles be equidistant 
from the centre, prove that the locus of their vertices is the 
normal at the other end of the diameter through P. 

29. A parabola slides between rectangular axes; find the 
curve traced out bj any point in its axis; and henco shew that 
the focus and vertex will describe curves of which the equations 

are a:*/ = a* (re* + /), x*/ (x* + y* + 3a») = a', 

4a being the latus rectum of the parabola. 

30. If the axes of co-ordimitcR be inclined to one another 
at an angle a, and an ellipse slide between them, shew that the 
equation of the locus of the centre is 

sin*a(x* + y*-/i*)*- 4 cos'a (x*y* sin'a - (^*) = 0, 

where/;' and q* denote respectively the sum of the squares and 
the product of the semi-axes of the ellipse. 

31. If OPy OQ are two tangents to an ellipse, and 
CP^f CQ the parallel semi-diameters, shew that 

OP.OQ-\rCF.CQ = OS. OH, 

Sf n being the f ocL 

32. Through two fixed points P, Q straight lines A PB, CQD 
an drawn at right angles to one another, to meet one given 
straight line \n Ay C and another given straight line perpen- 
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dicular to the former in JB, D ; find the locus of the point of 
intersection of AD^ BC; and shew that» if the line joining 
jP and Q subtend a right angle at the point of intersection of 
the given lines, the locus will be a rectangular hyperbola. 

33. Prove that the locus of the foot of the perpendicular 
from a point on its polar with respect to an ellipse is a rect- 
angular hyperbola, if the point lies on a fixed diameter of the 
ellipse. 

34. The polars of a point P with respect to two concentric 
and co-axial conies intersect in a point Q; shew that If P 
moves on a fixed straight line, Q will describe a rectangular 
hyperbola. 

35. Shew that if the polars of a point with respect to two 
given conies are either parallel or at right angles the locus of 
the point is a conic. 

36. The line joining two points A and B meets the two 
lines OQ, OP in Q and P, A conic is described so that OP and 
OQ are the polars of A and B with respect to it. Shew that 
the locus of its centre is the line OB where B divides AB so 
that 

AB : BB :: QB : BP. 

37. Find the locus of the foci of all conies which have a 
common director-circle and one common point. 

38. Shew that the locus of the foci of conies which have a 
given centre and touch two given straight lines is an hyperbola. 

39. In the conic a«*+ 2hxf/ + hi^ = 2t/, the rectangle under 
the focal distances of the origin is 

1 

ab-h'' 

40. The focus of a conic is given, and the tangent at 
a given point; shew that tlie locus of the extremities of 
the conjugate diameter is a parabola of which the given focus 
is focus. 

41. A series of conies have their foci on two adjacent sLdea 
of a given parallelogram and touch the other two sides; shew 
tliat their centres lie on a straight line. 
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42. If TP, TQ be tangents drawn from any point T to 
touch a conic in P and Q, and if S and U be the foci, then 

SP.SQ" iiP.UQ' 

43. An ellipse is described concentric with and touching a 
given ellipse and passing througli its foci ; shew that the locus 
of the foci of the variable ellipse is a lemniscate. 

44. Having given five points on a circle of radius a; shew 
that the centres of the five rectangular hyperbolas, each of which 
passes through four of the points, will all lie on a circle of 

radius ^. 

45. If a rectangular hyperbola have its asymptotes parallel 
to the axes of a conic, the centre of mean position of the four 
points of intersection is midway between the centres of tlie 
curves. 

46. Three straight lines are drawn parallel respectively to 
the three sides of a triangle; shew that the six points in 
which they cut the sides lie on a conic. 

47. If the normal at P to an ellipse meet the axes in the 

2 11 

points G^ G\ and be a point on it such that y,^ = -p^^ + -p-.^ ; 

then will any chord through subtend a right angle at P. 

48. Through a fixed point of an ellipse two chords 
OP, OP are drawn; shew that, if the tangent at the other 
extremity (/ of the diameter through cut these lines pro- 
duced in two }K)iiits Q, Q' such that the rectangle O'Q . (/Q^ is 
constant, the line PP' will cut 00' in a fixed point 

49. A chord LM is drawn parallel to the tangent at any 
point P of a conic, and the lino PR which bisects the angle 
LPM TueQi^ LMin Ji; prove that the locus of 7^ is a hyperbola 
liaving its asymptotes parallel to the axes of the original conic. 

50. A given centric conic is touched at the ends of a 
chord, drawn through a given j>oint in its transverse axis, by 
another conic which passes through the centre of the former : 
prove tliat the locus of the centre of the latter conic is also a 
centric conic. 
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51. QQ' is a chord of an ellipse parallel to one of the equi- 
conjugate diameters, C being the centre of the ellipse; shew 
that the locus of the centre of the circle QCQ' for different 
positions of Q(/ is an hyperbola. 

52. A circle is drawn touching the clHpse — ^ + r/ = l at 

nny point and passing through the centre; shew that the locus 
of the foot of the perpendicular from the centre of the ellipse 
on the chord of intersection of the ellipse and circle is the 

elUpse aV + by = -^^ _-j^, . 

53. [Find the value of c in order that the hyperbola 

of V* 
2a?y — c = may touch the ellipse -3 + tj — 1 = 0, and shew that 

the point of contact will bo at an extremity of one of the 
equi-conjugate diameters of the ellipse. 

Shew also that the polars of any point with respect to the 
two curves will meet on that diameter. 

54. Shew that, if CD, EF be parallel chords of two circles 
which intersect in A and B, a conic section can be drawn 
through the six points A, B, C, J)y E, F-, and give a construc- 
tion for tho position of the major axis. 

00. If the intersection F of the tangents to a conic at two 
of the points of its intersection with a circle lie on the circle, 
then the intersection F of the tangents at the other two points 
will lie on the same circla In this case find the relations con- 
necting the positions of F and F for a central conic, and deduce 
the relative positions of F and F' when the conic is a parabola, 

56. If T, T be any two points equidistant and on 
opposite sides of the directrix of a parabola, and TF^ TQ 
be the tangents to the parabola from T, and TQ^ TF the 
tangents from T'; then will T, F, Q, Ty F, Q' all lie on a rect- 
angular hyperbola. 

57. If a straight line cut two circles in -4, -4' and B, B* 
and if C, C be the common points of the circles, and if be 
any point; shew that the three circles OAA\ OBB^ and OCC 
will have a common radical axis. 

S. C. S. 15 
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58. With a fixed point for centre circlea are described 
cutting a conic; shew that the locus of the middle points of the 
common chords of a circle and of the conic is a rectangular 
hyperbola. 

59. With a fixed point for centre anj circle is described 
cutting a conic in four points real or imaginary; shew that 
the locus of the centres of all conies through these four points 
is a rectangular hyperbola, which is independent of the radius 
of the circle. 

60. The normals at the ends of a focal chord of a conic 
intersect in and the tangents in Ty shew that TO produced 
will pass through the other focus. 

61. If from any point four normals be drawn to an ellipse 
meeting an axis in G^, (?,, G^ G^ then will 

1111 4 



CG^ CG^ GG^ CG^ CG^ + CG, + CG^ + CG^ ' 

62. If the normals to an ellipse at ^, By C, D meet in Oy 
find the equation of the conic ABC DO, and shew that the 
locus of the centre of this conic for a fixed point is a straight 
line if the ellipse bo one of a set of co-axial ellipses. 

63. The four normals to an ellipse at P, Q, B, S meet at 0, 
Straight lines are di-awu from F, Q, By S such that they make 
the same angles with the axis of the ellipse as OF, CQ, CBj CS 
respectively : prove that these four lines meet in a point. 

64. The normals at P, Qy B, S meet in a point and lines 
are drawn through P, <?, By S making with the axis of the 
ellipse the same angles as OP, OQ, OB, OS respectively : prove 
that these four lines meet in a point. 

65. The normals at P, (?, P, S meet in a point; and 
P', Qy B'y S' are the points of the auxiliary circle correspond- 
ing to P, Qy By S respectively. If lines bo drawn through 
P, Qy By S parallel to P'C, Q'C, EG and S'C respectively, shew 
that they will meet in a point. 

66. If from a vertex of a conic perpendiculars be drawn 
to the four normals which meet in any point 0, these lines 
will meet the conic again in four points on a circle. 
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67. Tangents are drawn from any point on the conic 

or ^/ n? t/ 

—, + ii = 4 to the conic „ + fi = 1 : prove that the normals at 

a 6 (jir h ^ 

the points of contact meet on the conic aV+ V\f = ( — - — j . 

68. liABC bo a triangle inscribed in an ellipse such that 
the tangents at the angular points are parallel to the opposite 
sides, shew tliat the normals at A, B^ C will meet in some 
point 0, Shew also that for different positions of the triangle 
the locus of will be the ellipse 4aV + 46y = (a* - 6*)'. 

69. If the co-ordinates of the feet of the normals to xt/ = a 
from the point {X,Y) be x,, y,; a;,, y,; x^, y^; a?^, y,; then 
^'==t/i +y, + y3 + y4> and X=^x^+x^-^x^ + xy 

70. The locus of the point of intersection of the normals 
to a coDic at the extremities of a chord which is parallel to a 
given straight line, is a conic. 

71. Any tangent to the hyperbola Axy — aL meets the 
ellipse 1+^=1 in points P, Q ; shew that the normals to the 

ellipse at P and Q meet on a fixed diameter of the ellipse. 

72. If four normals be drawn from the point to the 
ellipse h^af + a*y' = a*6*, and p^, p^t P^it P^^ ^^6 perpendiculars 
from the centre on the tangents to the ellipse drawn at the feet 
of these normals, then if 

Jl J_ J_ -L-i 

i J i 4 J> 

Pi Pb Pz 2\ c 
where c is a constant, the locus of is a hyperbola. 

73. Find the locus of a point when the sum of tlie 
squares of the four normals from it to an ellipse is constant. 

74. The tangents to an ellipse at the feet of the normals 
which meet in {ftg) form a quadrilateral such that if {x'^y), (x\y") 



// / // 



XX t/ 1/ 

be any pair of opposite vertices - ^ = •/«- = — 1, and that the 

equation of the line joining the middle points of the diagonals 
of the quadrilateral 13 Jx + gy = 0. 

75. Tangents are drawn to an ellipse at four points which 
are such that the normals at those points co-intersect; and four 
rectangles are constructed each having two adjacent sides along 

15—2 
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the axes of the ellipse, and one of those tangents for a dia^nal. 
Prove that the distant extremities of the other diagonals lie 
in one straight line. 

76. From a point P normals are drawn to an eUipae 
meeting it in ^, ^yC^ D. If a conic can be described passing 
through A^ B, C, £> and a focus of the ellipse and touching the 
corresponding directrix, shew that P lies on one of two fixed 
straight lines. 

77. If the normals at A, B, C, D meet in a point 0, then 
will SA.SB. JSC, SD=^1^, S0\ where S \b b, focus. 

78. From any point four normals are drawn to a rect- 
angular hyperbola; prove that the sum of the squares on these 
normals is equal to three times the square of the distance of 
the point from the centre of the hyperbola. 

79. A chord is drawn to the ellipse -^ + J^^ - 1 meeting the 
major axis in a |K)int whose distance from the centre is 






At the extremities of this chord normals are drawn 



to the ellipse; prove that the locus of their point of intersection 
is a circle. 

80. The product of the four normals drawn to a conic from 
any point is equal to the continued product of the two tangents 
drawn from that point and of the dLstances of the point from 
the asymptotes. 

81. Find the equation of the conic to which the straight 
lines (x + \yf - jt?' = 0, and (re + /ly)* — ^ = are tangents at the 
ends of conjugate diameters. 

j82. Prom any point T on the circle of + y'-c', tangents 

TP, TQ are drawn to the ellipse - + ^ = 1, and the circle TPQ 

cuts the ellipse again in P'Q. Shew that the line P'Q* 
always touches the ellipse 

x' if c' _ 

83. A focal chord of a conic cuts the tangents at the 
ends of the major axis in ^, i^; shew that the circle on ^ j? as 
diameter has double contact with the conic. 
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84. A BCD is any rectangle circumscribing an ellipse whose 
foci are aS^ and //; shew that the circle ABS or ABU is equal 
to the auxiliary circle. 

85. Any circle is described having its centre on the 
tangent at the vertex of a parabola, and the four common 
tangents of the circle and the parabola are drawn; shew that 
tlie sum of the tangents of the angles these lines make 
with the axis of the parabola is zero. 

8G. Tangents to an ellipse are drawn from any point on 
the auxiliary circle and intersect the din*ctrix in four points: 
proro that two of these lie on a straight line passing through 
the centre, and find where the line through the other two 
points cuts the major axis. 

87. If w = 0, t; = be the equation of two central conies, 
and u^f v^ the values of u, t» at the centres C, C of these conies 
resjicctively, shew that u^v = t\u is the equation of the locus of 
the intersection of the lines CP^ CP', where P, 1^ are two points, 
one on each curve, such that PF is parallel to CC\ Examine 
the case where the conies are similar and similarly situated. 

88. Two circles have double internal contact with an 
ellipse and a third circle passes through the four points of 
contact. If /, t'y T be the tangents drawn from any point on 
the ellipse to these three circles, prove that it' = T*. 

89. Find the general equation of a conic whicli has 
double contact with the two circles (a;-a)'+y'-c*, (a;— 6)"+y*=e£*, 
and prove that the equation of tho locus of the extremity of 
the latus rectum of a conic which has double coiitact with the 
circles (u; «fc a)'* + y = c' is if (x* - a*) (x* - a* + c*) = cV. 

90. Shew that the lines Ix + my = 1 and Vx + viy = 1 
are conjugate diameters of any conic through the intersections 
of the two conies whose equations are 

(^m' - Pm)j^ + 2 (^ - V) mm'jcij + {m - in) mm if - 2 {}m - Im) x^ 

and 

(mT - w"0 / + 2 ( w - vi) IVxij + (^ - V) IV 3? = 2 (mr - w'/) y. 

91. If through a iixed point chords of an ellipse be drawn, 
and on these as diameters circles be described, prove that the 
other chord of intersection of these circles with the ellipse also 
passes through a fixed point. 
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92. Tho angular points of a triangle are joined to two 
fixed points; shew that the six points, in which the joining 
lines meet the oppasite sides of the triangle, lie on a conic. 

93. If three sides of a quadrilateral inscribed in a conic 
pass through three fixed points in the same straight line, shew 
that the fourth side will also pass through a fixed point in that 
straight line. 

94. Two chords of a conic PQ, PQ intersect in a fixed 
point, and PF passes through another fixed point. Shew that 
QQ also passes through a fixed point, and that P^, FQ touch 
a conic having double contact with the given conic. 

95. A line parallel to one of the equi-coujugate diameters 
of an ellipse cuts the tangents at the ends of the major axis 
in the points P, Q, and the other tangents from P, Q to the 
ellipse meet in 0; shew that the locus of is a i*ectangiilar 
hyperbola. 

96. Ly My Ky R are fixed points on a rectangular hyper- 
bola and P any other point on it, PA is perpendicular to LM 
and meets NR in a, PC is perpendicular to LN and meets MR 
in c, PB is perpendicular to LR and meets MN in 6. Prove 
that PA . Pa = PB,Ph = PC . Pc. 

97. P is any point on a fixed diameter of a parabola. 
The normals from P meet the curve in -4, if, C. The tangents 
parallel to PA, PB, PC intersect in A\ B\ C. Shew that the 
ratio of the areas of the triangles ABC, A EC is constant. 

98. A point P is taken on the diameter AB oi ^ circle 
whose centre is (7. On AP, BP as diameters circles are 
described : the locus of the centre of a circle which touches 
these three circles is an ellipse having G for one of its foci. 

99. The straight lines from the centre and foci S, S' of a 
conic to any point intersect the corresponding chord of contact 
in F, Gj G'; prove that tho radical axis of the circles described 
on SG, S^G' as diameters passes through V, 

100. If the sides of a triangle ABC meet two given 
straight lines in a„ a,; 6^, 6^; Cp c, respectively; and if round 
the quadrilaterals b\c^c^y ^i^Pflt^ ^x^^J^fit cooio* be de- 
scribed; the three other common chords of these conies will 
each pass through an angular point of ABCy and will all meet 
in a point. 



CHAPTER XL 

SYSTEMS OF CONICS. 

204. The most general equation of a conic, viz. 

aa^ + 2/ixy '{-by' + 2gx + 2fy + c= 0, 

contains the six constants a, h, b, g, f, c. But, since we 
may multiply or divide the equation by any constant 
quantity without changing the relation between x and y 
which it indicates, there are really only five constants 
which are fixed for any particular conic, viz. the five ratios 
of the six constants a, A, by g,f, c to one another. 

A conic therefore can be made to satisfy five conditions 
and no more. For example a conic can be made to pass 
through five given points, or to pass through four given 
points and to touch a given straight line. The five con- 
ditions which the conic has to satisfy give rise to five 
equations between the constants, and five independent 
equations are both necessary and sufl&cient to determine 
the five ratios. 

The given equations may however give more than one 
set of values of the ratios, and therefore more than one 
conic may satisfy the given conditions; but the number 
of such conies will be finite if the conditions are really 
independent. 

If there are only four (or less than four) conditions 
given, an infinite number of conies will satisfy them. 

The five conditions which any conic can satisfy must 
be such that each gives rise to one relation among the 
constants; as, for instance, the condition of passing through 
a given point, or that of touching a given straight line. 
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Some conditions give two or more relations between 
the constants, and any such condition must be reckoned 
as two or more of the five. We proceed to give some 
examples. 

In order that a given point may be the centre two 
relations must be satisfied [Art. 168]. 

To have a focus given is equivalent to having two 
tangents given [Art. 193]. 

To have given that a line touches a conic at a given 
point is equivalent to ttvo conditions, for we have two 
consecutive points on the curve given. 

To have the direction of an asymptote given is equiva- 
lent to having one point (at infinity) given. 

To have the position of an asymptote given is equivalent 
to two conditions, for two points (at infinity) are given. 

To have the axes given in position is equivalent to 
three conditions. 

To have the eccentricity given is in general equivalent 

to one condition, but smce we have -7- - « = , ,> — 

1 — e ab — hr 

[Art. 191], if we are given that 6 = 0, we must have iotf* 

a = 6 and A = 0. 

205. Through five points, no four of which are in a 
straight line, one conic and only one can he drawn. 

If three of the points are in a straight line, the conic 
through the five given points must be a pair of straight 
lines; for no straight line can meet an ellipse, parabola, or 
hyperbola in Hiree points. And the only pair of straight 
lines through the five points is the line on which the three 
points lie and the line joining the other two points. 

If however not more than two of the points are on any 
straight line, take the line joining two of the points for 
the axis of a:, and the line joining two others for the 
axis of y. 

Let the co-ordinates of the four points referred to these 
axes be Aj, ; A, , ; 0, k^ ; and 0, k^ respectively. 



CONICS THKOUGH FOUR POINTS. 233 

The pairs of straight lines (^+'^-l\ (^ + -|-l^=o 

and rcy = are conies which pass through the four points. 
Hence [Art. 187] all the conies given by the equation 



fx 



^1- 




will pass through the four points. 

This conic will go through the fifth point, whose co- 
ordinates are a;', y\ if \ be so chosen that 

There is one and only one value of X which satisfies 
this last equation, and therefore one and only one conic 
will pass through the five points. 

If four points lie on a straight line, more than one 
conic will go through the five given points, for the straight 
line on which the four points lie and any straight lino 
through the fifth is such a conic. 

Ex. 1. Find the equation of the conio passing through the five points 

(2, 1) (1. 0). (3, -1), (-1. 0) and (3, -2). 
The pairs of lines (x-y-1) (x+4y+l) = 0, and y (2a;+y-6)=s0, pass 
through the first four points, and therefore also the conic 

(a;-y-l)(aj+4y + l)-Xy(2a;+y-6)=0. 
The point (3, - 2) is on the latter conic if X= - 8 ; therefore the required 
equation is x' + 19xy + 4y^ - 46y -1=0. 

Ex. 2. Find the equation of the conio which passes through the fiye 
points (0, 0], (2, 3), (0, 3), (2, 5) and (4, 6). 

Ara. fix^-10xy + 4y« + 20ic-12y=0. 

206. To Jind Hie general equation of a conic Hirough 
four fixed points. 

Take the line joining two of the points for axis of 
or, and the line joining the other two for axis of y, and 
let the lines whose equations are ax + by—l = and 
ax + 6 y — 1 = cut the axes in the four given points. 

Then ary=0, and (aa?4"6y — 1) (a'a?-f 6'y— 1) =0 are 
two conies through the four points, and therefore all the 
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conies of the system are included in the equation 

X^y + (ew?4-6y-l)(a'a? + 6y-l) = (i), 

or ado? + (6a + ai' + X) icy -f 66y 

-(ci + a')^-(6 + 6')y + l = (ii). 

207. The equation (ii), Art. 206, will represent a 
parabola, if the terms of the second degree are a perfect 
square; that is, if 

4aaW = (6a' + ai'+X)'. 

This equation has two roots, therefore two parabolas 
will pass through four given points. These parabolas 
arc real if the roots of the equation are real, which 
is the case when aa'b¥ is positive. It is easy to shew 
that when aa'bb' is negative the quadrilateral is re-en- 
trant; in that case the parabolas are imaginary, as is geo- 
metrically obvious. 

When the terms of the second degree in (ii), Art. 206, 

form a perfect square, the square must be {Jaax ± Jbb'yY. 
Hence [Art. 172], the axes of the two parabolas are parallel 

to the lines whose equations are Jadx ± JbUy = 0, or as 
one equation aa'x^ — bb't/^= 0. 

These two straight lines are parallel to conjugate di- 
ameters of any conic through the four points [Art. 183]. 

Hence all conies through four given points have a pair 
of conjugate diameters parallel to the axes of the two pa- 
rabolas through those points. 

208. To find the locus of the centres of the conies luhich 
pass through four fixed points. 

As in Art. 206, the equation of any conic of the 
system is 

\x}/ + (ax + ht/-l) {a'x + b'y '-1)=0. 

The co-ordinates of the centre of the conic are given 
by the equations 

Xy + a [a'x + Vy - 1) + a' (oa? 4- Jy - 1) = 0, 
and \x-\-l {dx + h'y - 1) + 6' (oa? 4- 6y - 1) = 0. 
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Multiply these by x and y respectively and subtract ; 
then we have, for all values of X, 

{ax - hy) (a'x + by-l) + (ax - Vy) (ax+ by-l) = 0, 

or 2aa V - 2bby - (a + a') oj + (6 + 6') y = 0. 

The locus of the centre is therefore a conic whose 
asymptotes are parallel to the lines oaV — 66'y* = 0, i.e. 
psjullel to the axes of the two parabolas through the four 
points. [The two parabolas are conies of the system, and 
their centres are therefore the points at infinity on the 
centre-locus.] 

209. The centre-locus in Art. 208 goes through the 
origin, that is through the point of intersection of the line 
joining two of the points and of the line joining the other 
two; and by symmetry it must go through the intersection 
of the other pairs of lines through the four points. [This 
could have been seen at once, for the pairs of lines are 
conies of the system and their centres are their points of 
intersection, and therefore these points of intersection are 
points on the centre-locus.] 

The centre-locus cuts the axis of x where x = and 

where x = i i-+ -j. Therefore the locus passes through 

the point midway between (-, O) and (-, Oj, that is 

through the middle point of the line joining two of the 
fixed points, and therefore similarly through the middle 
point of the line joining any other two of the four points. 

If then A, B,C, Dhe any four points, the three points 
of intersection of AB and CD, oi AC and BD, and oi AD 
and BC, together with the six middle points of AB, BC, 
GA, AD, BD and CD all lie on a conic, and this conic is 
the locus of the centres of the conies which pass through 
the four points A, B, C, D. 

210. If da' and bV have the same sign, we see from 
Art. 208 that the centre-locus is an hyperbola, and that if 
aa' and bV have different signs the centre-locus is an ellipse. 
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If aa=bb\ that is if tho four points are on a circle, the 
centre-locus is a rectangular hyperbola. If aa' = — bb\ 
and the axes are at right angles, all the conies of the 
system are rectangular hyperbolas, and the centre-locus is 
a circle. In this case the lines joining any two of the 
points is perpendicular to the line joining the other two, 
so that D is the ortho-centre of the triangle ABC. 

Hence a circle will pass through the feet of perpendi- 
culars of a triangle ABG and through the middle points 
otAB, BC\ CA, AD, BD, CD where D is the ortho-centre 
of the triangle ABC, and this circle is the locus of the 
centres of all the conies (which are all rectangular hyper- 
bolas) through A, B, C, D. This circle is called the niiie- 
point circle, 

211. The asymptotes of any conic through the four 
points defined as in Art. 206, are parallel to the lines 

Xxy + (ax + 6^^) (a'x + b'y) = 0, 

or aaa? + (X + aV + a'b) xy + bb'^f = 0. 

And [Art. 183] these lines are parallel to conjugate dia- 
meters of the centre-locus. Hence the asymptotes of any 
conic through the four points are parallel to conjugate dia- 
meters of the centre-locus ; as a particular case, the asymp- 
totes of the rectangular h3rperbola which passes through 
tho four points are parallel to the axes of the centre-locus. 

Ex. 1. The polar of a fixed x>oint with respect to a system of conica 
through four given points will pass through a fixed point. 
Take the fixed point for origin, and let 

S=:€ai? + 2hxy + hxf + 2gz + 2fy-\'e = 0, 
and 5':^a'«2-f.2;*'afy + 6y + 2(7'x+2/'y + c'=0, 

be two of the conies; then any conic of the system is given by S-\S'=(S. 
The polar of the origin is 

gx+fy-^c-\{ffx+fy + <f)=0, 
and this, for all values of X, passes through tho intersection of 

gx +fy + c = 0, and t/x +/'y + </= 0. 

Ex. 2. Tho locus of the poles of a given straight line with respect to 
the conies which pass through four given points is a conic. 

Take the fixed straight line for the axis of x, and let the equation 
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of any conio of the ^stem be as in Ex. 1. -The polar of (z', y*) is 
x{iuf + hy'+g) + y{hx'-\-bi/-\-f)+g3if-\-fy'+e 

-X|a;(aV+Ay + ^') + y(Vx'+&y4-/')+^^+/y'+c'}=0. 
If this is the same line as y=0, the coefficient of x and the constant 
term most be zero. Equate these to zero and eliminate X. 

Ex. 3. Shew that the locns of the pole of a given straight line 
with respect to any conio which passes through the angular points of 
a given square is a rectangular hyperbola. 

[Take for axes the lines through the centre of the square parallel 
to the sides ; then the conies are given by x* - a^ - X (^^ - a^) = 0.] 

Ex. 4. The nine-point circles of the four triangles determined by 
four given points meet in a point. 

212. If a = and /8 = are the equations of one pair 
of straight lines through four given points, and 7 = 0, 
S = the equations of another pair, any conic through 
the four points has an equation of the form 

a/S = kyS, 

Now, if a = be the equation of a straight line and 
the co-ordinates of any point be substituted in a, the 
result is proportional to the perpendicular distance of the 
point from the line. Hence the geometrical meaning of 
the above equation is 

where p^, p^, p^j p^ are the perpendiculars on the four lines 
a = 0, fi==0, 7 = 0, S = respectively, the perpendiculars 
being drawn from any point on the conic. 

213. If P, Q, JB, 8, be four points on a conic, and 
QP, RS meet in A, QS, PR in B, and PS, QR in C; then 
of the three points A, B, C each is the pole with respect to 
'Uie conic of the line joining the other two. 

Take A for origin, and the two lines ASR, APQ for 
axes of X and y respectively. 

Let the equations of PS and QR be 

cw: + 6y — 1 = (i), 

a'a? + J'y-l = (ii). 
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Then the equations of PR and QS will be 

a'x + by —1 = (iii), 

and cue +iy — 1 = (iv). 

The equation of any conic through the intersection of 
the conies xy = Q and {ax + 6y — 1) (a a? + Vy — 1) == 0, 
will bo 

\xy + (cur + 6y - 1) {a'x + Vy - 1) = 0. 

The polar of the origin of this conic is [Art. 179] 

(a + a ) a? + (6 + 6') y - 2 = 0. 

Writing this in the forms 

ax + Jy - 1 + a'a; + 6'y - 1 = 0, 

and a*x ■\-hy — l+ax + 6'y — 1 = 0, 

we see that the polar of the origin goes through the point 
of intersection of the lines (i) and (ii), and also through the 
point of intersection of the lines (iii) and (iv). The polar 
of A with respect to the conic is therefore the line BC. 

It can be shewn in a similar manner that CA is the 
l)olar of 5, and AB the polar of C. 




A c 

A triangle which is such that each of its angular points 
is the pole, with respect to a conic, of the opposite side, is 
called a self-conjufjate, or self-polar triaDgle. 

214. If a conic touch the sides of a quadrilateral and 
ABC be the triangle formed by the diagonals of the quadri- 
lateral ; then mill ABC be a self-polar triangle with respect 
to the conic. 

Let P, Q, i?, S be the points of contact. 
Then, in the figure, L is the pole of P (>, and K is the 
pole of SR; therefore LN is the polar of the jx)int of 
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intersection of PQ and SB. Similarly KM is the polar 
of the point of intersection of SP and BQ. 

Hence A, the point of in- -° 

tersection of LN and KM, is 
the pole of the line joining 
the point of intersection of PQ, 
SB and the point of intersec- 
tion of SP, BQ. x \ \/^B 

But [Art. 213] the point of 
intersection of PB and SQ is 
the pole of this last line. 

Hence A is the point of 
intersection of PB and SQ. 

So also B is the point of 
intersection of SP and BQ, 
and C is the point of inter- 
section of PQ and SB. 

Hence from Art. 213 the 
triangle ABC is self-polar. 

215. To find the general equation of a conic which 
touches the axes of co-ordinates. 

If the equation of the line joining the points of contact 
be ax + by— 1 = 0, the equation of a conic having double 
contact with the conic xi/ == 0, where it is met by the line 
aj,' + 6^^ - 1 = 0, is [Art. 187] 

(cue + 6y - 1)' - 2\a:y = 0. 

21G. To find the general equation of a conic which 
touches four fixed straight lines. 

Take two of the lines for axes, and let the equations 
of the other two be Ix + my — 1 = 0, and I'x -f my — 1 = 0. 
The equation of any conic touching the axes is 

{ax + ly - 1)* - 2Xxy = (i). 

The lines joining the origin to the points where 
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Ix + my = 1 cuts (i) are given by the equation 

(ax + 6y — te — myy = 2\xy (ii) . 

The line will touch the conic if the ..lines (ii) are 
coincident, the condition for which is * 

whence X= 2 (a — i) (J — m). 

Hence the general equation of a conic touching the 
four straight lines 

a? == 0, y = 0, Za: + my — 1=0, and tx + my — 1=0, 

is {ax + by—iy = 2\xy ; 

the parameters a, b, X being connected by the two 
equations 

\ = 2(a-?) (6-w) = 2(a-0(6-^')- 

217. To find the locus of the centres of conies which 
touch four given straight lines. 

If two of the lines be taken for axes, and the equations 
of the other two lines be 

he + my — 1=0, and Vx + wly —1 = 0, 

the equation of the conic will be 

(oo? + 6y - 1)' - 2Xary = 0, 

with the conditions 

X=2(a--Z)(6~m) (i), 

X=2(a-r)(&--wO (ii). 

The centre of the conic is given by the equations 

a(flW7 + &y — 1) — Xy=0, and 6(aa; + Jy — 1)— Xa? = 0; 

/. ax=^hyy and a(2cw; — l) = Xy (iii). 

To obtain the required locus we must eliminate a, 6 
and X from the equations (i), (ii), and (iii). 

From (i) and (iii), we have 
a {2ax - 1) = 2y (a - ?) (i - m) = 2 (a- Z) (by -my) ; 
therefore, since ax = by, 

a {2lx + 2my - 1) = 2lmy. 
Similarly, from (ii) and (iii) we have 
a {21' X + 2my - 1) « 2ZWy. 
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Eliminating a, we obtain the equation of the locus of 
centres, viz. 

2fe+2mjv-l ^ 2ra;-f2m'y-l 

Itn I'm' 

The required locus is therefore the straight line whose 
equation is 

This straight line can easily be shewn to pass through 
the middle points of the diagonals of the quadrilateral, as 
it clearly should do, for any one of the diagonals is the 
limiting form of a very thin ellipse which touches the four 
lines, and the centre of this ellipse is ultimately the middle 
point of the diagonal Hence the middle points of the 
three diagonals of a quadrilateral are points on the centre- 
locus of le conies Jching the sides S the quadrilateral 

218. All conies touching the axes at the two points 
where they are cut by the Ime cm? + 6y — 1 = are given 
by the equation 

(ax + 6y — 1)* = 2\xy. 

The conic will be a parabola if X be such that the 
terms of the second degree form a perfect square: the 
condition for this is 

a»6' = (a6-X)«; 

/. X=0, or X= 2a6. 

The value X=0 gives a pair of coincident straight 
lines, viz. (ax -{-by — ly = 0. 

Hence, for the parabola, X=s2a&, and the equation 
of the curve is 

(ax -\'ly — 1)' = iabxy. 

The above equation can be reduced to the form 

Jax + Jby = l. 

219. To find the equation of the tangent at any point of 
the parabola J ax + J by = 1. 

We may rationalize the equation of the curve and then 

s. c. s. 16 
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make use of the formula obtained in Art. 177. The result 
may however be obtained in a simpler form as follows. 

The equation of the line joining two points {x\ j/) and 
(x\ y") on the curve is 

x'^^a^-f ^^ ^''^' 

with the conditions 

J^-\-Jb^^\=J^'{'Jbf. (ii). 

From (ii) we have 

Vo Wx' - ^x") ^b Wy' - >Jy") (iii). 

Multiply the corresponding sides of the equations (i) 
and (iii), and we have 

The equation of the tangent at {x\ y') is therefore 

$(^-'0+f.(y-y)-o, 

or, since Jax' + Jby' = 1, 

To find the equation of the polar of any point with 
respect to the conic, we must use the rationalized form of 
the equation of the parabola. 

Ex. 1. To find tlie condition that the line Ix-^-my -1=^0 may touch 
the parabola ^Jax + Jby -1=0. 

The equation of the tangent at any point {x\ y') \a 

which is the same aa the given equation, if 1= / -, aadm= ./-, ; 

or if ■z=fjax't and —=»JOi/. 
I m 

Hence the required condition is 

I m 
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Ex. 2. To find ike foeut of the parabola wJioee eg[uaHon is 

»Jax+Jby = l, 

The cirdo which touches TQ at T and which passes through P will 
also pass through the focus [see Art. 165 (4), two of the tangents being 

coincident]. The two points P, Q are f -, j and (0, r-j. Therefore 

the focus is on both the circles whose equations are 

X 

jc* + 2a:y cos w + y' - - =0, 

and a? + 2xycosw4-y'-? = 0. 

Hence the focus is given by 

X V 

x'* + y^+2xycoB(a= = v • 

EiL. 3. To find the directrix of tlie parabolu »Jax + ,Jby = 1. 
The directrix is the locus of the intersection of tangents at right 
angles; now the line lx+my=l will bo perpendicular to y=0 U- 

T» - 2 cos a»=0, and the line will touch if - + - = 1. Therefore the inter- 

/ in 

cept on the axis of x made by a tangent perpendicular to that axis is 

given by 7 (a + ) = 1. 

** * \ cos w/ 

Hence the point { -, , ) is on the directrix. 

\b + a cos a; / 

Similarly the point J 0, — . ) is on the directrix. 

•^ * \ * a+6cos«/ 

Hence the required equation is 

X (6 + a cos (>;) + y (a + & cos ca) =- cos (•;. 

220. Since the foci of a conic are on its axes, if two 
conies are confocal they must have the same axes. 

The equation 

will, for different values of X, represent different conies of a 
confocal system. For the distance of a focus from the 
centre is 

V{(a' + X) - (6' + X)} or V{a' - h'] . 

16—^ 



244 CONFOCAL CONICS. 

221. The equation of a system of confocal conies is 

^ _^ 

If X is positive the curve is an ellipse. 

The principal axes of the curve will increase as X 
increases, and their ratio will tend more and more to 
equality as X is increased more and more; so that a circle 
of infinite radius is a limiting form of one of the confocals. 

If X be negative, the principal axes will decrease as 

X increases, and the ratio ,— - - will also decrease as X 

a' + X 




increases, so that the ellipse becomes flatter and flatter, 
until X is equal to — h\ when the minor axis vanishes, and 
the major axis is equal to the distance between the focL 
Hence the line-ellipse joining the foci is a limiting form 
of one of the confocals. 

If i' + X is negative, the curve is an hyperbola. 
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If y + X is a small negative quantity the transverse 
axis of the hyperbola is very nearly equal to the distance 
between the foci ; and the coniplernent of the line joining 
the foci is a limiting fonn of the hyperbola. 

The angle between the asymptotes of the hyperbola 
will become greater and greater as —X becomes greater 
and greater and in the limit' both branches of the curve 
coincide with the axis of y. 

If X is ne^tive and numerically greater than a', the 
curve is imagmary. 

222. Thvo conies of a conjbcal system pass through any 
given point. One of these conies is an ellipse and the otlier 
an hyperbola. 

Let the equation of the original conic be 

a b 
The equation of any confocal conic is 



a* + X 6" + X 
This will pass through the given point {x\ y), if 

= 1. 



^" ^ y" « 



? + X 6' + X 

In the above put t'+ X = X' ; 

then aj'^'-f j^(X' + oV)-X'(X'-fa"eO = 0, 

or X''-X'(a?'« + 2/«-aV)-aVy'> = 0. 

The roots of this quadratic in X' are both real, and are 
of different signs. Therefore there are two conies, and 
6* H- X is positive for one, and negative for the other, so 
that one conic is an ellipse and the other an hyperbola. 

223. One conic of a confocal system and only one will 
touch a given straight line. 

Let the equation of the given straight line be 

Ix + my — 1 = 0. 
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The line "will touch the conic whose equation is 



a? 



+ 



f - 



= 1, 



d' + X V + \ 

if (a» + X)Z«+(6"+X)m' = l [Art. 115], 

which gives one, and only one, value of X. Hence one 
confocal will touch the given straight line. 

224. Two confocal conies cut one another at right 
angles at all their common points. 

Lot the equations of the conies be 

and let (a?', y') be a common point ; then the co-ordinates 
x\ y will satisfy both the above equations. 

Hence, by subtraction, we have 



X 



n 



+ 



y 



= 0. 



(i). 



XX y\j ^ :i XX ^ yy - 



Now the equations of the tangents to the conies at 
(x', if) are 

; + 2(^' = l.and-^-^' 
a 

respectively. 

The condition (i) shews that the tangents are at right 
angles to one another. 

225. The difference of the squares of the perpendiculars 
drawn from the centre on any two parallel tangents to two 
given confocal conies is constant 

Let the equations of the conies be 

a a+\ b+\ 

Let the two straight lines 
a; cos an- ysina— p = 0, a; cos a -f y sin a— />'=0, 
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touch the conies respectively; then [Art 115, Cor.] we 
have jp' = a' cos* a + J*sin* a, 

and ^''=(a" + X)cos"'a + (6* + X)sin*a; 

226. If a tangent to one of two con/ocal conies he 
perpendicular to a tangent to the other, the locus of their 
point of intersection is a circle. 

Let the equations of the confocal conies be 

a* V a" + X 6* + X 

The lines whose equations are 

a?cosa+ysina = V(flt*cos'a + J'sin'a) (i), 

a?sina— ycosa = V{(a* + X) sin'a + (i* + X) cos*a}...(ii), 

touch the conies respectively, and are at right angles 
to one another. 

Square both sides of the equations (i) and (ii) and add, 
then we have for the equation of the required locus 

aj*+y' = o'+6' + X. 

If we suppose the minor axis of the second ellipse 
to become indefinitely small, all tangents to it will pass 
indefinitely near to a focus; so that Art. 125 (17) is a 
particular case of the above. 

Ex. 1. Any two parabolas whioh have a common fooas and their axes 
in opposite directions intersect at right angles. 

Ex. 2. Two parabolas have a common focus and their axes in the 
same straight line ; shew that, if TP, TQ be tangents one to each of the 
parabolas, and TP, TQ be at right angles to one another, the locus of T 
is a straight line. 

Ex. 8. TQ, TP are tangents one to each of two confocal conies whose 
centre is C ; shew that if the tangents are at right angles to one another 
CT will bisect PQ. 

Let the tangents be 

-+?'^-l and**" + ?^'-l 



248 C027FOCAL CONICS. 

the equation of €T will be 

•(5-S)-'(s:-p)-°- 

This will pass throogli the middle point of PQ, if 
that is, if 
or, since the conies are oonfocal, if 

That is, if the tangents are at right angles. 

Ex. 4. TP, TQ are tangents one to each of two parabolas which have 
a common focus and their axes in the same straight line ; shew that, if 
a line through T parallel to the axis bisect PQ, the tangents will be at 
right angles. 

Ex. 5. If points on two oonfocal ellipses which have the same eooen- 
tric angles are called corresponding points ; shew that, if P,Q be any 
two points on an ellipse, and p, q he the corresponding points on a 
confocal ellipse, then Pq = Qp. 

227. The locus of the pole of a given straight line with 
respect to a series of confocal conies is a straight line. 

Let the equation of the confocals be 

_ 0^ y* _ - ... 

a« + X + 6»+x"-^ W> 

and let the equation of the given straight line be 

lx + my = l (ii). 

The equation of the polar of the point {of, y') with 

respect to (i) 18 -^ + gM^ = l (Hi). 

If (ii) and (iii) represent the same straight line, we 

x' if 

must have -5 — r- = ?, r* ■ -r = ^ ; 

a + X- 6 + X 
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Hence the locus of the poles is the 8trai£?ht line whose 
equation is 

L m 

This straight line is perpendicular to the line (ii). 
One confocal of the system will touch the line (ii), and the 
point of contact will be the pole of the line with respect to 
that confocal. 

Hence the locus of the poles is a straight line perpen- 
dicular to the given straight line and through the point 
where it touches a confocal 

228. From any point T the two tangents TP, TF are 
drawn to one conic, and the two tangents TQ, TQ' to a can- 
focal conic ; shew that the straight lines QP, Q'P will make 
equal angles with the tangent at P, 

Let TP and the normal at P cut QQ' in K, L 
respectively. 

Then [Art. 227] the pole of TP, with respect to the 
conic on which Q, Q' lie, is on the line PL, Also, since 
T is the pole of QQf with respect to that conic, the pole 
of TP is on QQf [Art. 180]. Therefore the pole of TPK 
is at Ly the point of intersection of QQ' and PL, 




Therefore [Art. 181] the range K, Q, X, Q', and the 
pencil PKy PQ, PL, PQ^ are harmonic. 
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Hence, since the angle KPL is a right angle, PQ and 
PQf make equal angles with PL or PK [Art. 56]. 

Cor. 1. Let the conic on which Q, Qf lie degenerate 
into the line-ellipse joining the foci, then the proposition 
becomes — The lines joining thefod of a conic to a/ny point P 
on the curve make equal angles with the tangent at P. 

Cor. 2. Let the conic on which P, P' lie degenerate 
into the line-ellipse, and we have — Two tangents to a conic 
subtend equal angles at a focus. 

Cor. 3. Let the conic on which P, P' lie pass through 
T, and we have — The two tangents drawn to a conic from 
any point T make ecnial angles with the tangent at T 
to either of the confoccbl conies which pass through T. 

229. If QQ^ be any chord of a given conic which 
touches a fixed confocaZ conic, then will QQ vary as the 
square of the parallel diameter. Also, if CE he drawn 
through the cetitre parallel to the tangent at Q and 
meeting QQ' in E, then will QE he of constant length. 




Let The the pole of QQ", and let CT cut QQ; in V, and 
the curve in P. Also let CD be the semi-diameter paral- 
lel to QQ\ 

Lei p\p be the lengths of the perpendiculars from the 
centre on QQ", and on the parallel tangent to the ellipse 
QPQ ; then [Art 225] we have 
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Hence -= = 1—^ = 1 — 



CV 



p' jr OF' 

therefore, since p . CD » oft, we have 



a'ti 



Cl?' 



..CD'; 



.-.QV^^CI/ 



(i). 



Also 



CP' 



QE_ CT OF . CT 

QV VT~ CV. CT - CV*~~CF'-CV* 

therefore from (i) we have 

QE. ^^ "^ 



ciy 



(ii). 



QV VX. 

Ex. TP, TQ are tangentB one to each of two fixed confocal conies ; 
slievD thaty if the tangents are at right angles to one another ^ the line PQ 
will always touch a third cor\focal conic. 

If C be the common oentre, then since the tangents are at right angles 
to one another the line CT bisects PQ [Ex. (3) Art. 22G]. Therefore 
CT and QP make equal angles with the tangent at Q. It therefore CE 
be parallel to the tangent at Q, and meet QP in E^ we have QE= CT, 

Bnt CTia constant [Art. 226]. Hence QE is constant, and therefore 
QEP touches a fixed confocal. 

230. When two of the points of intersection of any 
two curves are coincident, that is when the two curves 
touch, they are said to have cantcict of the first order at the 
point When three points of intersection are coincident 
the curves are said to have contact of the second order, 
and so on. 

A curve which has with a given curve a contact of 
the highest possible order is called an osculating curvfi, 

A circle can only be made to pass through three given 
points; hence the circles which osculate a curve have 
contact of the second order with it. 

The circle which has contact of the second order with 
a given curve at a given point is generally called the circle 
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of curvatur e at that point, and the radius of the circle is 
called the rfxdius o f curvcUure at the point 

Two conies intersect in four points. Hence two 
conies cannot have contact with one another of higher 
order than the third. If they have contact of the second 
order they vdll have one other common point. 

2S1. To find the general equation of a conic which has 
contact of the second order with a given conic at a given 
patnL 

Let /Sf = be the equation of the given conic, and let 
r=0 be the equation of the tangent to 8=0 at the given 
point {x, 2^. 

The equation of any straight line through {af^j/) is 

y — y' — m (a: — aj') = 0. 
Hence the equation 

/8'-Xr{(y-yO-m(a;-fl;')}=0 (i) 

is the equation of a conic passing through the points where 
the straight lines T = 0, and y — y' — m (a: — a?') = cut 
8=0. 

Hence (i) intersects 8=0 in three coincident points. 

The two constants X and m being arbitrary, the conic 
given by (i) can be made to satisfy two other conditions. 
Thev can for instance be so chosen that the equation (i) 
shall represent a circle. 

If the line y — y' — m(aj — a/) = coincides with the 
tangent, all four points of intersection are coincident. The 
conic /Sf — X jT" = therefore has contact of the third order 
with 8 = 0; that is to say, is the equation of an osculating 
conic. 

Ex. 1. Find, the equation of the circle which Qscnlalea the oomo 
ax*-{-2bxy+ey^+2dx=0 at the origin. S^jul Aa4. I if r, /I, 2'/ . 

All the conies included in the equation 

oas* + 26ary + cy« + 2dx - Xx (y - tiut) = 
hove contact of the second order. 

The conditions for a circle are 2&-X=0 and a+\m^e. 
Therefore the circle required is eafi+q/^-i-2dx=0. 
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Ex. 2. Find the equation of the parabola which has contact of the 
third orderwith the conic ox' +2&cy+ey'+ 2<ij;=0 at the origin. 

The oonio aa:> + 2&xy + cy^ -f 2(2j;-Xx^=0 cnts the given conic in foor 
coincident points. 

The carve is a parabola if (a - X) c =5'. 

The equation of the reqoiied parabola is therefore 

Wr» + 2ftcxy + <^/ + 2(ica5=0. 

232. Since the line joining any two of the points of 
intersection of a circle and a conic, and the line joining the 
other two points of intersection, make equal angles with 
the axis of the conic, we see that, if the circle of curvature 
at a point P of a conic cut the conic again in 0, the 
tangent at P and the chord PO make equal angles with an 
axis of the conic. 

233. If a, /8, 7, S be the eccentric angles of four points 
on an ellipse, a circle will pass through those fourpomts,if 

a + l3 + y + S=2mr[Ait. 184. Ex. 1]. 

Hence the circle of curvature at the point a will cut 
the ellipse again at the point S where 

3a + S = 2n7r.; (i). 

From (i) we see that, through any particular point S 
three circles of curvature will pass, viz. the circles of 
curvature at the points J (27r — S), J (47r — S), and J (67r — 8). 
These three points are the angular points of a maximum 
triangle inscribed in the ellipse [Art. 138 (1)]. Also, since 
S + J(27r-S)+^(47r-S) + A(67r-S) = 47r, the pint 8 
and the three points the circles of curvature at which pass 
through S are on a circla 

234. To find the equations of the three pairs of straight 
lines which can he drawn through, the points of intersection 
of two conies. 

Let the equations of the conies be 

8=ax''\-2hxi/ + bf + 2gx + 2fg +c = 0, 
and S' = aV+2A'a:y-!-6y +2/j?+2/y + c' = 0. 
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The equation of any conic through their pointd of in- 
tersection ia of the form 

S+\8' = (i). 

The conic S + \8' = will be a pair of straight lines, 



if 



= (ii). 



flr + V>/ + >/^ c + Xc' 

We have therefore a cubic for the determination of X. 
If any root of this cubic be substituted in (i) we have the 
equation of one of the three pairs of straight lines. 

If X be eliminated between the equations (i) and (ii) 
we have an equation of the sixth degree which represents 
the three pairs of straight lines. 

Since one root of a cubic equation is alwajrs real, one 
value of X is in all cases real. 

It can be shewn that at least one pair of straight lines 
is in all cases real [See Salmon's Conies, Art. 282.] 

235. The equation (ii) Art. 234} is usually written 

A + X0 + X'e' + X»A' = O. 

If the axes be changed in any manner, and the equa- 
tions of the two conies become X==0 and %' = 0,the equa- 
tion S -f XfiT = will become 2 + XS' = ; and if X be such 
that /Sf+X5' = represents a pair of straight lines, so 
also will 2 + X2' = 0. Hence the values of X for which 
S + XS' = represents straight lines must be independent 
of any particulai* axes of co-ordinates ; hence the ratios of 
the four quantities A, 0, 0', A' to one another must be 
independent of the axes of co-ordinates. For this reason 
they are called the Invariants of the system. The student 
will find interesting applications of invariants in Salmon a 
Conic Sections and Wolstenholmc's Problems. 

236. We shall conclude this Chapter by the solution 
of some Examples. 



lex^wPTJgft, 



255 



Ex. 1. If two eonicM have each double contact with a third, their 
ehordt of contact with that conic, and two of the lines through their 
common points, will meet in a point and form a harmonic pencil. 

Let 8=0 be the equation of the third conic, and let a=0, p=0 be the 

equations of the two chords of contact. Then [Art. 187] the equations of 

the conies are 

5-XV=0 (i), 

and S-fi^fi=0 (u). 

Now the two straight lines 

XV-/i9/3»=0 (iii) 

go through the common points of (i) and (ii). The lines (iii) also go 

through the point of intersection of a=0 and /3=0 ; and [Art. 56] the 

four lines a=0, Xa-/D(/3=0, /3=0, and \a+/i/9=0 form a harmonic pencil. 

Ex. 2. A circle of given radius cuts an ellipse in four points ; shew 
that the continued product of the diameters of the ellipse parallel to the 
common chords is cojutant. 

Let the equation of the eUipee be — + ^ = 1, and the equation of the 

circle be {fl5-o)'+(y-/3)'-fc'=0. Then the equation of any pair of 
common chords is 

(*-a)'+(y-«'-*«-x(^ + ^'-l)=0 (i). 

where X is one of the roots of the equation 

0, -a 



1-^. 



s» 



= 0. 



(ii). 



0, 1- 



'P 



6«' 
-.o, -/3, X+a«+/3»-t2 
The equation of the diameters of the ellipse parallel to the lines (i) is 

as+j,._x(^+i;j=o (iu). 

The two semi-diameters given by (iii) clearly make equal angles with 
the axis, and the square of the length of one of them is equal to X. 

Hence the continued product of the six semi-diameters is equal to the 
product of the three values of X given by (ii), which is easily seen to be 
a»6«Jfc«. 

Ex. 3. If a conic have any one of four given points for centre, and the 
triangle formed by the other three for a self polar triangle, its asymptotes 
will be parallel to the axes of the two parabolas which pass through the 
four points. 
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Let the four points be given hj the intersections of the straight lines 

«y=0 and (te+ my - 1) (rx+m'y- l)aO. 

The line joining the centre of a conic to any one of the angnlar points 

of a self polar triangle is conjugate to the line joining the oihex two 

angnlar points. Hence, for all the four conies, the three pairs of lines 

joining the four given points are parallel to conjugate diameters. 

Let the equation of one of the conies be 

(ui^'^2hxy + hy*+2gx+2fy+e=0 (i). 

The lines (te+my-1) (Z'x+m'y-l)=0 

are parallel to conjugate diameters ; therefore also the lines 

ll'sfi +{lm'+ I'm) xy + mmfy* = 

are parallel to conjugate diameters. Hence [Art. 183], we have 

amm'-¥hlV=h{lw!'¥Vm), 

The lines 23^=^0 are parallel to coiijugate diameters ; therefore A=0, 

and we have 

amm'+6tt'=0 (u). 

The asymptotes of (i) are parallel to the straight lines 

or, from ^), the asymptotes are parallel to the lines 

ZW-mniy=0, 
which proTCS the theorem [Art 207]. 

Ex. 4. The cireunucribing circle of any triangle self polar with 
respect to a conic cuts the director^eircle orthogonally. 

Let the equation of the conic be ox'+^^'sl ; and let (a^, j/), {if\ y^ 
and {s^", 1/") be the angular points of the triangle. 

Since each of the points is on the polar of another, we have 

ax'V''+6y"jr'-l=0 (i), 

flx^aj'+6y'V-l=0 (ii), 

and ox'jc^+dy'y" -1=0 (iii). 

The equation of the circle circumscribing the triangle is 



y". 
y'^ 



1 
1 
1 
1 



=0 



(iv). 



Now, if the equation of a oirde be 

Ax*+Ay^-h2Gx+2Fy + C=0, 
the square of the tangent to it from the origin is equal to the ratio 
otCioA, 

Hence the square of the tangent to the circle (iv) is equal to the 
ratio of 
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ar^s+y'", ^\ f ar". y", 1 

The first determinant is equal to 
<^ (^y - f^") + ic"* («' Y - y' V) + x^'s (xy - y'x") 

+ y'» (aj'y - y' V) + y"« (x'"y ' - y' V) +y'"« (x'y" - y'aT) . 
Now from the equations (i), (ii), (iii) we have 

<uf hy' -1 



.(«). 



"^1 » 



yf" - y" x" - X"' X'"y" - y"V' 



ax 



/' 



fry" 



-1 



and 



y' - y'" a^"-af ~ a^y'" - y V * 

a3f" _ Jnr _ - 1 
x'-x'' 



y"-y' 



x"y' - y V • 
By means of these equations, (a) becomes 

^ (r - y")+ J' (2^ - •/") + ^ (y" - sO 

+ 1' {x" - y") + ^^' (x'" - i^ + ?^" (x/ - ar"). 



X'. 


y'. 


1 


a^'. 


y", 


1 


*"'. 


'/". 


1 



or 



Hence the tangent to the circumscribing circle from the centre of the 
conic is equal to a / ( "^ A ) ' ^^^^ ^^ equal to the radius of the director- 
circle, which proves the proposition. 



Examples on Chapter XI. 

1. Two straight lines of given length aro moved along two 
given straight lines in such a manner that a circle will pass 
through their four extremities; shew that the locus of the centre 
of this circle is a rectangular hyperbola, 

2. OPFy OQQ' ai-e two chords of a conic, and any line 
through cuts the conic in i2, R and the lines P(?, FQ^ in /S, a? ; 
shew that 

1111 



OR'^ OK 



os'^o;s" 



S« Ct s« 



17 
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3. A BTstem of conies pass through the same four points 

and the tangent at a given point of one of the conies cuts any 

1 1 
other of the conies in P, P': shew that T^-r: + -7775 is constant. 

' ' OP Or 

4. A circle and a rectangular hyperbola intersect in four 
points, and one of their common chords is a diameter of the hy- 
perbola; shew that the other chord is a diameter of the circle. 

5. Of all conies which pass through four given points that 
which has the least eccentricity has its equi-conjugate diameters 
parallel to the axes of the two parabolas through the points. 

6. Of all conies which touch two given straight lines at 
given points the one of least eccentricity will be that in which 
one of the equi-conjugate diameters passes through the intersec- 
tion of the given Hues. 

7. The locus of the middle point of the intercept of a 
variable tangent to a conic on two fixed tangents OA^ OB is a 
conic which reduces to a stmight line if the original conic is a 
parabola. 

8. Two tangents OA , OB are drawn to a conic and are cut 
in P and Q by a variable tangent; prove that the locus of the 
centre of the circle described about the triangle OPQ is an 
hyperbola. 

9. A conic is drawn touching the co-ordinate axes 
OX, OF at A, B and passing through the point D where 
OADB is a parallelogram; shew that if the area of the triangle 
OAB be constant, the locus of the centre of the conic will be 
an hyperbola. 

10. Tangents are drawn from a fixed point to a system of 
conies touching two given straight lines at given points. Prove 
that tlie locus of the point of contact is a conic. 

11. Shew that the locus of the pole of a given straight 
line with respect to a series of conies inscribed in the same 
quadrilateral is a straight line. 

12. An ellipse is described toucliing the asymptotes of an 
hyperbola and meeting the hyperbola in fuur points; shew 
that two of the common chords are parallel to the line joining 
the points of contact of the ellipse with the asymptotes, and 
are equidistant from that line. 
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13. In a system of conies which have a ^ven centre 
and their axes in a given direction, the sum of the axes is 
given ; shew that the locus of the pole of a given straight line 
is a parabola touching the axes. 

14. A parabola is drawn so as to touch three given straight 
lines ; shew tliat the chords joining the points of contact pass 
each through a fixed point. 

15. Shew that^ if a parabola touch two given straight lines, 
and the line joining the points of contact pass through a fixed 
point, the locus of the focus will be a circle. 

IG. If the axis of the parabola Voa + *Jhy- 1 pass through 
a fixed point, the locus of the focus will be a rectangular 
hyperbola. 

17. From a fixed point 0, a jmir of secants are drawn 
meeting a given conic in four points lying on a circle; shew 
that the locus of the centre of this circle is the perpendicular 
from on the polar of 0. 

18. TPy TQ are tangents to a conic, and R any other point 
on the curve; RQ, RP meet any straight line through T in the 
|x>ints iT, L respectively; shew that QL and PK intersect on 
the curve. 

19. Any point P on a fixed straight line is joined to two 
fixed points ^1, i^ of a conic, and the lines PAy PB meet the 
conic again inQ, R] shew that the locus of the point of inter- 
section of BQ and ^i^ is a conic. 

20. The confocal hyperbola through the point on the 
ellipse "i + i-g = 1 whose eccentric angle is a has for equation 

— fl .—^ = a -0 . 

cos a sin a 

21. Find the locus of the points of contact of tangents to 
a series of confocal conies from a given point in the major axis. 

22. If X, /[A be the parameters of the confocals which pass 
through two points P, Q on a. given ellipse; shew (i) that if 
P, Q he extremities of conjugate diameters then X + /ia is con- 
stant, and (ii) that if the tangents at P and Q be at right angles 

then - + - is constant. 

17—2 
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23. Shew that the ends of the equal conjugate diameters 
of a series of confocal ellipses are on a confocal rectangular 
hyperbola. 

24. Find the angle between the two tangents to an ellipse 
from any point in terms of the parameters of the confooEds 
through that point ; and shew that the equation of the two 
tangents referred to the normals to the confocals as axes will be 

— + ^- = 0. 

\ K 

25. The straight lines OFF', OQQ' cut an ellipse in 
P, V and Q^ Q' respectively and touch a confocal ellipse; prove 
that OF ,0F , QQ'^OQ . Oq . FF, 

26. The locus of the points of contact of the tangents 
drawn from a given point to a system of confocals is a cubic 
curve, which passes through the given point and through the 
foci 

27. Shew that the locus of the points of contact of parallel 
tangents to a system of confocals is a rectangular hyperbola; 
and the locus of the vertices of these hyperbolas for all possible 
directions of the tangent is the curve whose equation is 

7^ = {a!'- h') cos 20. 

28. If a triangle be inscribed in an ellipse and envelope 
a confocal ellipse, t)ie points of contact will lie on the escribed 
circles of the triangle. 

29. If an ellipse have double contact with each of two 
confocals, the tangents at the points of contact will form 
a rectangle. 

30. If from a fixed point tangents be drawn to one of 
a given system of confocal conies, and the normals at the points 
of contact meet in Q, shew that the locus of Q is a straight 
line. 

31. A triangle circumscribes an ellipse and two of its 
angular points lie on a confocal ellipse ; prove that the third 
angular jioint lies on another confocal ellipse. 

32. An ellipse and hyperbola are confocal, and the asymp- 
totes of the hyperbola lie along the equi- conjugate diameters of 
the ellipses; prove that the hyperbola will cut at right angles 
all conies which pass through the ends of the axes of the ellipse. 
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33. Four normals are drawn to an ellipse from a point P; 
prove that their product is 

\\, (\ -X.) 

where X,, X^ are the parameters of the confocals to the given 
ellipse which pass through F and a, h the semi-axes of the given 
ellipse. 

34. Shew that the feet of the perpendiculars of a triangle 
are a conjugate triad with respect to any equilateral hyperbola 
which circumscribes the triangle. 

35. TP, TQ are the tangents from a point 2^ to a conic, 
and the bisector of the angle PTQ meets PQ in ; shew that^ 
if ROR be any other chord through 0, the angle RTR' will be 
bisected by OT. 

36. If two parabolas are drawn each passing through three 
points on a circle and one of them meeting the circle again in 
D, the other meeting it again in E-j prove that the angle 
between their axes is one-fourth of the angle subtended by DE 
at the centre of the circle. 

37. If ABC be a maximum triangle inscribed in an ellipse 
and the circle round ABC cut the ellipse again in D\ shew 
that the locus of the point of intersection of the axf s of the two 
parabolas which pass through A^ B, G, I) is o, conic similar to 
the original conic. 

38. If any point on a circle of radius a be given by the 
co-ordinates a cos 0, a sin ^; shew that the equations of the axes 
of the two parabolas through the four points a, /3, y, 8 are 

^ 4 (+cos(iS'-8) j' 

. cf « « rsin (iS^ - a) + sin (*S — iS) + sin (S - y)) , 

•^ 4\+sin (aS'-S) j 

where 4/S'=a+^ + y + 8. 

If the axes of the two parabolas intersect in P, shew that 
the five points so obtained by selecting four out of five points on 

the circle in all possible ways, lie on a circle of radius j . 



a; sin 
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39. 11 Af By Cf JD he the aides of a quadrilateral inscribed 
in a conic, the ratio of the product of the perpendiculars from 
any point F of the circle on the sides A and O to the product 
of the perpendiculars on the sides B and D will be constant. 
Shew also, that if ^, ^, G, JD, E, F.,,he the sides of a polygon 
inscribed in the conic, the number of sides being even, the 
continued product of the perpendiculars from any point on 
the conic on the sides A, C, ^,...will. be to the continued 
product of the perpendiculars from the same point on the sides 
£f JDy Ff,., in a, constant ratio. 

40. is the centre of curvature at any point of the 

of y* 
ellipse -i+Ti'^lj Qt B are the feet of the other two normab 

drawn from to the ellipse ; prove that, if the tangents at Q 

a' 6* 
and F meet in T, the equation of the locus of T' is -^ + -« = 1- 

41. Shew that a circle cannot cut a parabola in four real 
loints if the abscissa of its centre be less than the semi-latus 

rectum. 

A circle is described cutting a parabola in four points, 
and through the vertex of the parabola lines are drawn parallel 
to the six lines joining the pairs of points of intersection; shew 
that the sum of the abscissae of the points where these lines cut 
the parabola is constant if the abscissa of the centre of the 
circle is constant. 

42. Three straight lines form a self-polar triangle with 
respect to a rectangular hyperbola. The curve being supposed 
to vary while the lines remain fixed, find the locus of the centre. 

43. If a circle be described concentric with an ellipse, 
shew that an infinite number of triangles can be inscribed in 

the ellipse and circumscribed about the circle, if -=:-+-=■, 

'^ cab 

where c is the radius of the circle, and a, b tlie semi-axes of 
the ellipse. 

44. Find the points on an ellipse such that the osculating 
circle at F passes through Q, and the osculating circle at Q 
passes through F. 



EXAMPLES ON CHAPTER XL 



263 



45. Prove that the locus of the centreii of rectangular 
hyperbolas which have contact of the third order with a given 
parabola is an equal parabola. 

46. P, Q are two points on an ellipse: prove that if the 
normal at P bisects the angle that the normal at Q subtends 
at P, the normal at Q will bisect the angle the normal at P 
subtends at Q, 

47. Shew that the centre of curvature at any point P of 
an ellipse is the pole of the tangent at P with respect to the 
confocal hyperbola through P. 

48. ABC is a triangle inscribed in an ellipse. A confocal 
ellipse touches the sides in A'y B', (7. Prove that the confocal 
hyperbola through A meets the inner ellipse in, A\ 

49. Of two rectangular hyperbolas the asymptotes of one 
are parallel to the axes of the otJier and the centre of each lies 
on the other. If any circle through the centre of one cut the 
other again in P, Q, jf?, then PQR will form a conjugate triad 
with respect to the first. 

50. A circle through the centre of a rectangular hyperbola 
cuts the cui-ve in the points A^ B, (7, D. Prove that the circle 
circumscribing the triangle formed by the tangents At A, B, C 
passes through the centre of the hyperbola and has its centre 
at the point on the hyperbola diametrically opposite to D. 



CHAPTER XII. 



ENVELOPES. 



237. In the general equation of a straight line the 
two constants are not in any way connected. If however 
the two constants are connected by any relation, the 
equation will no longer represent any straight line. We 
have seen, for example, that if the constants I and m 
in the equation Ix + my — 1 = satisfy the equation 
a'P4-6W=l, where a and h are kno>vn, the line will always 

touch the ellipse -^ + Ta = 1 [Art 115]. In every such 

case, in which the two constants in the equation of a 
straight line are connected by a relation, the line will 
touch some curve. This curve is called the envelope of the 
moving line. 

By means of the relation connecting the two constants 
we may eliminate one of them, and the equation of the 
straight line will then contain only one indeterminate 
constant. If different values be given to this constant we 
shall have a series of different straight lines all of which 
will touch some curve. 

238. To find the envelope of a line whose equation 
contains an indeterminate constant of the second degree. 

Write the equation of the line in the form 

/a«P + 2/aQ + JB = (i). 

where fi is the constant. 
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Through any particular point two of the lines will pass, 
for if the co-ordinates of that point be substituted in (i), 
we shall have a quadratic equation to determine fi. Now 
the two tangents through any point will be coincident, if 
the point be on the curve which is touched by the moving 
line. 

Hence, to" find the equation of the envelope, we have 
only to write down the condition that the roots of (i) may 
be equal, viz, (^ — PR = 0. 

Ex. 1. To find the envelope of tlie line 

a 
y=mx + — . 
^ m 

The equation may be written m^x-my + a^Of and the condition for 

equal roots gives y*=4ax. 

Ex. 2. Find the envelope of a line which cuts off from the axes 
intercepts wlaose sum is constant. 

X v 

If the equation of the line be ^ + 7 = 1, we have h + it = constant =c. 

X t/ 
Therefore -r + — ^ = 1 , or A' - 7» (x - y 4- c) + «: = 0. Wlienco the equation 

of the envelope is 4cx =(x-y+ c)\ 

Ex. 8. Find the envelope of the line ax cos + by sin 0^c. 
The equation is equivalent to 

ax — e+2hyt^(ax+c)t'*=0, where t=tan^. 

Hence, the envelope is 

{ax - c) (ax ■{■c) + 1)^^=0, 
or a^afl+b^y^=:c\ 

Ex. 4. The envelope of the polar of a given point with respect to a 
system of oonfocal conies is a parabola whose directrix is CO^ where C is 
the centre of the confocals. 

If the confocals be given by the equation 

x^ ya 

a^ + \'^b^ + \ • 
and be the point (x^, y')t the line whose envelope is required is given by 

orby X2_x(jB'ar+y'y-a2-6»)+o'6»-6V«-ayy=0. 
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The equation of the envelope is therefore 

4(a«6«-iVx-oyy) = (a^x+y'y-o«-65)«. 

The envelope is therefore a parabola. 

Two confocals pass through 0, and the polars of with respect to 
them are the tangents at 0; hence, since these tangents are at right 
angles to one another, the point is on the directrix of the parabola. Bj 
considering the limiting forms of the confocals as in Art» 221, we see that 
the axes themselves are polars of ; hence C is on the directrix of the 
parabola; so that the directrix is the line CO. 

239. To find the envelope of the line tc + wy + 1 = 0, 
where 

aZ* + 2AZm + 6m'+ 2gl + 2fm+c=^0, 

If the line pass through a particular point ix\ jf) we 
have h; + my +1 = 0. Using this to make the given con- 
dition homogeneous in I and m, we have the equation 
dP + 2hlm + Jm'- 2 [gl +fm) (Ix + my^ + c (7a^ + my )* = 0- 

The two values of the ratio — irive the directions of 

m ^ 

the two lines which pass through the point {x\ y'). 

If (a/, y') be a point on the curve which is touched by 
the moving line, the tangents from it must be coincident, 
and therefore the above equation must be a perfect squai-e. 
The condition for this is 

(a-2ya;'+ ca;" ) (6 - 2^' + cy'«) = (A - y/ -/r' + ca?'yX 
which reduces to 

^'«(6c-/«) + 2a;y(/y-c/i)+y^(ca-y') 

+ ai?' (/A - y6) + 2y' (gh -fa) + at - A* = 0. 

The required envelope is therefore the conic 

Aa?+2Hxy-\'By' + 26^^: + 2i^y + (7= 0, 

where A, B, C, F, 0, H mean the same as in Art 178. 

The condition that 2x + msf + 1 = may touch 
i4ac^ + 2Hjry+I?y2+2Gx+aFy + C=0 is aP+2AZiii + 6iii» + 2/7Z + 2/m+c=0. 

Henoe by comparing with the condition foxmd in Art. 178, we see that 
a, h, c, Aq, most be proportional to the minors of A, B, C, Ao. in iha 
determinant 
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AHG 

HBF 

G FC 

This is easily veriAed, for the minor of A in BC-F^, or 

{ca-^g*) (db-h^)-{gh-af)\ that is a^; 
and so for the others. 

Ex. 1. To find the envelope of the line 2x + fity + 1 = where 

aZ« + 6m* + c=0. 
The directions of the lines through (a;, y) are given by 

aP+ftwi^+c (la5+my)2=0. 
These lines will coincide, if 

(a + cx»)(6+cy*) = c=xy. 
Hence the equation of the envelope is 

- + -,- + -=0. 
a o c 

Ex. 2. To find the envelope of the line Ix + m^ + 1 = with the condition 

l+l+h=0. 
I m 

The directions of the two lines through {x, y) are given by 

hlm-ifm+gl)(lx+my)=0. 

They will therefore coincide if 

if 9^ —(fx+gy- A)*. 
This is equivalent to 

ijfx+jgy-^jh=0. 

240. If the equation of a straight line be 

Ix + my + 1 = 0, 

then the position of the line is determined if I, m are 
known, and by changing the values of I and m the 
equation may be made to represent any straight line 
whatever. The quantities I and m which thus define the 
position of a line are called the co-ordinates of the line. 

If the co-ordinates of a straight line are connected by 
any relation the line will envelope a curve, and the 
equation which expresses the relation is called the tan^ 
gential equation of the curve. 

If the tangential equation of the curve is of the nth 
degree, then n tangents can be drawn to the curve from 
any point. 
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Def, A curve is said to be of the nth class when n 
tangents can be drawn to it from a point. 

We have seen [Art. 239] that every tangential equation 
of the secood degree represents a conic; also [Art. 178] that 
the tangential equation of any cooic is of the second 
degree. 

If the equation of a straight line be Ix + my + n = 0, we 
may call l, m, n the co-ordinates of the line ; and if the 
co-ordinates of the line satisfy any homogeneous equation, 
the line will envelope a curve, of which that equation is 
called the tangential equation. 

241. To find the director-circle of a conic whose 
tangential equation is given. 

Let the tangential equation of the conic be 

aZ* + 2/i Im + bm* + 2gl + 2fm + c = 0. 

As in Art. 239, the equation 

aP + 2hlm + bm^—2 {gl+fm) {Ix + my) -\- c (Ix + myf = 

gives the directions of the two tangents which pass 
through the particular point (ar, y). These tangents will 

be at riffht anries to one another if ^ -?- + 1 = 0, that is, 

^ ^ m^ m, 

if the sum of the coeflScients of P and m* is zero. 

If therefore {x, y) be a point on the director-circle of 
the conic, we shall have 

a - 2(jr^ + ca;" + & - 2/y + cy* = (i). 

The centre of the conic, which coincides with the centre 

of the director-circle, is the point (->-)• 

If c = 0, the equation (i) is the equation of a straight 
line. The curve is in this case a parabola, and the 
equation of its directrix is 

25ra; + 2/y-o-t = (ii). 

In the above we have supposed the axes to be rect- 
angular ; if, however, the axes of co-ordinates are inclined 
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to one another at an angle o), the condition that the 
straight lines may be at right angles is 

a — 2gx + ca^+ b — 2fy + cy'+ 2 cos (o(h — gy —fx + cxy)=0. 
The centre of this circle '" ' ' ^ 



"^ (?•!)• 



Hence, whether the axes are rectangular or oblique the 
centre of the conic, which coincides with the centre of its 



director-circle, is ( -, - ) . 



242. To find the foci of a conic whose tangeiitial 
equation is given. 

Let (^, rj) and (f , ^') be a pair of foci (both being real 
or both imaginary). The product of the perpendiculars 
from these points on the Hne Ix + my +1 = wUl be 

(l^+mv + l)(? f + mV+l) 

P + m« 

This product will be equal to some constant \ for all 
values of I and m if, 

+ m (^ + ^') + 1 = 0. 
Comparing this with the tangential equation we have 

a 2A ""■ b ' 2g 2/ c'"^^' 

Hence c^^ — ctjtj' = a — 6, and c^rj' + crj^ = 2/^ 
Eliminate f ' and rj' by means of the last two equations 
of (i), and we have 

|(cf-25r)-^(c.7-2/)=i-a, 

and f(c^-2/) + ^(cf-2(7) = -2A. 

Hence the foci are the four points of intersection of the 
two conies, ca;* — cy* — 2gx + 2fy + a — 6 = 0, 

243. If >Sf = and ;S" = be the tangential equations of 
two conies, then 5— \S'= will be the tangential equation 
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of a conic touching the four common tangents of the first 
two. 

For, if iSf = be 

aP + 2hlm + hm^ + 2gl + 2fm + c = 0, 

andiSf' = Obe 

aT + 2A7m + Vm* + 2g'l + 2fm + c' = 0. 

Then S — XS' = represents a conic, and any values of 
I and m which satisfy both /S = and S* = will, what- 
ever \ may be, satisfy S — \8' =0. Therefore the conic 
S — \8' = will touch the common tangents of 5= and 
5' = 0. 

Ex. 1. The locus of the eentre$ of all conia which touch four fixed 
Mtraight lines is a straight line. 

If 5=0, and £r=0 be the tangential equations of any two conies which 
tonoh the four straight lines, 8-\S=0 will be the. general equation of 
the conies tonching the lines. The centre of this conic is given by 

Eliminating X we obtain the equation of the centre-locus, viz. 

X {cf - c'/) + y (c'g - eg') -f'g ^fff = 0. 

Ex. 2. The director-circles of all conies which touch four straight 
lines liave a common radical axis. 

The director-circle of the conic S - X5'=:0 is 

a + &-2r7x-2/y + c(a:2+y2)-X{a' + &'-2r7'a;-2/'2/+c'(x« + y2^}=0. 

[Art. 241.] 
This circle always passes through the points common to the two 
circles 

'' c e' c 

The radical axis is therefore the lino 

Kf:?)"H^S)'-"-f^•-^-■»• 

One of the conies of the system is a parabola, and its directrix is 
clearly the common radical axis of the director-circles. 
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Examples on Chapter XII. 

1. PN is the ordinate at any point P of a parabola whose 
vertex is A^ and the rectangle ANPM is completed; find the 
envelope of the line MN, 

2. If the difference of the intercepts on the axes made by 
a moving line be constant, shew that the line will envelope 
a parabola. 

3. Find the envelope of a straight line which cuts off 
a constant area from two fixed straight lines. 

4. PN, DM are the ordinates of an ellipse at the extremi- 
ties of a pair of conjugate diameters; find the envelope of PD, 
Find abo the envelope of the line through the middle ^ints of 
NP and of MD. 

5. AB and A'B^ are two given finite straight lines, a line 
PP' cuts these lines so that the ratio AP : PB is equal to 
A'P' : P'B'y shew that PP" envelopes a parabola which touches 
the given stmight lines. 

6. GAP, OBQ are two fixed straight lines, -4, B are fixed 
points and P, Q are such that rectangle AP . BQ is constant, 
shew that PQ envelopes a conic. 

7. A series of circles are described each touching two 
given straight lines; shew that the polars of any given point with 
respect to the circles will envelop a parabola. 

8. Two points are taken on an ellipse such that the sum 
of the ordinates is constant; shew that the envelope of tlie line 
joining the points is a parabola. 

9. A fixed tangent to a parabola is cut by any other tan- 
gent PT in the point T, and TQ is drawn perpendicular to 
TP; shew that TQ envelopes another parabola. 

10. Through any point P on a given straight line a line 
PQ is drawn parallel to the ix)lar of P with respect to a given 
conic; prove that the envelope of these lines is a parabola. 

11. If a leaf of a book be folded so that one corner moves 
along an opposite side, the line of the crease will envelope a 
jmrabola. 

12. An ellipse turns about its centre, find the envelope of 
the chords of intersection with the initial position. 
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13. An angle of constant magnitude moves so that one 
side passes through a fixed point and its summit moves along 
a fixed straight line; shew that the other side envelopes a 
parabola. 

14. The middle point of a chord FQ of an ellipse is on a 
given straight line; shew that the chord PQ envelopes a 
parabola. 

15. is any point on a conic and OP, OQ are chords 
drawn parallel to two fixed straight lines; shew that PQ 
envelopes a conic. 

16. Any pair of conjugate diameters of an ellipse meets 
a fixed circle concentric with the ellipse in P, Q ; shew that 
PQ will envelope a similar and similarly situated ellipse. 

17. If the sum of the squares of the perpendiculars from 
any number of fixed points on a straight Hne be constant; 
shew that the line will envelope a conic. 

18. The sides of a triangle, produced if necessary, are cut 
by a straight line in the points X, Mj iV respectively; shew 
that, ULM : MN be constant the line wiU envelope a i>arabola. 

19. OA^ OB are two fixed straight lines, and a circle 
which passes through and through another given fixed point 
cuts the lines in P, Q respectively ; shew that the line PQ en- 
velopes a parabola. 

20. The four normals to an ellipse at P, Q, P, S meet in 
a point; prove that if the chord PQ pass through a fixed point, 
the chord US will envelope a parabola. 

21. A rectangular hyperbola is cut by a circle of any 
radius whose centre is at a fixed point on one of the axes 
of the hyperbola; show that the lines joining the points of 
intersection are either parallel to an axis of the hyperbola or 
are tangents to a fixed parabola. 

22. Shew that the envelope of the polar of a given point 
with respect to a system of ellipses whose axes are given in 
magnitude and direction and whoso centres ai"e on a given 
straight lino is a parabula. 

23. Of two equal circles one is fixed and the other 
passes through a fixed }K)int ; shew that their radical axis en- 
velopes a conic having the fixed point for focus. 
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24. If pairs of radii vectors 1)6 drawn from the centre of 
an ellipse making with the major axis, angles whose sum is a 
right angle, the locus of the poles of the chords joining their 
extremities is a concentric hyperbola, and the envelope of the 
chords is a rectangular hyperbola. 

25. From any point on one of the equi-conjugate dia- 
meters of a conic lines are drawn to the extremities of an axis 
and these lines cut the curve again in the points P, Q ; shew 
that the envelope of FQ is a rectangular hyperbola. 

26. PNP' is the double ordinate of an ellipse which is 
equi-distant from the centre G and a vertex; shew that if 
parabolas be drawn through P, P\ C, the chords joining the 
other intersections of the parabola and ellipse will touch, 
a second ellipse equal in all respects to the given one. 

27. Two given parallel straight lines are cut in the points 
Py ^ hy a line which passes through a fixed point ; find the 
envelope of the circle on PQ as diameter. 

28. The envelope of the circles descnbed on a system of 
parallel chords of a conic as diameters is another conic. * 

29. A chord of a parabola is such that the circle described 
on the chord as diameter will touch the curve ; shew that the 
chord envelopes another parabola. 

30. Shew that the envelope of the directrices of all 
parabolas which have a common vertex A, and which pass 
through a fixed point P, is a parabola the length of whose latus 
rectum is -4 P. 

31. Prove that, if the bisectors of the internal and exter- 
nal angles between two tangents to a conic be parallel to 
two given diameters of the conic, the chord of contact will 
envelope an hyperbola whose asymptotes are the conjugates of 
those diameters. 

32. The polalr of a point P with respect to a given 
conic S meets two fixed straight lines AB^ AC m Q, Q'.-^ shew 
that, M AP bisect QQ\ the locus of P will be a conic; shew 
also that the envelope of Q(^ will be another conic. 

S. C. S. 18 
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33. If two points be taken on a conic so that the har- 
monic mean of their distances from one focus is oonstant^ 
shew that the chord joining them will always touch a oonfocal 
conic. • 

34. The envelope of the chord of a parabola which sub- 
tends a right angle at the foetid is the ellipse . . 

(x-3a)" + 2y' = 8a*, ^•-4aB=0 
being. the equation of the parabola. 

35. A. chord of a -conic which subtends a constant an^ at 
a given point on the curve envelopes a conic having double con- 
tain with the given conic. 

36. Through a fixed point a pair of chords of a circle are 
drawn at right angles; prove that each side of the quad- 
rilateral formed hy joining their extremities envelope a conic 
of which the fixed point and the centre of the circle are focL 

37. The perpendicular from a point S on its polar with 
respect to a parabola meets the axis of the parabola in C; 
shew that chords of the parabola which subtend a right angle 
at iS' all touch a conic whose centre is C 

38. Shew that chords of a conic which subtend a right 
angle at a fixed point envelope another conic. 

Shew also that the point is a focus of the envelope and 
that the directrix corresponding to is the polar of O with 
respect to the original conic. 

Shew that the envelopes corresponding to a system of con- 
centric similar and similarly situated conies are conf ocaL 

39. If chords of an ellipse subtend a right angle at the 
fixed point 0, and 0' be the other focus of the envelope of the 
chords; shew that 0' is on the rectangular hyperbola which 
passes through the feet of the four normals which can be 
drawn to the ellipse through 0. 

40. If a line cut two given circles so that the portions of 
the line intercepted by the circles are in a constant ratio, shew 
that it will envelope a conic, which will be a parabola if the 
ratio be one of equality. 

41. Chords of a rectangular hyperbola at right angles to 
each other, subtend right angles at a fixed point 0; shew that 
they intersect in the pdar of 0. 
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42. Shew that if AP^ AQ be two chords of the parabola 
^ — 4aa; = through the vertex A^ which make an aiigle 

J- with one another ; the line PQ will always touch the ellipse 

128a* 16a«" 

43. Fairs of points are taken on a conic, such that the 
lines joining them to a given point are equally inclined to a 
given straight line; prove that tiie chord joining any such pair 
of points envelopes a conic whose director-circle passes through 
the fixed point 

44. Chords of a conic S which subtend a right angle at a 
fixed point envelope a conic S\ Shew that^ if S pass through 
four fixed points, S' will touch four fixed straight lines. 

45. A conic passes through the four fixed points A^ B, C, 
2> and the tangents to it at jS and C are met by CA, BA 
produced in P, Q, Shew that PQ envelopes a conic which 
touches BAy CA, 

46. If a chord cut a circle in two points A^ B which are 
such that the rectangle OA . OB is constant, being a fixed 
point ; shew that the envelope of the chord is a conic of which 
is a focus. Shew also that if OA* + OB* be constant^ the 
chord will envelope a parabola. 

47. On a diameter of a circle two points A^ A' are taken 
equally distant from the centre, and the lines joiuing any point 
P of the circle to these points cut the circle again m Q^ R\ 
shew that QR envelopes a conic of which the given circle is the 
auziliaiy circle. 

48. A triangle is inscribed in an ellipse and two of its 
sides pass through fixed points ; shew that the envelope of the 
third side is a conic having double contact with the former. 

49. A triangle is inscribed in an ellipse and two of 
its sides touch a coaxial ellipse ; shew that the envelope of the 
third aide is a third ellipse. 

50. Shew that the locus of the centre of a conic which is 
inscribed in a given triangle, and which has the sum of the 
squares of its axes constant, is a circle. 

18—2 



CHAPTER XIII. 
Trilinear Co-ordinates. 

244. Let any three straight lines be taken which do 
not meet in a point, and let ABC be the triangle formed 
by them. Let the perpendicular distances of any point P 
from the sides BC, CA, -45 be a, /8, 7 respectively; then 
a, A 7 are called the trilinear co-ordinates of the point P 
referred to the triangle ABC. We shall consider o, fi, 7 
to be positive when drawn in the same direction as the 
perpendiculars on the sides from the opposite angular 
points of the triangle of reference. 

Two of these perpendicular distances are sufficient to 
determine the position of any point, there must therefore 
be some relation connecting the three. 

The relation is 

aa + 6)9+C7 = 2A, 

where A is the area of the triangle ABC. This is 
evidently true for any point P within the triangle, since 
the triangles BPG, CPA and APB are together equal to 
the triangle ABC ; and, regard being had to the signs of 
the perpendiculars, it can be easily seen to be universally 
true, by drawing figures for the diflferent cases. 

245. By means of the relation aat + 6)9 + 07 = 2A any 
equation can be made homogeneous in a, ^, 7 ; and when 
we have done this we may use instead of the actual co- 
ordinates of a point, any quantities proportional to them : 
for if any values a, P, 7 satisfy a homogeneous equation, 
then ki^ kfi^ ky will also satisfy that equation. 
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246. If any origin be taken "within the triangle, the 
equations of the sides of the triangle referred to any 
rectangular axes through this point can be written in the 
form 

— ^ cos ^j — y sin ^x + p^ = 0, 

— a; cos ^, — y sin ^, + p, = 0, 

— 0? cos ^g — y sin ^3 + 2>3 = 0, 

where cos (0^ — ^j) = — cos A, cos (^, — ^j) = — cos 5, 

and cos (0^ — ^,) = — cos C, 

[We write the equations with the constant terms posi- 
tive because the perpendiculars on the sides from a point 
within the triangle are all positive.] 

We therefore have [Art. 31] 

a =Pj — a? cos 0^ — y sin^^ 

/8 =|)j — a: cos ^, — y sin 0^, 

and 7=|)j — a;cos^3 — ysin^j. 

By means of the above we can change any equation in 
trilinear co-ordinates into the corresponding equation in 
common (or Cartesian) co-ordinates. 

247. Every equation of the first degree represents a 
straight line. 

Let the equation be 

It, + mp + n7 =» 0. 

If we substitute the values found in the preceding 
Article for a, )8, 7, the equation in Cartesian co-ordinates 
so found will clearly be of the first degrea Therefore the 
locus is a straight line. 

248. Every straight line can he represented by an 
equation of the first degree. 

It will be sufficient to shew that we can always find 
values of I, in, n such that the equation Iol + w/S + n*^ = 0, 
which we know represents a straight line, is satisfied by 
the co-ordinates of any two points. 

If the co-ordinates of tiie points be a', /8', 7' and 
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a", j8", 7" WO must have 

la' +ml5' +W7 =0, 

and values of I, m, n can always be found to satisfy these 
two equations. 

249. To find the equation of a straight line which 
passes through two given points. 

Let o', /8', y; ot", )8", 7" be the co-ordinates of the two 
points. 

The equation of any straight line is 

I2 + m/8 + ny = 0. 
The points (a', y3', r/), {a'\ ^\ 7"), are on the Une if 

1% + mff + 717' =» 0, 

Za"+m/3''+n7''=0. 

Eliminating l^ m, n from these three equations we 
have' 



a", r, 7" 



= 0. 



250. To find the condition that three given points may 
he on a straight line. 

Let the co-ordinates of the given points be a\ fi^, y ; 
a yP,y ; and a , p ,y . 

If these are on the straight line whose equation is 

I2 + mfi + 717 = 0, 

we must have la' +ml5' -Vnr/ =0, 

la" +m/S" +n7" =0, 

and W" -h myS"' + «7 " = 0. 

Eliminating Z, m, n we obtain the required condition, 
viz. 



Iff Q'ff i 

a , fi » y 



// 



/'/ 



0. 
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251. To find the point ofintersection of two given straight 
lines. 

Let the equations of the given straight lines be 

and ta + mfi + ny = 0. 

At the point which is common to these, we have 

jL^= ^ , ^ ,'y , .(i). 

77in' — mn nt — nl Im — I'm . ^ ^* . 

The above eauations give the ratios of the co-ordinates. 

If the actual values be required, multiply the nume- 
rators and denominators of the fractions in (i) by a, 6, c 
respectively, and add; then each fraction is equal to 

aoL + bl3 + cy 2A 



tt {mn* — mn) + 6 (n? — nl) + c (Im' — Im) * 



or 



Z, w, n 
T, m\ n 

a, 6, c 

The lines will not meet in a point at a finite distance 
from the triangle of reference, that is to say the lines will 
be parallel, if 

! Z, fw, n i = 0. 

Z, m, « 
a, h, c 

252. To find the condition that three straight lines may 
meet in a point 

Let the equations of the straight lines be 

Z,a + mjj8 + 71,7 = 0, 

1^1 + 711^ + n^y = 0. 
The lines will meet in a point if the above equations 
are all satisfied by the same values of a, )8, 7. The elimi- 
nation of a, /8, 7 gives for the required condition 



Zp wij, n, 
h, w,, n^ 



= 0. 



S80 LIKE AT INFINITT. 

253. If Ax + Bif + C= be the equation of a straight 
line in Cartesian co-ordinates, the intercepts which the 

line makes on the axes are — j » — ts respectively. If 

therefore A and B be v^t^ small the line will be at a very 
great distance from the origin. The equation of the line 
will in the limit, assume the form 

0.a:+0.y + (7=0. 

The equation of an infinitely distant straight line, 
generally called the line at infinity, is therefore 

0.« + 0.y + C7 = 0. 

When the line at infinity is to be combined with other 
expressions involving x and y it is written C= 0. 

The equation of the line at infinity in trilinear co-ordi- 
nates is aa + 6^8 + oy = 0. 

For if ka, kfi, hy be the co-ordinates of any point, the 
invariable relation gives k(aa+ 6^8 + cy) = 2 A, or 

L^ 2A 

If therefore k become infinitely great, we have in the limit 
the relation az + b/S + cy^^O, This is a linear relation 
which is satisfied by finite quantities which are propor- 
tional to the co-ordinates of any infinitely distant point, 
and it is not satisfied by the co-ordinates, or by quantities 
proportional to the co-ordinates, of any point at a finite 
distance from the triangle of reference. 

254. To find the condition that two given lines may be 
parallel. 

Let the equations of the lines be 

loL + mfi + ny = 0, 

Za + m'i8+n7 = 0. 

If the lines are parallel their point of intersection will 
be at an infinite distance from the origin and therefore its 
co-ordinates will satisfy the relation 

aa + 6^ + C7 = 0. 
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Eliminating a, /3, y from the three equations^ we have' 
the required condition, viz. 






971 , 

6 , 



n 
n 
c 



= 0. 



whence 



255. To find the eqtiation of a straiglU line throttgh a 
given point parallel to a given straight line. 

Lot the equation of the given line be 

fa +Wi8 + 117 = 0. 

The required line meets this where 

aa + 6i8 + C7 = 0. 

The equation is therefore of the form 

fa + wi8 + n7 + X (aa + 6^ + C7) = 0. 

If /» S'f A ^ ^^® co-ordinates of the given pointy 
we must also have 

If+mg + nh + \{af+ bg + cA) = 0, 

h + m/S + n y _ a2 + b/3 + cy 

if + mg + nh af+bg + ch' 

A useful case is to find the equation of a straight line 
through an angular point of the triangle of reference 
parallel to a given straight line. 

If J. be the angular point, its co-ordinates are /, 0, 0, 
and the equation becomes {ma — lb) 13+ (na — lc)y = 0. 

256. To find the condition of perpendicvlarity of two 
given straight lines. 

Let the equations of the lines be 

h, + mfi + n7 = 0, 
Va + m'fi + ny^Q. 

If these be expressed in Cartesian co-ordinates by 
means of the equations found in Art. 246, they will be 

x{J,co^6^+m cos 0^+n cos 0^ + y{l sin 0^+mmi 0^+nBm0^ 

-Ip^-mp^-vp^^^O, 
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and 

— fpj— m'jp, — njp, = 0: 

the lines will therefore be perpendicular [Art. 29] if 

(I cos tfj + w cos 0^+n cos 0^)(T cos 0^ + m' cos 0^ + n cos tf J 
+ (f wn tfj + m sin§,+n sintf J(?sin^j+m'sin tf,+n sintf^=0 ; 

that is, if 

W + wm' + nn + (Im + I'm) cos {0^ - 5,) 

+ (mn' + m'w) cos (d, -0^ + {riV + n'Z) cos (5,- ^j) = 0. 

But cos {0^ — 0^ = — cas -4, cos (^, — ^j) = — cos j5, 
and cos (tf^ — ^j) = — cos C ; 

therefore the required condition is 

IV + mm' + nn — (mn' + m'n) cos A — (nT + n'T) cos 5 

- (Zm' + Z m) cos (7= 0. 

257. To find the perpendicular distance of a given 
point from a given straight line. 

Let the equation of the straight line be 

h + m^ + 717 = 0. 

Expressed in Cartesian co-ordinates the equation will be 

x{l cosdj + m cos tf,+ ncos^j) +y{l sintfj+ m sin^,+ nsintf^ 

— ^j — mp^ — fip, =« 0. 

The perpendicular distance of any point from this line is 
found by substituting the co-ordinates of the point in the 
expression on the left of the equation and dividing by the 
square root of the sum of the squares of the coefficients 
of X and y. If this be again expressed in trilinear co- 
ordinates, we shall have, for the length of the perpen- 
dicular from f,g,hoiL the given line, the value 

lf+ mg + nh 

VK'costfj-|-mcostfg-hncostf3)*H-(Z8intfj+msin^j-hnsintfj)*[* 

The denominator is the square root of 

P-hm* + n* + 2Zmco8(tf^- 0^ + 2mn cos {0^-0^) 

+ 2nZ cos (5, - 0^), 

or of P + m'-f-n* — 2ZmcosC— 2mncos-4 — 2nZcos5. 
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Hence the length of the perpendicular is eqnal to 

If+mg + nh 

V(P + w' + n*— 2wincos-4 — 2nZco8 5— 2fmcos 6^ * 

258. To shew that the co-ordinates of any four points 
may be expressed in the form ±f, ±g, ±h. 

Let P, Q, R, She the four points. 




The intersection of the line joining two of the points 
and the line joining the other two is called a diagonal- 
point of the quadrangle. There are therefore three 
diagonal-points, viz. the points A, B, C in the figure. 

Take ABC for the triangle of reference, and let the 
co-ordinates of P be/, g, h. 



Then the equation of AP will be 



i^l 



h' 



The pencil AB, AS, AC, AP is harmonic [Art. 60], 
and the equations of AB, -4 C are 7 = 0, /8 = respectively, 

and the equation of AP is - = ^ ; therefore the equation 

of^5willbe^ = -5f_. [Art. 56.] 

g -h ^ •■ 

The equation of CP is 7^= — . 

J V 

Therefore where AS and CP meet, i.e. at 5, we shall 
have ?-^«_!L 
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So ihat the co-ordinates of 8 are proportional to /, g, — h. 
Similarly the co-ordinates ofi2 are proportional to ^fyff,h. 
Similarly the co-ordinates of Q are proportional to ff—gph, 

259. To shew ihat the equations of any four straight 
lines may be expressed in the form 1% ± mfi ± 717 = 0. 

Let DEF, DKG, EKE, FGH be the four straight 
lines. 

Let ABC be the triangle formed by the diagonals 
FK, EG, and D^T of the quadrilateral, and take ABC for 
the triangle of reference. 




Let the equation of jDJEFbe 

la 4- mfi + W7 = 0. 
Then the equation of AD is mfi + ny = 0. 

Since the pencil AD, AB, AH, -4(7 is harmonic 
[Alt 60], and the equations oiAD, AB, AC axe mjS+ny^^O, 
7 = 0, /8 = respectively ; 

therefore [Art. 56] the equation of -^-ETis m/S — 117 = 0. 

Since i? is the point given by ^ = 0, Z2 + n7=0; and H 
is the point given by a=0, mfi--ny = 0; the equation 
o( HE IS l2^ml3 + nrf = 0. 
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We can shew in a similar manner that the equation 

and that the equation of FH is 

1% + mfi — 717 = 0. 



EXAMPLES. 

1. The three bisectors of the angles of the triangle of reference have 
for equations, /9-7=0, 7-a=0, and a-/9=0. 

2. The three straight lines from the angnlar points of the triangle of 
reference to the middle points of the opposite sides have for equations 
6/3-cy=0, cy-aa=0, and aa- 6/9=0. 

3. If A'B'C be the middle points of the sides of the triangle of 
reference, the equations of B^(?^ CA\ A'B^ will be &/9+cy-aa=0, 
C7+ aa - 6/3=0, aa + 6/9 - cy =0 respectively. 

4. The equation of the line joining the centres of the inscribed and 
circumscribed circles of a triangle is 

a (cos B - cos (7) + /3 (cos (7 - cos il ) + 7 (cos ^ - 00s £) :=: 0. 

5. Find the co-ordinates of the centres of the four circles which touch 
the sides of the triangle of reference. Find also the oo-ordinates of the 
six middle points of the lines joining the four centres, and shew that the 
co-ordinates of these six points aU satisfy the equation 

a/37-|-67a+ca/8=0. 

6. If AO, BO, CO meet the sides of the triangle ABC in A\ B\ C\ 
and if B'C meet BC in P, CA' meet CA in g, and A'B* meet AB in iJ; 
shew that P, Q, J? are on a straight line. 

Shew also that BQ, CR, A A' meet in a point P'; CB, AP, BB' meet 
in a point Q'; and that AP^ BQ, CC meet in a point Bf. 

7. If through the middle points, A', B', C of the sides of the triangle 
ABC lines A'P, B'Q^ CR be drawn perpendicular to the sides and equal 
to them; shew that AP^ BQ, CR will meet in a point. 

8. If Pf q,r he the lengths of the perpendiculars from the angular 
points of the triangle of reference on any straight line; shew that the 
equation of the line will be apa + 6g/9 + cry = 0. 

9. If there be two triangles such that the straight lines joining the 
corresponding angles meet in a point, then will the three interaeotions of 
corresponding sides lie on a straight line. 

[Let ft g, hhe the co-ordinates of the point, referred to ABC one of the 
two triangles. Then the co-ordinates of the angular points of the other 
triangle A'BC can be taken to be/', 17, ^ ; /, g'j h and/, g, h' respectively. 

B'C cuts BC where a=0 and — ^, + r-^,=0. Hence the three inter- 
im - ^ A - /*' 

sections of corresponding sides are on the line 7-^, + -^—. + , - -t/=0.] 

*^ ^ /-J g-g* li-U 



SH6 TAXGEsrr and polab. 

S(>0. Tho genenJ equation of the aeoond degree in 
trilinoar ccM^rdinates, Tix. 

i» tho cs^xiativ^n of a conic section : for. if the equation be 
oxpro^i^cd in Cartesian ccHDrdinaxes the equation will be of 
tlio s^vond dogi\>e. 

AK\ since the equauon ccmadns fire independent 
const^nts^ th<!tse can be so decennined that the corre 
i>fWiMicntcd br tho equativm will pass ihroogh five ^ven 
pomts;. and therefore vill cv^andde wiih any given oonic. 



^1, T< iaM Uf npuAm of&£ t2Jt9tKi at amy poiatqf 

IjOt 1 JiC ocxyiiioci cf the cosir tie 
*va.5.V =«aVK?J'«r5*-2i.37-2r72-2w"aj9 = 0, 
a»i Ic; a. ;?, «)'; a\ .^'^ -j' be ibr o^-ardinates of two 

fc,a-a ^*-a - t .?-.-. ^- ~ :? ^^ty-y ,^y-j) 

T* rf*".> .^:'' thr f.Ts; ooctw ir t £. n.. and menedbre it 

w sfc:7sfk\l Vx tW T^jpfsj: t=:tL £=^i*,^='^- aikd also bv 
tJ><^ vj^u<ts^ * = ^\ i'*ti'' 'H^'*' l^KTcaare it is the 
^vqna;^^. ^x i^i >.w ;»,iTninc ihc rwt i%rasc» m. ^\ y\ 

** s:r.c :>v t^,-\ha;.vTir. a: :j^i 7hfft*?«ni3fcl C:ajrcipg ire mv 
^T^r*- Uv <v«)a:j4kr. of tb< w»iics.Tn: a; arr iwuxc a", c- V* 
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of the conic ^ (a, /9, 7) = in either of the forms 

dtb n d(l> d<b' ^ 



or 



a'# + ^^ + y^^ = 0. 



d/3 • ' dy 

262. To find the equation of the polar of a given 
jyoint. 

It may be shewn, exactly as in Art. 76, 100, or 118, 
that the equation of the polar of a point with respect to 
a conic is of the same form as the equation we have 
found for the tangent in Art. 261. 

263. To find the condition thai a given straight line 
may touch a conic. 

Let the equation of the given straight line be 

fa+wi9 + ny=0 (i). 

The equation of the tangent at (a', ff, y) is 

a (ux' + w'^+v'y') +13 (w'a' +vff + u'y) 

+ y {v'a' + u'/3' + wy') = 0. ..(li). 

If (i) and (ii) represent the same straight line, we have 

ua' + wp + vy ^ wa' + vj^ + rj(y _ v'a' -f- u'ff + wy' 

I m " n ' 

Putting each of these fractions equal to — X, we have 

Ma' -\-w'P-\-vy' -i-ld =0, 

u/oL+v^ +mV + Xi» = 0, 

t? V + u^ + wy + Xn =0. 

Also, since (a', ^8', 7') is on the line (i, wi, n), 

la + mP + ny = 0. 

Eliminating a', ff, y, X from these four equations we 
obtain the required condition 



u , w\ v\ I 

w\ V y u\ m 

v\ u\ w, n 

I J m, w, 



= 0. 



(iii), 
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THE CENTRE. 



or P . {vw -M**) + m' {wu - O + n* {uv - m?") 

+ 2mn (vV - uu') + 2nl {wu' -W) + 2lm {uv - ww') = 0, 

or 

UP ^ Vm!' + Wn'' + 2Umn + 2V'nl + 2Wlm^0...{\), 

where Z7, F, TT, IT, F', TT' are the minors of u, v, fr, 
u', v\ vi in the detenninant 



u 
to 



= 0. 



W, V 
, V J u 

V , u\ w 

264. To find the co-ordinates of the centre of a conic. 

Since the polar of the centre of a conic is altogether at 
an infinite distance, its equation is 

aa4-6i8 + C7 = (i). 

But [Art. 262], the equation of the polar of the centre 
will be 

d(l> . ^d4> . d<f> ^ 



di. 



dfio ^7fl 



where a^ i8o» 7o» ^^ *^® co-ordinates of the centre. 
Hence the equations for finding the centre are 

d<f> d^ d<l> 

d2^d0^^~dr/^ 

a b c * 

265. To find the condition that the curve represented 
by the general equation of the second degree may be a 
parabola. 

The co-ordinates of the centre of the curve are given 
by the equations 

a b * 

Put each of these equal to - X, and we have 

U2^ + w^^ + t^Vo + Xa = 0, 
w\ + vP^ +tt7o + X6 = 0, 
v ffg + w'/^j, + ti;7g + Xc « 0. 
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Also since the centre of a parabola is at infinity, we 
have 

The elimination of a^, fi^, 7,, \ gives for the required 
condition 






V\ Xi\ 



w 



= 0. 



a, 6, c, 

We see from the above that the parabola touches the 
line at infinity. [Art. 263.] 

266. To find the condition that the conic represented by 
the general equation of the second degree may he two straight 
lines. 

The required condition may be found as in Art. 37. 
The condition is 

uvw + 2u'vw' — uu^ — vu'* — wio^ = 0, 
or, as a determinant, 



w\ 



W , V 

V , u 



u 



w 



0. 



267. To find the asymptotes of a conic. 

The equations of the curve and of its asymptotes only 
dififer by a constant. 

Hence if the equation of the curve be 

^0*+ v^ + wy* + 2m'^7 -h 2y'7a + 2M;'ay3 = 0, 
the equation of the asymptotes will be 
uof -h v^ + tcrf -{• 2tt'/S7 + 2v'7a + 2w'a^ 

+ \ (aa + 6/8 + 07)'= (i). 

The value of X is to be determined from the condition 
for straight lines, viz. 



u +Xa', i^' + Xai, v •\-'kac 
w'+Tiub, V +X6*, u'+TJfC 
i/ + \ac, vl + X6c, w +Xc" 



= 0. 



s. c. s. 



19 
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The term inde] 


)en 


dent of X is 










U y W' y V 






VO y V y u' 


• 




^ y V! y W 




The coefficient of \ is 




a', aby ac 


+ 


U y W' y V 


+ 


M , W' y V 




w\ V , u' 




ah y V y be 




tVy V y U 




V' y U' y v> 




V' y U! y W 




aCy bcy c* 


ich is equal to 


^■^ 


U , to y V y a 
W\ V y U y b 






V' y U' y W y C 


• 








a y b , C y 1 










The coefficients of X* and of X' are both zero. 

Hence there is a simple equation for X, and therefore 
from (i) we have for the equation of the asymptotes 



<f>{^.0.y) 



a 







U y io' y V' y a 


+(aa+6i84-C7)' 


U y W' y V' 


V/ y V y U y b 




W' y V y U' 


V y U y W y C 




V y \i y W 



= 0. 



268. To find tfie condition tfiat the conic may be a 
rectangvlar hyperbola. 

Change to Cartesian co-ordinates. Then the conic will 
be a rectangular hyperbola if the sum of the coefficients of 
X* and y* is zero. 

The condition becomes 

u + v + w — 2u cos A- 2v cos B " 2io' cos 0=0. 

269. To Jind the equation of the circle circumscribing 
the triangle of reference. 

If from any point P, on the circle circumscribing 
a triangle ABCy the three perpendiculars PZ, PM, PN be 
drawn to the sides of the triangle and meet the sides 
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BGj CA, AB in the points L, M, -AT respectively; then it 
is known that these three points L, M, N are in a straight 
line. 

Let the triangle be taken for the triangle of reference 
and let a, fi, y be the co-ordinates of P. 

The areas of the triangles MPN, NFL, and LPM 
are hfiy sin A, J 7a sin B, and i afi sin C respectively. 
Since L, M, N are on a straight line, one of these triangles 
is equal to the sum of the other two. Hence, regard being 
had to sign, we have 

^7sin-4 +7asin5 + a)8sin (7=0, 

or a/87 + 67a + ci/S «= 0, 

which is the equation required. 

Ex. The perpendicalars from O on the sides of a triangle meet the 
Rides in D, £, F. Shew that, if the area of the triangle DEF is constant, 
the locus of O is a circle concentric with the circmnscribing circle. 

270. Since the terms of the second degree are the 
same in the equations of all circles, if ^ = be the 
equation of any one circle, the equation of any other 
circle can be written in the foim 

S+\a + fjLl3 + vy^O, 

or, in the homogeneous form, 

8+ (la + mfi + ny) (aa+bfi + 07) = 0. 

271. From the form of the general equation of a 
circle in Art. 270 it is evident that the line at infinity cuts 
all circles in the same two (imaginary) points. 

The two points at infinity through which all circles 
pass are called the circular points at infinity. 

Since, in Cartesian co-ordinates, the lines a;' + y' = 
are parallel to the asymptotes of any circle, the imaginary 
lines a?-hj/' = go through the circular points at infinity. 
Hence, from Art. 193, the four points of intersection of 
the tangents drawn to a conic from the circular points at 
infinity are the four foci of the curve. 

272. To find the conditions that the curve represented 
hy the general equation of the second degree may be a circle. 
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The equation of the circle circumscribiDg the triangle 
of reference is [Art. 269] 

aPy + 67a -f- ca/8 = 0. 

Therefore [Art. 270] the equation of any other circle 
is of the form 

a/87 + 67a + ca/8 + (ia + tn/8 + wy) (aa + 6^8 + 07) = 0. 
If this is the same curve as that represented by 
t^' + v)8" + 1£;7^ + 2u'/87 + 2t/7a + iv/afi = 0, 

we must have, for some value of X, 

\u = la, \v = mhy Xw = nc, 

2Xu' ^ a + 0711 + hn,2Xv' = 6 + aTi + c?,and 2Xw' = c + 6Z +rtm. 

Hence 
2hcv! — c'r — b^w = 2cav — a't(; — c'm = 2aW — 6'm — a'i», 

for each of these quantities is equal to -r- • 

273. To find the condition that the conic represented hy 
the general equation of the second degree may be an ellipse, 
parabola, or hyperbola. 

The equation of the lines from the angular point G to 
the points at infinity on the conic will be found by elimi- 
nating 7 from the equation of the curve and the equation 
aj + b/S + cy = 0. Hence the equation of the lines through 
C parallel to the asymptotes of the conic will be 

i^c'a' + t;c«/3' +w{a2 + bfiy - 2ucl3 {aa + bfi) 

- 2vc2 (aa + b/3) + 2wc*a^ = 0. 

The conic is an ellipse, parabola, or hyperbola, accord- 
ing as these lines are imaginary, coincident, or real ; and 
the lines are imaginary, coincident, or real according as 

(wab — uac — vbc + w'c^y — (uc^ + wa^ — 2v ac) 

(v(f + 1^6' - 2u'6c) 
is negative, zero, or positive ; that is, according as 
^^ Ua*+ F5'+ ]rc'+2J7'6c + 2Fca + 21f'a6 

^*is positive, zero, or negative. 

274. The equation of a pair of tangents drawn to the 
conic from any point can be found by the method of 
Art. 188. 
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The equation of the director circle of the conic can be 
found by the method of Art. 189. 

The equation giving the foci can be found by the 
method of Art. 193. 

The equations for the foci will be found to be 

4 (b*w +<^v- 2bcu,') ^ (a. y8, 7) - (i g - c ^)' 

= 4(c«« + a'«,-2ca^')^(7,A7)-(cg-«^y 

= 4 (a'» + 6«M - 2a6M.') ^ (a, /3, 7) - (a ^* - 6 g)' . 

The elimination of <f> (a, jS, y) will give the equation of 
the axes of the conic 

275. To find the equation of a conic circumscribing the 
triangle of reference. 

The general equation of a conic is 

wa* •\-v^ + w'/ + 2ufiy + 2i; 7a + 2wa^ = 0. 

The co-ordinates of the angular points of the triangle 

are 

2A 9.\ 2A 

^.0,0; 0,^,0; and 0,0,-. 
a c 

If these points are on the curve, we must have w = 0, t? = 0, 
and t^ = 0, as is at once seen by substitution. 

Hence the equation of a conic circumscribing the tri- 
angle of reference is 

ul3y + v'yoL + wafi = 0. 

276. The condition that a given straight line may 
touch the conic may be found as in Art. 263, or as follows. 

The equation of the lines joining A to the points 
common to the conic and the straight line (Z, m^ n), found 
by eliminating a between the equations of the conic and 
of the straight line, is 

lu^y - [vy + wff) (m^ + ny) = 0, 
or mw'/S* + nv'f/ + {jnv* + nw — la) jSy = 0. 

The lines are coincident if {I, m, n) is a tangent; the 
condition for this is 

4!mnv'w' = (mv' + nw' — luy^ 
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which is equivalent to 

^//t7 + Jmv' ± Jnw = 0. 

277. To find the equatvm of a conic touching the sides 
of the triangle of reference. 

The general equation of a conic is 

tia» + 1;)8» + wy^ + 2u^y + 2vy% + 2w a/8 = 0. 

Where the conic cuts a = 0, we have 

Hence, if the conic cut a = in coincident points we 

have 

vw = u^f or tt' = Jvw. 

Similarly, if the conic touch the other sides of the 
triangle, we have 

v' = Jwuy and w = Juv. 

Putting X', /a", 1/' instead of w, v, w respectively, we have 
for the equation, 

XV + /A*/8* + j/V + 2fivpy + 2i;X7a + 2X/ia/8 = 0. 

In this equation either one or three of the ambiguous 
signs must be negative ; for otherwise the left side of the 
equation would be a perfect square, in which case the 
conic would be two coincident straight lines. 

The equation can be written in the form 

278. To find the condition that the line la + mjS + ny = 
may touch the conic J\a+Jfifi+ 171^7 = 0. 

The condition of tangency can be found as in Art 276, 
the result is 

I VI n 

279. To find the equatioi\s of the circles which touch the 
sides of the triangle of reference. 

If D be the point where the inscribed circle touches 
BC, we know that 
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Therefore the equation of AD will be 

(8 - c) sin C (« - 6) sin B ^ ^' 

Now the equation of any inscribed conic is 

^/xi■4■^//i^ + ^^7 = (ii). 

The equation of the line joining A to the point of contact 
of the conic with BG will be given by 

.\/ifi = vy (iii). 

Hence, if (ii) is the inscribed circle, we have from (i) and 

(iii) 

fl _ V 

Similarly, by considering the point of contact with CA , 
we have 

c{8-'c)'~ a{8^a) * 
Hence the equation of the inscribed circle is 

Ja{8-'a)a + Jb (8-b)fi 4- ^c (« - c) 7 = 0. 

The equations of the escribed circles can be found in a 
similar manner. 

Ex. 1. Bhew that the oonio whose equation is 

,^001+ ^Ap+ Jcy=0, 
touches the sides of the triangle of reference at their middle points. 

Ex. 2. If a conic he inscribed in a triangle, the lines joining the 
angular points of the triangle to the points of contact with the opposite 
sides wiU meet in a point. 

280. To find the equation of a conic which passes 
through four given points. 

If the diagonal-points of the quadrangle be the angular 
points of the triangle of reference, the co-ordinates ot the 
four points are given by ±f ±g, ±h [Art. 258]. 

If the four points are on the conic whose equation is 

t^a* + v/S" + wr/ + 2u'/3y + 2t; 7a + 2w'a/3 = 0, 
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^ve have the equations 

t//* + V + ^** ± 2wV* ± 2t?'A/ ± 2v/fg = ; 

.-. u' = v = t^' = 0. 

Hence the equation of the conic is wa" 4- v^ + wy* = 0, 
with the condition uf^ + vfl^ + wh? = 0. 

Ex. 1. Find the locui of the eentret of all conies which past through 

four given points. 

Let the four points be db/, ±g^ ±h. 

The equation of any conic will be 

ua« + r/3» + tr7«=0, 
with the condition 

uf^+vo^+wh^=0 (i). 

The co-ordinates of the centre of the conic are given by 

tta _ t;/9 __ try 

a "^ b " c ' 

Substitute for ii, v, w in (i), and we have the equation of the locus, viz. 

^Z' + ^l' + fA'^O. [See Art. 209.] 
« ^ 7 

Ex. 2. The polars of a given point with respect to a system of 

conies passing through four given points will pass through a fixed point. 

281. To find the equation of a conic touching four 
given straight lines. 

Let the triangle formed by the diagonals of the quadri- 
lateral be taken for the triangle of reference, then [Art 259] 
the equations of the four lines will be of the form 

loL ± mfi + W7 = 0. 

The conic whose equation is 

w* •{- vff" + wy"" + 2u'^y+ 2vy2 + 2wafi==0 ...(i) 

will touch the line {I, m, n) if 

jrf*+Fy/t«+ irn« + 2trmn4-27'7iZ4-2F7m = 0. 

If therefore the conic touch all four of the lines, we 
must have ?/' = F == W = 0, 

tliat is v'w - mi = 0, 

wn — vv' = 0, 

uV — wiv = ; 
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or else (i) is a perfect square, and the conic a pair 
of coincident straight lines. 

Hence we must have u' =v =w' = 0, and the condition 
of tangency is Pvw + rr?wa + t?uv = 0. 

Hence every conic touching the four straight lines is 
included in the equation 

with the condition 

- + — + — = 0. 
u V w 

Ex. 1. Find the Iocum of the centres of the conies tohich touch four 

given straight lines. 

Any conic is giyen by 

with the condition 

- + — + -=0. 

U V ID 

The co-ordinates of the centre of the conic arc given by 

"a "T ~ c ' 
therefore the equation of the locns of the centres is the straight line 

a b c 

This straight line goes through the middle points of the three diagonals 
of the qnadrilateral. [See Art. 217.] 

Ex. 2. The locus of the pole of a given line with respect to a system 
of conies inscribed in the same quadrilateral is a straight line. 

Ex. 3. Shew that, if the conic ua^+vp^+vfy^=0 bo a parabola, it 
will touch the four lines given hy aa^bp:Lcy=0. 

282. When the equation of a conic is of the form 
uo? + vyS' + wy^ = 0, each angular point of the triangle of 
reference is the pole of the opposite side. This is at once 
seen if the co-ordinates of an angular point of the triangle 
he substituted in the equation of the polar of (a', fi\ 7'), 
viz. uaa + v/S'/S + wyy = 0. 

Conversely, if the triangle of reference be self-polar, the 
equation of the conic will be of the form wa* + v^ + vyf = 0. 

For, the equation of the polar of A i- — , 0, j , with respect 
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to the conic given by the general equation, is 

U2 + w'fi + v'y == 0. 
Hence, if 5(7 be the polar of A, we have «;'=t>' = 0. 
Similarly, if CA be the polar of B, we have w' =^u' = 0. 
Hence u', v\ vo* are all zero. 

283. If two conies intersect in four real points, and 
we take the diagonal-points of the quadrangle formed by 
the four points for the triangle of reference, the equations 
of the two conies will [Art. 280] be of the form 

t^a'+ Vi8"+tty = 0, and w V 4- v ^" + w? V = 0, 

So that, as we have seen in Art. 213, any two conies 
which intersect in four real points have a common self-polar 
triangle. 

When two of the points of intersection of two conies 
are real and the other two imaginary, two angular points 
of the common self-polar triangle are imaginary. When 
all four points of intersection ot two conies are imaginary, 
they will have a real self-polar triangle. [See Ferrers* 
TriUnears, or Salmon's Conic Sections, Art. 282.] 

284. If two tangents and their chord of contact be 
the sides of the triangle of reference, the equation of the 
conic will be of the form 

a«=2/c/3y (i), 

for (i) is a conic which has double contact with the conic 
^87 = 0, the chord of contact being a = 0. [See Art. 187.] 

285. To find the equation of ike circle with respect to 
which the triangle of reference is self -polar. 

The equations of all conies with respect to which the 
triangle of reference is self-polar are of the form 

Ma' + ryS' + tiV = 0. 

The equation of any circle can be written in the form 

afiy+lyi + ca/S -f (\2 + fij3-{-vy) (ace -f- 6/9 + oy) = 0. 

If these equations represent the same curve, we have 

t4s=Xa, v==fjLby w = vc, 

a-f/AC + i/6 = 0, i + i/a-hXc = 0, and c + XJ + ^a = 0. 
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Whence X = — cos-4, /i = — cos-B, and v*s — cos C 
The required equation is therefore 

a cos -4. . a' + 6 cos 5 . )8' + c cos (7. 7*= 0. 

286. To find the equation of the mne-point circle. 
Let the equation of the circle be 

ajSy -f bya+coifi — (Xa +^)8 + 1^) (aa + i^S 4- 07) == 0. 
This circle cuts a = where bjS^cy; 

/. abc-2(jic + vb)bc = 0, 

b c "~ 2abc ' 
Similarly l + h Mo' 

and - + r = ^~T • 

a zabc 

Hence 2X = cos A, 2fi = cos B, and 2v = cos C ; 

therefore the equation of the circle is 

2a^7 + 267a + 2c2l3 

— (a COS A + 13 cos B + y cos C) {ax •\-bl3 + cy) = 0, 

or 0^7+672 + 00/8 — a'a cos J. —/S'i cos 5— 7*0 cos (7 = 0. 

The form of this equation shews that the nine-point 
circle, the circumscribed circle, and the self-conjugate 
circle have a common radical axis, the equation of the 
radical axis being 

a cos A+fi cos 5 + 7 cos (7 = 0. 

Ex. 1. The centre of the self-conjugate ciiole of a triangle is its 
orthocentre. 

Ex. 2. The locus of the centres of all rectangular hyperbolas de« 
scribed about a given triangle is the nine-point circle. 

287. Pascal's Theorem, If a hexagon be inscribed in 
a conic, the three points of intersection of the three pairs of 
opposite sides will be on a straight line. 

Let the angular points of the hexagon be A^F,B,D,C,E, 
Take ABC for the triangle of reference, and let the points 
D,E.Fhe («'. ^, 70. (a", /8". 7"), and (a"', /9"', 7'")- 



soo 
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.(i). 



Let the equation of the conic be 

^+g + ^ = o 

a ^ 7 

The equations of BD and AE will be -> = —,, and 
^ ay 

■^ = -77 : therefore at their intersection, a[ B' 1 * 

7 7 

Similarly CD, AF meet in the point (-5?, 1, ^J • 

The three points will lie on a straight line if 

111 



7" 7" 



/// 



a 7^ 

'0" ' /3"' 



/// 



1, 



P 7 



a a 



= 0, or if 



y 7 7 
J. ^ 1 

/S" /3"' /3'" 
111 



OL d 



J't 



= (ii). 



But, since the three points D, JF, jPare on the conic (i), 
we have 

d^'^^ y' 
-+-^ + -^ = 



and 



a ^ 7 



By the elimination of X, /i, x' we see that the condition 
(ii) is satisfied, which proves the proposition. [See also 
Art. 319, Ex. 3.] 

Since six points can be taken in order in sixty different 
ways, there are sixty hexagons corresponding to six points 
on a conic ; and, since Pascal's Theorem is true for every 
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one of these hexagons, there are sixty Pascal lines corre- 
sponding to six points on a conic. 

288. If a hexagon circumscribe a conic, the points of 
contact of its sides will be the angular points of a hexagon 
inscribed in the conic. Each angular point of the circum- 
scribed hexagon will be the pole of the corresponding side 
of the inscribed hexagon ; therefore a diagonal of the cir- 
cumscribing hexagon, that is a line joining a pair of 
its opposite angular points, will be the polar of the point 
of intersection of a pair of opposite sides of the inscribed 
hexagon. But the three points of intersection of pairs of 
opposite sides of the inscribed hexagon lie on a straight 
line by Pascal's Theorem ; hence their three polars, that is 
the three diagonals of the circumscribing hexacfon, will 
meet in a point. This proves Brianchon's TheOTem :-»/ 
a hexagon he described ahoiU a conic, the three diagonals will 
meet in a point. 

289. If we are given five tangents to a conic we can 
find their points of contact by Brianchon's Theorem. For, 
let A, B, Cy Dy E he the angular points of a pentagon 
formed by the five given tangents; then, if if be the point 
of contact of AB, A, K, B, C, i>, JE are the angular points 
of a circumscribing hexagon, two sides of which are co- 
incident. By Brianchon's Theorem, BK passes through 
the point of intersection of AG and BE; hence K is 
found. The other points of contact can be found in a 
similar manner. 

Similarly, by means of Pascal's Theorem, we can find 
the tangents to a conic at five given points. For, let A, 
B, C, D, E be the five given points, and let F be the point 
on the conic indefinitely near to A ; then, by Pascal's 
Theorem, the three points of intersection of AB and DE\ 
of BG and EF\ and of GD and FA lie on a straight line. 
Hence, if the line joining the point of intersection of AB 
and DE to the point of intersection of BG and EA meet 
GD in H, An will be the tangent at A. The other 
tangents can be found in a similar manner. 
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AREAL CO-ORDINATES. 

290. The position of any point P is determined if the 
ratios of the tnangles PBG, PCA, PAB to the triangle of 
reference ABC be given. These ratios are denoted by x, y, s 
respectively, and are called the areal co-ordinates of the 
point P. 

The areal co-ordinates of any point are connected by 
the relation a? + y + ir = 1. 

Since a? = 2rx > V = ^ > and z = ^-z- , wo at once find 
2A ^ 2A 2A 

the equation in areal co-ordinates which corresponds to any 

given homogeneous equation in trilinear co-ordinates, by 

substituting in the given equation - , t , - for a, yS, 7 

respectively ; for example the equation of the line at in- 
finity is x+y + z^O, We will however find the areal 
equation of the circumscribing circle independently. 

291. To find the equation in areal co-ordinates of the 
circle which circumscribes the triangle of reference. 

If P be any point on the circle circumscribing the tri- 
angle ABC, then by Ptx)lemy*s Theorem (Euclid VI. D.) 
we have 

PA,BC±PB.CA±PC.AB^O (i). 

But since the angles BPC and BA G are equal, we have 
PB PC 
AH AC ^^' ^^^ similarly for y and z) hence, paying 

regard to the signs of x, y, «, we have from (i) 

PA,PB,PC , PA,PB,PG PA.PB.PC ^ 

a . J h . h c . 5 = 0, 

OCX cay abz 

«' 6' c* ^ 
or - + „ + > = 0, 

X y z 

which is the equation required. 
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292. If the conic represented by the general equation 
of the second degree in trilinear co-ordinates, viz. 

be the same as that represented in areal co-ordinates by 
the equation 

^ + /fy* + v^ + 2\yz + 2fjfzx + 2 vxy = ; 

then, since — = As = — , we have 
aoL op erf 

u V w u' V to' 



\a* fib* vc* Xhc fica vab' 

Hence we can obtain the relation between the coefficients 
in the areal equation which corresponds to any given 
relation between the coefficients in the trilinear equation. 

For example, the condition thaf uo? + v)8' -f tor/ = 
may be a rectangular hyperbola isw + t;-fw? = 0; hence the 
condition that Xa^ + fiy* + vz* = may be a rectangular 
hyperbola is Xa' -h /xi" 4- vc* = 0. 

TANGENTIAL CO-ORDINATES. 

293. If Z, «n, n be the three constants in the tri- 
linear or areal equation of any straight line, the position 
of the line will be determined when I, m and n are given ; 
and by changing the values of Z, m, and n the equation 
may be made to represent any straight line whatever. 

The quantities I, m, and n which thus define the position 
of a straight line are called the co-ordinates of the line. 

If the equation of a straight line in areal co-ordinates 
be 7a? 4- wiy -f- n-s^ = 0, 

the lengths of the perpendiculars on the line from the 
angular points of the triangle of reference will be pro- 
portional to ly 772, n. This follows at once from Art. 257; 
we will however give an independent proof. 

Let the lengths of the perpendiculars from the angular 
points Ay £, C of the triangle of reference be p, q, r 
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respectively. Let the line cut BG in the point K, and let 
the co-ordinates of K be 0, y', z. 

Then q : r :: BK : CK ::-«' : y. 

But, since iT is on the line, my' -f ««' = 0; therefore 

m : n. 






294. The lengths of the perpendiculars on a straight 
line from the angular points of the triangle of reference 
may be called the co-onlinates of the line. If any two of 
these perpendiculars be drawn in different directions they 
must be considered to have different signs. 

From the preceding Article we see that the equation of 
a line whose co-ordinates are p, q,r ispx + qy + rz=^ 0. 

When the lengths of two of the perpendiculars on 
a straight line ar^ given, there are two and only two 
positions of the line ; so that, when two of the co-ordinates 
of the line are given, the third has one of two particular 
values. Hence there must be some identical relation 
connecting the three co-ordinates of a line, and that 
relation must be of the second degree. 

295. To find the identical relation which exists between 
ttie co-ordinates of any line. 

Let be the angle the line makes with BAy then we 
have q—p^csmO, and q — r = a Bin (0-{-B), The elimi- 
nation of gives the required relation, viz. 

tt' {q —pY — 2ac cos B {q — p) (j — r) + c' {q — r)' = 4A*, 
or 
a" ip-q) {p - r) -VViq- r) {q''p) + c' (r —p) (r - g) = 4AI 

296. If the line jyx-^-qy+rz^O pass through a fixed 
point (/, g, k), then 

llf+qff-^-rh^^O (i). 

So that the co-ordinates of all the lines which pass 
through the point whose areal co-ordinates are /, g, h 
satisfy the relation (i). 

Hence the equation of a point is of the first degree. 
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297. If the co-ordinates of a straight line are con- 
nected by any relation the line will envelope a curve, and 
the equation which expresses that relation is called the 
tangential equation of the curve. 

We have seen that the tangential equation of a conic is 
of the second degree, and that every curve whose equation 
is of the second degree is a conic. If '^ (Z, m, n) = be 
the tangential equation of the conic whose areal equation 
is <l> {xy y, z) = 0, and if the coefficients in the equation 
^ = be w, v, Wf u\ v\ w ; the corresponding coefficients in 
the equation -^ = will be U, V, W, U\ V\ W\ the minors 
of u, V, to, u\ v\ w' respectively in the determinant 

u, u/, v' 

Vfy V y u' 

l/y U\ W 

Since m, v, w, u-, i/, vf are proportional to the minors 6f 
TJy F, Wy U, V\ W in the determinant 

TJ y TT, r 

TT, F, JJ' 

r, TJ\ W 

it follows that if y^ (Z, m, n) = be the tangential equa- 
tion of the conic whose areal equation is ^ (a?, y, z) = 0, 
then if> (I, m, n) = will be the tangential equation of the 
conic whose areal equation is y^ (x, y, ^)=0. 

298. We can find the equation of the point of contact 
of any tangent by an investigation similar to that in 
Art 261. 

The equation is 

where ^ (p, q, r) is the equation of the conic, and p , g', r' 
are the co-ordinates of the tangent. 

S. C. s. 20 



[See Art. 239] 
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If {p\ q\ 7^) be not a tangent to the curve, the above 
equation will be the equation of the pole of {p\ d^ r'). 

The centre is the pole of the line at infinity whose 
co-ordinates are 1, 1, 1 ; hi^nce the equation of the centre 



of the curve is 



dp dq dr 



299. We shall conclude this chapter by the solution 
of some examples. 

(1) If the sides of two triangles touch a given conic, their six angular 
points will lie on anotlier conic. 

Take one of the triangles for the triangle of reference. 
Let the equation of the given conic be 

Let the equations of the sides of the second triangle be 

and i,a + m,/3+n,7=0. 

Then 
L (fjo + m^ + n,7) (fja + jn,/3 + »,7) + if (Zja + mj/3 + fi37) (i^a + i»i/J + Uiy) 

+ iV (Zia + ini)5+ni7) («>a+ma/3 + n57)=0 
will be the general equation of a conic circumscribing the triangle formed 
by these straight lines. 

This conic will pass through the angular points of the triangle of 
reference if the coefficients of a', /3' and 7^ are all zero. That Ia, if 

L l^l^ + Ml^l^+Nljl^=0, 

Lm^m^ + Mni^mi + Nmjm^ = 0, 

and Ln^^ + Mn^n^^ +Nnin2= 0. 

Eliminating L, M, iV, we see that the condition to be satisfied is 

=0. 



'A . 


Vi . 


1,1, 


= 0, or 


1 


1 


1 


nijiw,, 


fw,mi, 


ntjtn^ 




h * 


'2 • 


h 


fi,n, , 


^s^i » 


njfi. 




1 


1 


1 








m,' 


m,' 


jn. 








1 


1 


1 










«x' 


^.' 


''s 



But, since the three lines touch the given conic, we have 

Eliminating X, /a, y, we see that the required condition is satisfied. 

[See also Art. 322, Ex. 2.] 
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(2) If one triangle can be inscribed in one conic with ite tidet UmcHng 
another conic, then an infinite number of triangles can be so described. 

Let ABC be the triangle whose angular points are on the conio Z, and 
whose sides touch the conic S. 

Let any other tangent to S> be drawn catting 2 in the points B', CT, 
and let the other tangents to S through B', C meet at A'. Then A'B'C 
and ABC ore two triangles whose sides touch S. Therefore hy the pre- 
ceding question the six points A, B, C, £', C, A' are on a conic. Bat 
five of the points, viz. A, B, C, B', C, are on the conio Z, and only one 
conic will pass through five points, therefore C also is on Z. 

(3) Four circles are described so that each of the four triangles, formed 
by each three of four given straight lines, is self-polar with respect to one of 
the circles; prove that these four circles and the circle circumscribing 
the triangle formed by the diagonals of the quadrilateral have a common 
radical axis. 

Take the triangle formed by the diagonals for the triangle of reference, 
then the equations of the four straight lines will be 2adbm)3dbn7=0. 
All conies with respect to which the lines 

la + mfi-^ny=0, la-m,p + ny=0, and la + mp-ny=.0 
form a self-polar triangle are included in the equation 

L{la+mp + ny)^-\-M(U-mp-\'ny)^ + N{la+mp-ny)^=0 (i). 

If this conic be a circle its equation can be put in the form 

apy'\-bya + ca^ + {\a'\-fip+yy){aa + bp-\-cy)=:0 (ii), 

and \a+fjLp+vy=OiB the radical axis of (ii) and of the circumscribing 
circle. Comparing coefficients of a', ^ and y* in (i) and (ii) we obtain, for 
the equation of the radical axis 

a b ^ c 
This is clearly the same for all four circles. 

(4) A line cuts two given conies in P, F', and Q, Q;, so that tJie range 
Pf Qt P't Q' w harmonic; find the envelope of the line, 

Befer the conies to their common self-conjugate triangle and let their 
equations be 

ua" + v^ + wy^=0, tt'o«+t;'/32 + irV=0. 

Let the equation of the line be 

la + mp+ny=0. 
Then the lines AP, AP are given by the equation 

tt(»i/9+n7)« + Pt'^+rHc7a=0, 
or p^ (um^ + vP) + 2umnpy + (tm^ + wl*) 7* = 0. 

20—2 
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And Bimilarly AQt AQ* an giyen by 

If therefore A {PQP'Q^) is harmonio, we must have [Art. 68] 

{um*+vP) (tt'n«+K77«) + (tm«+tpP) (tt'm*+t;'P)=2tiu'm«n*; 
which reduces to 

(rtr' + tr»0 P + (tru' + tticO wi* + (wv' + vmO w' = 0. 
This condition shews that the line always touches the conic 



a 



s 



/S* ^ 7" ^ 



, = 0. 



vw' + in/ wu' + uu/ vv' + w! 
It is easy to shew that the envelope touches the eight tangents to the 
given conies at their four points of intersection. 

(5) The director-cirelcM of all conies which are irueribed in the tame 
quadrilateral have a common radical axis. 

Let the triangle formed by the diagonals of the quadrilateral be taken 
for the triangle of reference. 

Then the equations of the four lines will be la^m§^ny=^0, [Art. 
259.] 

The equation of any one of the conies will be ua^ +v/3* + if7*=^0. 
[Art. 281.] 

The equation of the two tangents from the point {o!pf') is 
(ua* + v/3« + 1«?7») (Utt'« + v/3^ + irV') - (tta'a + «/3'/S + ipVy)* = 0. 

The condition that these lines may be perpendicular is [Art. 268] 
u{vfi^-k-w^ + v(vrp+uan)'k-w{ua'^+vP^) + 2vwp-/co%A 

+ 2uwya' 008 B + 2wm!p cos C =0. 

Hence the equation of the director-circle of the conic «a' + 1^ + iry' = 
will be 
/ 3'-h7* + 2 /97COSii , 7* + a« + 27tt008B a" + /3* + 2a/9 cos C ^ .,. 

' T 1 =0....(l). 

U V v> ^ 

But, since the conic touches the four lines Za±m/3± 117=0, we have 

-+— + -=0 (ii). 

Comparing (i) and (ii) we see that all the director-circles pass through 
the points given by 

y -ny + 2/97 cos ii _ 7' + a»+27aco8Btt« + y + 2aj8 cos C 
P " m^ ' n^ ' 

[See also Art. 243, Ex. (2), and Art. 307.] 

(6) To find the tangential equation of the circle with respect to which 
the triangle of reference is self -polar. 

The trilinear equation of the circle is 

a*a coSii 4 /S'&cobB +7'eco8 C=0. 
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The line la+mfi-k- ny=iO will tonoh the drcle, if 



m' n* 



a COB A cos B c cos C 
If p, g, r be the perpendiculars on the line from the angular points of 
the triangle 

€ = S=l[Art.2o7]. 
t tn n 

a b c 
Hence from the condition of tangency 

j)« tan 4 + g^tan B + r3 tan C=0. 

which is the required tangential equation. 



Examples on Chapteb XIII. 

1. Shew that the minor axis of an ellipse inscribed in a 
given triangle cannot exceed the diameter of the inscribed 
circle. 

2. Find the area of a triangle in terms of the trilinear or 
areal co-ordinates of its angular points. 

3. If four conies have a common self-conjugate triangle, 
the four points of intersection of any two and the four points 
of intersection of the other two lie on a conic. 

4. Shew that the eight points of contact of two conies 
with their common tangents lie on a conic. 

5. Shew that the eight tangents to two conies at their 
common points touch a conic. 

6. Any three pairs of points which divide the three 
diagonals of a quadrilateral harmonically are on a conic. 

7. Find the equation of the nine-point circle by considering 
it as the circle circumscribing the triangle formed by the lines 

oa — 5j8 — cy = 0, 6)3 - cy — aa = 0, and cy — oa — 6)3 = 0. 

8. Shew that the equation of the circle concentric with 
afiy 4- bya + ca)3 = aud of radius r is 

a^y + bya + cap -^ — (oa + 6)8 + Cy)* = 0, 

where R is the radius of the circle circumscribing the triangle 
of reference. 
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9. The equation of the circumscribing conic, whose 
diameters parallel to the sides of the triangle of reference are 



r,,r„r3is 



a b c ^ 

4. — — 4- = 

r,'a r/p r,"y 

10. ABC is a triangle inscribed in a conic, and the tangents 
to the conic at -4, -5, (7 are B'C\ CA\ A'B respectively ; shew 
that AA\ Blf^ and CC meet in a point. Shew also that, if D 
be the point of intersection of BC^ BC ; E the point of inter- 
section of CA^ CA\ and F the point of intersection of AB^ 
A'B'-, i), jET, i^ will be a straight line. 

11. Lines are drawn from the angular points A, B^ C ol ^ 
triangle through a point P to meet the opposite sides in 
A*, B, C. BC meets BG in K, O'A' meets CA in Z, and A'B 
meets ^^ in M, Shew that K^ Z, M are on a straight line. 
Shew also (i) that if P moves on a fixed straight line then 
KLM will touch a conic inscribed in the triangle ABC ; (ii) 
that if P moves on a fixed conic circumscribing the triangle 
ABCf then KLAf will pass through a fixed point ; (iii) that if 
P moves on a fixed conic touching two sides of the triangle 
where they are met by the third, KLM will envelope a conic. 

12. Lines drawn through the angular points A, B, C of a. 
triangle and through a point meet the opposite sides in 
A', By C; and those drawn through a point 0' meet the 
opposite sides in A'\ B', (7". If P be the point of intersection 
oiBC and B'C", Q be the point of intersection of CA\ C"A'\ 
and B. be the point of intersection of A'B^ A"B' ; shew that 
APy BQ, CR will meet in some point Z, Shew also that, if 
0, 0' be any two points on a fixol conic through A, B, Cf the 
point Z will be fixed. 

13. The locus of the pole of a given straight line with 
respect to a system of conies through four given points is a 
conic which passes through the diagonal-points of the quad- 
]*angle formed by the given points. 

14. The envelope of the polar of a given point with respect 
to a system of conies touching four given straight lines is a 
conic which touches the diagonals of the quadrilateral formed 
by the given lines. 
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15. Shew that the locus of the points of contact of 
tangents, drawn parallel to a fixed line, to the conies in- 
scribed in a given quadrilateral, is a cubic; and notice any 
remarkable points, connected with the quadrilateral, through 
which the cubic passes. 

16. An ellipse is inscribed within a triangle and has its 
centre at the centre of the circumscribing circle. Shew that 
its major and minor axes are R + d and B — d respectively, B 
being the radius of the circumscribing circle and d the distance 
between the centre and the orthocentre. 

17. Prove that a conic circumscribing a triangle ABC 
will be an ellipse if the centre lie within the triangle DBF or 
within the angles vertically opposite to the angles of the 
triangle DBF, where />, By F are the middle points of the 
sides of the triangle ABC, 

18. Shew that the locus of the foci of parabolas to which 
the triangle of reference is self -polar is the nine-point circle. 

1 9. Shew that the locus of the foci of all conies touching 
the four lines la >k mfi rk ny = is the cubic 

^i' ^/ ^,' ^Z 

la + mp + 7ty la — mfi — ny — ^+m^— 7iy —la—mp-^ny * 

where P* = l^ + m' + n' — 2mn cos A — 2rd cos B - 2lm cos C, 
and P*y Pj*, P' have similar valuea 

20. If a conic be inscribed in a given triangle, and its 
major axis pass through the fixed point (/, g, A), the locus of 
its focus is the cubic 

/a (^ - /) + (7)8 (/ - a') + Ay (a* - )80 = 0. 

21. If the centre of a conic inscribed in a triangle move 
along a fixed straight line, the foci will lie on a cubic circum- 
scribing the triangle. 

22. The locus of the centres of the rectangular hyperbolas 
with respect to which the triangle of reference is self-conjugate 
is the circumscribing circle. 

23. The locus of the centres of all rectangular hyperbolas 
inscribed in the triangle of reference is the self-conjugate 
circle. 
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24. Shew that the nine-point circle of a triangle touches 
the inscribed circle and each of the escribed circles. 

25. The tangents to the nine-point circle at the points 
where it touches the inscribed and escribed circles form a 
quadrilateral, each diagonal of which passes through an angular 
point of the triangle, and the lines joining corresponding 
angular points of the original triangle and of the triangle 
formed by the diagonals are all parallel to the radical axis of 
the nine-point circle and the circumscribing circl& 

26. The polars of the points A, B^ with respect to a 
conic are F0\ 0'A\ A'B respectively; shew that AA\ BR, CC 
meet in a point. 

27. If an equilateral hyperbola pass through the middle 
points of the sides of a triangle ABC and cuts the sides BC, CA, 
AB again in a, /3, y respectively, then Aoj Bfi, Cy meet in a 
point on the circumscribed circle of the triangle ABC. 

28. Shew that the locus of the intersection of the polars of 
all points in a given straight line with respect to two given 
conies is a conic circumscribing their common self-conjugate 
triangle. 

29. Two conies have double contact ; sliew that the locus 
of the poles with respect to one conic of the tangents to the 
other is a conic which has double contact with both at their 
common points. 

30. Two triangles are inscribed in a conic ; shew that their 
six sides touch another conic. 

31. Two triangles are self-polar with respect to a conic; 
shew that their six angular points are on a second conic, and 
that their six sides touch a third conic. 

32. If one triangle can be described self-polar to a given 
conic and with its angular points on another given conic, an 
infinite number of triangles can be so described. 

33. A system of similar conies have a common self-conju- 
gate triangle ; shew that their centres are on a curve of the 4th 
degree which passes through the circular points at infinity and 
of which the angular points of the triangle are double points 
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34. If A, B, C, A\ ff, C be six points such that AA% BR, 
CC meet in a point, then will the six straight lines ARy Aff, 
BC\ BA\ CA' and CR touch a conic. 

35. A conic is inscribed in a triangle and is such that 
the normals at the points of contact meet in a point; prove 
that the point of concurrence describes a cubic curve whose 
asymptotes are perpendicular to the sides of the triangle. 

36. If Pj^ jt?j, Pg, p^ be the lengths of the perpendiculars 
drawn from the vertices A, B^ C, D oi a quadrihiteral circum- 
scribed about a conic on any other tangent to the conic, shew 
that the ratio of p^p^ ^ PtP^ ^^'^ ^ constant. 

37. The polars with respect to any conic of the angular 
points Ay By G of a triangle meet the opposite sides in il , ^, 
C ; shew that the circles on AA\ BB\ CC as diameters have 
a common radical axis. 

38. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced ; prove that the per- 
pendiculars drawn from the angular points of the triangle 
upon any tangent to the parabola are in harmonica! pro- 
gression. 

39. Shew that the tangential equation of the circum- 
scribing circle is a Jp 4- b Jq + c Jr = 0. Hence shew that the 
tangential equation of the nine-point circle is 

0,J{q 4- r) 4- 6 J{r +p) 4- C J(p 4- q). 

40. The locus of the centre of a conic inscribed in a given 
triangle, and having the sum of the squares of its axis constant, 
is a cirde. 

41. The director circles of all conies inscribed in the same 
triangle are cut orthogonally by the circle to which the triangle 
of reference is self-polar. 

42. The circles described on the diagonals of a complete 
quadrilateral are cut orthogonally by the circle round the 
triangle formed by the diagonals. 

43. If three conies circumscribe the same quadrilateral, 
shew that a common tangent to any two is cut harmonically 
by the third. 
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44. If three conies are inscribed in the same quadrilateral 
tihe tangents to two of them at a common point and the tan- 
gents to the third from that point form a hannonic pencil. 

45. The locus of a point the pairs of tangents from which 
to two given conies form a harmonic pencil is a conic on which 
lie the eight points in which the given conies touch their com- 
mon tangents. 

46. The locus of a point from which the tangents drawn 
to two equal circles form a harmonic pencil is a conic, which is 
an ellipse if the circles cut at an angle less than a right angle, 
and two parallel straight lines if they cut at right angles. 

47. A triangle is circumscribed about one conic and two 
of its angular points arc on a second conic; find the locus of the 
third angular point. 

48. A triangle is inscribed in one conic and two of its 
sides touch a second conic ; find the envelope of the third side. 

49. The angular points of a triangle are on the sides of a 
given triangle, and two of its sides pass through fixed points ; 
shew that the third side will envelope a conic. 

50. From the angular points of the fundamental triangle 
pairs of tangents are drawn to (uvwu'v'w^xyzY = {^^ and each 
pair determine with the opposite sides a pair of points. Find 
the equation to the conic on which these six points lie, and 
shew that the conic 

Jx {v'to - uu') + Jy (w'ti' - vv) + Jz (u'v - ww) = 

and the above two conies have a common inscribed quadri- 
lateral. 



CHAPTER XIV. 
Keciprocal Polars. Projections. 

300. If we have any figure consisting of any number 
of points and straight lines in a plane, and we take the 
polars of those points and the poles of the lines, with 
respect to a fixed conic (7, we obtain another figure which 
is called the polar reciprocal of the former with respect to 
the auxiliary conic C. 

When a point in one figure and a line in the reciprocal 
figure are pole and polar with respect to the auxiliary 
conic C, we shall say that they correspond to one another. 
If in one figure we have a curve S the lines which corre- 
spond to the different points of 8 mil all touch some curve 
8", Let the lines corresponding to the two points P, Q of S 
meet in T; then T is the pole of the line JPQ with respect 
to G, that is the line PQ corresponds to the point T. Now, 
if the point Q move up to and ultimately coincide with P, 
the two corresponding tangents to /ST will also ultimately 
coincide with one another, and their point of intersection 
T will ultimately be on the curve S\ So that a tangent to 
the curve 8 corresponds to a point on the curve 8\ just as 
a tangent to 8' corresponds to a point on 8. Hence we 
see that 8 is generated from 8' exactly as /ST is from 8. 

301. If any line L cut the curve 8 in any number of 
points P, Q, -K...we shall have tangents to 8' corresponding 
to the points P, Q, R...f and these tangents will all pass 
through a point, viz. through the pole of L ^vith respect to 
the auxiliary conic. Hence as many tangents to 8^ can be 
drawn through a point as there are points on 8 lying on a 



%, 



316 RECaPROCAL THEOREMS. 

straight line. That is to say the class [Art. 240] of ff is 
equal to the degree of S, Reciprocally the degree of S' is 
equal to the class of S, 

In particular, if /S he a conic it is of the second degree, 
and of the second class. Hence the reciprocal curve is of 
the second class, and of the second degree, and is therefore 
also a conic. 

302. To find the polar reciprocal of one conic with 
respect to another. 

Let the equation of the auxiliary conic be 

aa^ + fiy' + l^Q (i); 

and let the equation of the conic whose reciprocal is 
required be 

aa?-Vhy' + c + 2fy-\' 2gx'\'2hay = ...(ii). 

The line Ix + my + w = will touch (ii) if 
AP + Bm* + Cn' + 2Fmn-\-20nl + 2Hlmr=.0 (m). 

"^ And, if the pole of ir + my + w = with respect to (i) be 
(a?', y'), its equation is the same as aafx + fiyy + 1 = 0. 

Therefore — -, = 77-7 = t • 

ax py 1 

Substitute, in (iii), and we have 
Ao?x'^ + B^^^-\-G-\-2Fpr/ + 20aaf-\-2HaPx'y'^0. 

Hence the locus of the poles with respect to (i) of 
tangents to (ii) is the conic whose equation is 

Aa^a? + B^rf+C+2FPyJt2Gax + 2H/Pxy^0. 

303. The method of Reciprocal Polars enables us to 
obtain from any given theorem concerning the positions of 
points and lines, another theorem in which straight lines 
take the place of points and points of straight lines. Before 
proceeding to give examples of such reciprocal theorems we 
will give some simple cases of correspondence. 

Points in one figure correspond to straight lines in the 
reciprocal figure. 

The line joining two points in one figure corresponds 
to the point of intersection of the corresponding lines in 
the other. 
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The tangent to any curve in one figure corresponds to a 
point on the corresponding curve in the reciprocal figure. 

The point of contact of a tangent corresponds to the 
tangent at the corresponding point. 

If two curves touch, that is have two coincident points 
common, the reciprocal curves will have two coincident 
tangents common, and will therefore also touch. 

The chord joining two points corresponds to the point of 
intersection of the corresponding tangents. 

The chord of contact of two tangents corresponds to the 
point of intersection of tangents at the corresponding 
points. 

Since the pole of any line through the centre of the 
auxiliary conic is at infinity, we see that the points at 
infinity on the reciprocal curve correspond to the tangents 
to the original curve from the centre of the auxiliary conic. 
Hence the reciprocal of a conic is an hyperbola, parabola, 
or ellipse, according as the tangents to it from the centre 
of the auxiliary conic are real, coincident, or imaginary ; 
that is according as the centre of the auxiliary conic is 
outside, upon, or within the curve. 

The following are examples of reciprocal theorems. 

If the angular points of two If the sides of two triangles 

triangles are on a conic, their six tonch a conic, their six angular 



sides will tonch another conic. 

The three intersections of oppo- 
site sides of a hexagon inscribed in 
a conic lie on a straight line. 

{PaacaVa Theorem). 

If the three sides of a triangle 
tonch a conic, and two of its angu- 
lar points lie on a second conic, the 
locns of the third angnlar point is 
a conic. 

If the sides of a triangle touch 
a conic, the three lines joining an 
angnlar point to the point of con- 
tact of the opposite side meet in a 
point. 



points are on another conic. 

The three lines joining opposite 
angular points of a hexagon de- 
scribed about a conic meet in a 
point. {Brianchon*8 Theorem). 

If the three angular points of a 
triangle lie on a conic, and two of 
its sides touch a second conic, the 
envelope of the third side is a 
conic. 

If the angular points of a tri- 
angle lie on a conic, the three points 
of intersection of a side and the 
tangent at the opposite angular 
point lie on a line. 
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The polars of a given point with 
respect to a system of conies through 
four given points all pass through a 
fixed point. 

The locus of the pole of a given 
line with respect to a system of 
conies through four fixed points is a 
conic. 



The poles of a given straight 
line with respect to a system of 
conies touching four given straight 
lines all lie on a fixed straight line.- 

The envelope of the polar of a 
given point with respect to a system 
of conies touching four fixed lines 
is a conic. 



304. We now proceed to consider the results whicli 
can be obtained by reciprocating with respect to a circle. 

We know that the line joining the centre of a circle to 
any point P is pei-pendicular to the polar of P with respect 
to the circle. Hence, if P, Q be any two points, the angle 
between the polars of these points with respect to a circle 
is equal to the angle that PQ subtends at the centre of 
the circle. Reciprocally the angle between any two 
straight lines is equal to the angle which the line joining 
their poles with respect to a circle subtends at the centre 
of the circle. 

We know also that the distances, from the centre of 
a circle, of any point and of its polar with respect to that 
circle, arc inversely proportional to one another. 

If we reciprocate with respect to a circle it is clear that 
a change in the radius of the auxiliary circle will make no 
change in the shape of the reciprocal curve, but only in 
its size. Hence, if we are not concerned with the absolute 
magnitudes of the lines in the reciprocal figure, we only 
require to know the centre of the auxiliary circle. We 
may therefore speak of reciprocating with respect to a 
point 0, instead of with respect to a circle having O for 
centre. 

305. If any conic be reciprocated with respect to a 
point 0, the points on the reciprocal curve which corre- 
spond to the tangents through to the original curve 
must be at an infinite distance. 

The directions of the lines to the points at infinity on 
the reciprocal curve are perpendicular to the tangents 
from to the original curve ; and hence the angle between 
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the asymptotes of the reciprocal curve is supplementary 
to the angle between the tangents from to the original 
curve. 

In particular, if the tangents from to the original 
curve be at right angles, the reciprocal conic will be a 
rectangular hyperbola. 

The axes of the reciprocal conic bisect the angles 
between its asymptotes. The axes are therefore parallel 
to the bisectors of the angles between the tangents from 
to the original conic. 

Corresponding to the points at infinity on the original 
conic we have the tangents to the reciprocal conic which 
pass through the origin. Hence the tangents from the 
origin to the reciprocal conic are perpendicular to the 
directions of the lines to the points at infinity on the 
original conic, so that the angle between the asymptotes of 
the original conic is supplementary to the aogle between 
the tangents from the origin to the reciprocal conic. 

In particular, if a rectangular hyperbola be recipro- 
cated with respect to any point 0, the tangents from to 
the reciprocal conic will be at right angles to one another; 
in other words is a point on the director-circle of the 
reciprocal conic. 

306. The reciprocal of the origin is the line at infinity, 
and therefore the reciprocal of the polar of the origin is 
the pole of the line at infilnity. That is to say, the polar 
of the origin reciprocates into the centre of the reciprocal 
conic. 

307. An an example of reciprocation take the known 
theorem — *'If two of the conies which pass through four 
given points are rectangular hyperbolas, they will all be 
rectangular hyperbolas." If this be reciprocated with 
respect to any point we obtain the following, " If the 
director-circles of two of the conies which touch four given 
straight lines pass through a point 0, the director-circles 
of all the conies will pass through 0.'* "Whence we have 
" The director-circles of all conies which touch four given 
straight lines have a given radical axis." 
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308. To Jlnd the polar reciprocal of one circle with 
respect to another, 

K 




Let C be the centre and a be the radius of the circle 
to be reciprocated, the centre and h the radius of the 
auxiliary circle, and let c be the distance between the 
centres of the two circles. 

Let FN be any tangent to the circle (7, and let P' be 
its pole with respect to the auxiliary circle. Let OP 
meet the tangent in the point J\r, and draw CM perpen- 
dicular to ON. . 

Then OF. ON ^ If) 

.-. —^ON^OM-^-MN^ccosCOM+a, 
Hence the equation of the locus of F' is 

— = 1 + - cos^. 
r a 

This is the equation of a conic having for focus, 
— for semv-latus rectum, and - for eccentricity. The direc- 
trix of the conic is the line whose equation is 

A7 /I hf 

— = c cos a, or a? = — . 
r c 

Hence the directrix of the reciprocal curve is the polar 
of the centre of the original circle. 
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It is clear from the value found above for the eccen- 
tricity, that the reciprocal curve is an elitpse if the point 
O be within the circle G, an h)rperbola if be outside that 
circle, and a parabola if be upon the circumference of 
the circle. 

Ex. 1. TangenU to a conic subtend equal angles at afocut. 

Bedprocate with respect to the focus: — then corresponding to the 
two tangents to the conici there are two points on a circle ; the point of 
intersection of the tangents to the conic corresponds to the line joining 
the two points on the circle ; and the points of contact of the tangents 
to the conic correspond to the tangents at the points on the circle. Also 
the angle subtended at the focus of the conic by any two points is equal 
to the angle between the lines corresponding to those two points. Hence 
the reciprocal theorem is — The line joining two points on a oirde makes 
equal angles with the tangents at those points. 

Ex. 2. The envelope of the chord of a conic which iuhtend$ a right 
angle at a fixed point is a conic having forafocue^ and the polar of O, 
with respect to the original coniCy for the corresponding directrix, 

Bedprocate with respect to 0, and the proposition becomes— The 
locus of the point of intersection of tangents to a conic which are at right 
angles to one another is a concentric circle. 

Ex. 8. If two conies have a common focus^ two of their common chords 
wiU pass throtigh the intersection of tlieir directrices, 

Bedprocate with respect to the common focus, and the proposition 
becomes — Two of the points of intersection of the common tangents to 
two cirdes are on the line joining the centres of the cirdes. 

Ex. 4. The orthocentre of a triangle circumscribing a parabola is on 
the directrix. 

Beeiprocating with respect to the orthocentre we obtain — ^A conic 
circumscribing a triangle and passing through the orthocentre is a rect- 
angular hyperbola. 

Many of the examples on Chapter VUL are easily proved by reciproca- 
tion : for example, the reciprocal of 23 with respect to the common focus 
is — circles are described with equal radii, and with their centres on a 
second drde ; prove that they aU touch two fixed cirdes, whoso radii are 
the sum and difference respectivdy of the radii of the moving cirde and 
of the second cirde, and which are concentric with the second drde. 

S. C. S. 21 
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S09. If we have a system of circles with the same 
radical axis we can reciprocate them into a system of 
confocal conies. 

If we reciprocate with respect to any point we 
obtain a system of conies having for one focus, and 
[Art. 306] the centre of any conic is the reciprocal of the 
polar of with respect to the corresponding circle. Now 
either of the two * limiting points' of the system is such 
that its polar with respect to any circle of the system is 
a fixed straight line, namely a line through the other 
limiting point parallel to the radical axis. If therefore the 
system of circles be reciprocated with respect to a limiting 
point the reciprocals will have the same centre; and if 
they have a common centre and one common focus they 
will be confocal. Since the radical axis is parallel to and 
midway between a limiting point and its polar, the re- 
ciprocal of the radical axis (with respect to the limiting 
point) is on the line through the focus and centre of the 
reciprocal conies, and is twice as far from the focus as the 
centre ; so that when we reciprocate a system of coaxial 
circles with respect to a limiting point, the radical axis 
reciprocates into the other focus of the system of confocal 
conies. 

The following theorems are reciprocal : 

The tangents at a common The points of contact of a eom- 

point of two confocal conies are at znon tangent to two circles snbtend 



right angles. 

The locns of the point of inter- 
seotion of two lines, each of which 
touches one of two confocal conies, 
and which are at right angles to 
one another, is a circle. 

If from any point two pairs of 
tangents P, P* and Q, Q' be drawn 
to two confocal conies; the angle 
between P and Q is equal to that 
between P* and Q'. 



a right angle at one of the limit- 
ing points. 

The envelope of the line joining 
two points, each of which is on one 
of two circles, and which subtend 
a right angle at a limiting point, 
is a conic one of whose foci is at 
the limiting point. 

If any straight line cut two 
circles in the points P, P' and 
Qy Q'-j the angles subtended at a 
limiting point by PQ and P'CJ! are 
equal. 
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From any point four tangents Any line onts two circles in P, 

F, P and Q, Q' are drawn to two P' and Q, Qf respectively ; and the 

oonfooal conies, and the point of tangent at P cuts the tangents at 

contact of P is joined to the points Q, Q' in 9, q[\ shew that Pg, Pq' 

of contact of Q, Q'; shew that these subtend equal (or supplementary) 

lines make equal angles with the angles at a limiting point, 
tangent P. [Art. 229.] 

Projection. 

310. If any point P be joined to a fixed point F, and 
VP be cut by any fixed plane in P', the point P" is called 
the projection of P on that plane. The point V is called 
the vertex or the centre of projectiojiy and the cutting plane 
is called the plane of projection. 

311. Tlie projection of any straight line is a straight 
line. 

For the straight lines joining V to all the points of 
any straight line are in a plane, and this is cut by the 
plane of projection in a straight line. 

312. Any plane curve is projected into a curve of the 
same degree. 

For, if any straight line meet the original curve in 
any number of points A, B, (7, D..,, the projection of the 
line will meet the projection of the curve wnere VA, VB^ 
VCf VD... meet the plane of projection. There will 
therefore be the same number of points on a straight 
line in the one curve as in the other. This proves the 
proposition. 

In particular, the projection of a conic is a conic. 

This proposition includes the geometrical theorem that 
every plane section of a right circular cone is a conic, 

313. A tangent to a curve projects into a tangent to 
the projected curve. 

For, if a straight line meet a curve in two points A, B, 
the projection of that line will meet the projected curve 
in two points a, h where VA, VB meet the plane of pro- 
jection. Now if A and B coincide, so also will a and &• 

21—2 
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314. The relation of pole and polar rvitli respect to a 
conic are unaltered by projection. 

This follows from the two preceding Articles. 

It is also dear that two conjugate points, or two con- 
jugate lines, with respect to a conic, project into conjugate 
points, or lines, with respect to the projected conic. 

315. Draw through the vertex a plane parallel to the 
plane of projection, and let it cut the original plane in the 
line K L\ Then, since the plane VK'L' and the plane of 
projection are parallel, their line of intersection, which is 
the projection of K'L\ is at an infinite distance. 

Hence to project any particular straight line K'L' to 
an infinite distance, take any point V for vertex and 
a plane parallel to the plane VK'L' for the plane of pro- 
jection. 

Straight lines which meet in any point on the line 
K'L' will be projected into parallel straight lines, for their 
point of intersection will be projected to infinity. 

316. A system of parallel lines on the original plane 
will be projected into lines which meet in a point. 

For, let yP be the line through the vertex parallel 
to the system, P being on the plane of projection; then, 
since VP is in the piano through Y and any one of the 
parallel lines, the projection of every one of the parallel 
lines will pass through P. 

For different systems of parallel lines the point P will 
change; but, since VP is always parallel to the original 
plane, the point P is always on the line of intersection of 
the plane of projection and a plane through the vertex 
parallel to the original plane. 

Hence any system of parallel lines on the original 
plane is projected into a system of lines passing through 
a point, and all such points, for different systems of 
parallel lines, are on a straight line. 

317. Let KL be the line of intersection of the original 
plane and the plane of projection. Draw through the 
vertex a plane parallel to the plane of projection, and let 
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it cut the original plane in the line K!L\ Let the two 
straight lines AOA , BOB meet the lines KLy K'U in 
the points A^ B and A!y B respectively ; and let VO meet 
the plane of projection in Of. Then A(y and BO' are the 
projections oi AOA' and BOB. 

Since the planes FJ.'-B', AffB are parallel, and parallel 
planes are cut by the same plane in parallel lines, the lines 
vA'^ VB are parallel respectively to A0\ BO. The angle 
A'VB is therefore equal to the angle -40'-B,that is, A'vB 
is equal to the angle into which AOB is projected. 




« 

Similarly, if the straight lines CD, ED, meet K'L in 
(7, D' respectively, the angle C VD' will be equal to the 
angle into which CDE is projected. 

From the above we obtain the fundamental proposition 
in the theory of projections, viz., 

Any straight line can he projected to infinity, and at the 
same time any two angles into given angles. 

For, let the straight lines bounding the two angles meet 
the line which is to be projected to infinity in the points 
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A', B' and C\ V ; draw any plane through A'BClf^ and in 
that plane draw segments of circles through A\ J5' and (7, 
U respectively containing angles equal to the two given 
angles. Either of the points of intersection of these 
segments of circles may be taken for the centre of pro- 
jection, and the plane of projection must be taken parallel 
to the plane we nave drawn through A'B^C'U. 

If the segments do not meet, the centre of projection is 
imaginary. 

Ex. 1. To shew that any quadrilateral can be projected into a tquare. 
Let ABCD be the quadrilateral ; and let P, Q [see figure to Art. 60] 
be the points of intersection of a pair of opposite sides, and let the diago- 
nals BDf AC meet the line PQ in the points S, JR. Then, if we project 
PQ to infinity and at the same time the angles PDQ and ROS into right 
angles, the projection must be a square. For, since PQ is projected to 
infinity, the pairs of opposite sides of the projection will be parallel, that 
is to say, the projection is a paraUelogram ; also one of the angles of the 
parallelogram is a right angle, and the angle between the diagonals ia 
a right angle ; hence the projection is a square. 

Ex. 2. To thew that the triangle formed by the diagonal* of a guad- 
rilateral t< telf-polar with respect to any conic which touches the sides of 
the quadrilateral. 

Project the quadrilateral into a square; then, the circle drcamfleribing 
the square is the director-circle of the conic, therefore the intersection of 
the diagonals of the square is the centre of the conic. 

Now the polar of the centre is the line at infinity ; hence the polar of 
the point of intersection of two of the diagonals is the third diagonal. 

Ex. 8. If a conic be inscribed in a quadrilateral the line joining two 
of the points of contact will pass through one of the angular points of the 
triangle formed by the diagonals of the quadrilateral. 

Ex. 4. If ABC be a triangle circumscribing a parabola, and the 
parallelograms ABAV, BCB'A, and CACB be completed; then the chords 
of contact will pass respectively through A\ B\ C, 

This is a particular case of Ex. 8, one side of the quadrilateral being 
the line at infinity. 

Ex. 5. If the three lines joining the angular points of two tria^ngles 
meet in a point, the three points of intersection of corresponding tide* wUl 
lie on a straight Une, 
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Project two of the points of interseotion of corresponding sides to 
infinity, then two pairs of corresponding sides will be parallel, and it is 
easy to show that the third pair will also be parallel. 

Ex. 6. Any ttco conia can be projected into concentric conies. [See 
Art. 283.] 

318. Any conic can be projected into a circle having 
the projection of any given point for centre. 




Let be the point whose projection is to be the 
centre of the projected curve. 

Let P be any point on the polar of 0, and let OQ be 
the polar of P; then OP and OQ are conjugate lines. 

Take 0P\ OQ! another pair of conjugate lines. 

Then project the polar of to infinity, and the angles 
POQy P'OQ' into right angles. We shall then have a 
conic whose centre is the projection of 0, and since two 
pairs of conjugate diameters are at right angles, the conic 
is a circle. 

319. A system of conies inscribed in a qicadrilaieral 
can be projected into confocal conies. 

Let two of the sides of the quadrilateral intersect 
in the point A, and the other two in the point P. Draw 
any conic through the points A, B, and project this conic 
into a circle, the line AB being projected to infinity; then, 
Ay B are projected into the circular points at infinity, and 
since the tangents from the circular points at infinity to 
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all the conies of the system are the same, the conies must 
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be confoeal. 



Ex. 1. Conies through four given points can he projected into coaxial 
circles. 

For, project the line joining two of the points to infinity, and one of 
the conios into a circle ; then all the conies will be projected into circles^ 
for they all go through the dronlar points at infinity. 

Ex. 2. Conies which have double contact with one another can be 
projected into concentric circles. 

Ex. 8. The three points of intersection of opposite sides of a hexagon 
inscribed in a conic lie on a straight line. [Pascal's Theorem.] 

Project the conic into a circle, and the line joining the points of inter- 
section of two pairs of opposite sides to infinity ; then we have to prore 
. that if two pairs of opposite sides of a hexagon inscribed in a circle are 
parallel, the third pair are also parallel. 

Ex. 4. iSi^tr that all conies through four fixed points can be pro- 
jected into rectangular hyperbolas. 

There are three pairs of lines through the four points, and if two of 
the angles between these pairs of lines be projected into right angles, all 
the conies will be projected into rectangular hyperbolas. [Art. 187, Ex. 1.] 

Ex. 5. Any three chords of a conic can be projected into equal chords 
of a circle. 

Let AA\ BB\ CC be the chords ; let AB\ A'B meet in K, and AC, 
A'C in L, Project the conic into a circle, KL being projected to infinity. 

Ex. 6. If two triangles are self polar with respect to a conic, their six 
angular points are on a conic, and their six sides touch a conic. 

Let the triangles be ABC, A'B'C. Project BC to infinity, and the 
oonio into a cirde ; then A is projected into the centre of the circle, and 
AB, AC are at right angles, since ABC is self polar; also, since A'B'C is 
self polar with respect to the circle, A is the orthocentre of the triangle 
A'B^C 

Now a rectangular hyperbola through A\ B\ C will pass through A, 
and a rectangular hyperbola through B will go through C Hence, since 
a rectangular hyperbola can be drawn through any four points, the six 
points Ay B, C, A', iT, C are on a conic. 

Also a parabola can be drawn to touch the four straight lines B^C, 
CA\ A'B\ AB. And A is on the directrix of the parabola [Art. 107 (8)]; 
therefore ^C is a tangent Hence a conic touches the six aides of tiie 
two triangles* 
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320. Properties of a figure which are true for any pro- 
jection of that figure are called projective properties. In 
general such properties do not involve magnitudes. There 
are however some projective properties in which the mag- 
nitudes of lines and angles are involved : the most impor- 
tant of these is the following : — 

The cross ratios of pencils and ranges are unaltered 
hy projection. 

Let -4, J5, G^ D be four points in a straight line, and 
A\ B\ G\ jy be their projections. Then, if F be the 
centre of projection, VAA\ vBS^ VCC, VDU are straight 
lines; and we have [Art. 55] 

[ABCD] = V[ABCD} = {A'FG'B^]. 

If we have any pencil of four straight lines meeting in 
0, and these be cut by any transversal in A, B, G,D; then 

[ABGD] = {ABGD} = V[ABCD] = {A'B'CD'} 

= a {A'BCiy}. 

From the above together with Article 62 it follows that 
if any number of points he in involution^ their projections 
will he in involution, 

Ex. 1. Any chord of a conic through a given point is divided 
harmonically by the curve and the polar of 0, 

Project the polar of to infinity, then is the centre of the projec- 
tion, the chord therefore is bisected in 0, and {POQco } Is harmonic when 
PO=OQ, 

Ex. 2. Conici through four fixed points are cut by any straight line 
in pairs of points in involution* [Desargue's Theorem]. 

Project two of the points into the circular points at infinity, then the 
conies are projected into co-axial circles, and the proposition is obvions. 

321. The cross ratio of the pencil formed hy four 
intersecting straight lines is equal to that of the range 
formed hy their poles with respect to any conic. 

Since the cross ratios of pencils and ranges are 
imaltered by projection, we may project the conic into a 
circle. Now in a circle any straight line is perpendicular 
to the line joining the centre of uie circle to its pole with 
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respect to the circle. Hence the cross ratio of the pencil 
formed by four intersecting straight lines is equal to that 
of the pencil subtended at the centre of the circle by their 
poles, and therelbrc equal to the cross ratio of the range 
formed by their poles. 

322. ?Se cross ratio of the pencil formed by joining 
any point on a conic to four fixed points is constant, and 
ia egual to that of the range in whicii the tangents at those 
points are cut by any tangent 

Since the cross ratios of pencils and ranges are un- 
altered by projection, we need only prove the proposition 
for a circle. 




Let A,B, C, Dhc four fixed points on a circle; let P 
be any other point on the circle, and let the tangent at P 
meet the tangents at A, B, C, D in the points A', B", C, If. 

Then, if be the centre of the circle, OA' is perpen- 
dicular to iM, OB' to FB, 0(7 to I^, and OD' to PR 



{A'BCTD'l = \A'B'CB'\ =F [ABCB]. 

But the angles APB, BPC, GPD are constant, since 
A, B, G, D are fixed points. 
Therefore {A'BCiy] = P\ABCD] =const. 

If Q bo any point whicli is not on the circle, Q {ABCD\ 
cannot be equal to P [ABCD] \ this is seen at once if we 
take P such that APQ is a etraigbt line, and consider the 
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ranges made on BC by the two pencils. Hence we have 
the following converse proposition. 

If a point P Tiwve so that the cross ratio of the pencil 
formed by joining it to four fixed points A, B, C, D, is con-- 
stant ; P vrill describe a conic passing through A, B, C, D. 

Ex. 1. Tlie four extremitieg of two conjugate chords of a conic iubtend 
a harmonic pencil at any point on the curve. 

Let the chords be XC, £2) ; let E be the i)ole of BD, and let F be the 
point of intersection of AC, BD. The four points snbtend, at all points 
on the carve, pencils of equal cross ratio. Take a 'pomi indefinitely near 
to B\ then the pencil is D{ABCE). But the range A, B, C, E is 
harmonic, which proves the proposition* 

Ex. 2. If two triangles circumscribe a conic, their six angular points 
are on another conic. 

Let ABC, A'B'C be the two triangles. Let B'C cut AB, AC in. E\ If, 
and let BC cut A*Bf, A'C in E, D. Then the ranges made on the four 
tangents AB, AC, A'B', A'C by the two tangents BC, ffC are equal. 

Hence [BCED) = {E'D'E'C} ; 

.-. A'{BCED)=A{E'jyBfC\, 
or A*{BCB^C\=A{BCB'C), 
which proves the proposition. 

The proposition may also be proved by projecting B, C into the 
oiroular points at infinity ; the conic is thus projected into a parabola, of 
which A is the focus; and it is known that the circle circumscribing 
A'ffC will pass through A. 

323. Def. Eanges and pencils are said to be homo- 
graphic when every four constituents of the one, and the 
corresponding four constituents of the other, have equal 
cross ratios. 

Another definition of homographic ranges or pencils is 
the following : — two ranges or pencils are said to be homo- 
graphic which are so connected that to each point or line 
of the one system corresponds one, and only one, point of 
the other. 

To show that this definition of homographic ranges is 
equivalent to the former, let the distances, measured from 
fixed points, of any two corresponding points of the two 
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systems he a, y; then we must have an equation of the 
form 

ay + b 

The proposition follows from the fact that the cross 
ratio of every four points of the one system, namely 

(ar, - a?J (a?, - a?^ ' 

is not altered if we substitute -^ — 7 for a?., and similar 

cy^ -{- d 

expressions for x^, a?, and x^. 

Ex. !• The paints of irUenection of eorreaponding lirui of two homo- 
graphic pencils describe a conie» 

Let P, Q, 12, fif be four of the points of inteneotion, and O, (y the 
Tertioes of the pencils. 

Then 0{PQRS) = (y{PQRS\; therefore [Art. 822] 0, 0', P, Q. R» 8 
are on a conic. Bnt five points are sufficient to determine a conic ; hence 
the conic through 0, 0' and any three of the intersections will pass throngh 
every other intersection. 

Ex. 2. The lines Joining corresponding points of two homographie 
ranges envelope a conic. 

Let a,b, Cfdhe any fonr of the points of one Cfystem, and a\ h\ c\ (f 
be the corresponding points of the other system. Then aa', bb\ cc^, dJt 
are cut by the fixed lines in ranges of equal cross ratio. Hence a oonio 
will touch the fixed lines, and also <ia\ bh\ cc\ dd\ But five tangents are 
sufficient to determine a conic; hence the conic which touches the fixed 
lines, and three of the lines joining corresponding points of the ranges, will 
touch all the others. 

Ex. 3. Tiro angles PAQ, PBQ of constant nuignitude move about 
fixed points A, B, and the point P describes a straight line; shew that Q 
describes a conic through A^B, [Newton.] 

Corresponding to one position of AQ, there is one, and only one, 
position of BQ, Hence, from Ex. 1, the locus of Q is a conic 

Ex. 4. The three sides of a triangle poMs through fixed poinU^ and the 
extremities of its base lie on two fixed straight lines; shew that its vertex 
describes a conic, [Maolaoxin.] 
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Let il, B, Cbe the three fixed points, and let Oa, Oa' be the two fixed 
straight lines. Suppose triangles drawn as in the figure. 




Then the ranges {ahcd...} and {a'Wd^...} are homographic. There- 
fore the pencils B {ahcd..,} and C {a'Ve^d',.. ) are homographic 

Ex. 6. If all the sides of a polygon p<us through fixed poinUf and all 
the angular points hut one move on fisted straight lines; the remaining 
angular point will describe a conic, 

Ex. 6. A, A' are fixed points on a conic, and from A and A' pairs of 
tangents are drawn to any confocal conic, which meet the original conic in 
C, D and C, D'\ shew that the locus of the point of intersection of CD 
and Cjy is a conic. 

The tangents from ^ to a confocal are equally inclined to the tangent 
at A [Art. 228, Cor. 8], therefore the chord CD cuts the tangent at il in 
some fixed point [Art. 195, Ex. 2]. So also C'D^ passes through a 
fixed point C/. Now if we draw any line OCD through 0, one confocal, 
and only one, will touch the lines AC, AD; and the tangents from A' to 
this confocal will determine C and I/, so that corresponding to any 
position of OCD there is one, and only one, position of Cf(fD\ The 
locus of the intersection is therefore a conic from Ex. 1. 

Ex. 7. IfAOA ', BOB', COC, DODf. . . he chord* of a conic, and P any 
point on the curve, then will the pencils P{ABCD...) and F{A'B'CD^...i 
be homographic. 

Project the oonio into a oirole having tox centre. 
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Ex. 8. If there are two iyitenu of poinU on a conic which nibtend 
homofftaphic pencils at any point on the curve, the Une§ joining corre- 
•ponding points of the two systems loill envelope a conic having double 
contact with tJie original conic. 

Let A, By C, D... , and A\ B\ C, D'... be the two (systems of points. 
Project AA\ BB\ CC into equal chords of a circle [Art. 319, Ex. 5]; let 
P, P* be any pair of corresponding points, and any point on the circle ; 
then we have 0{ABCP} = 0{A'B'C'F\. Hence PP' is equal to AA\ and 
therefore the envelope of PP' is a concentric circle. 

Ex. 9. If a polygon he inscribed in a conic, and all its sides but one 
poM through fixed points, the envelope of that side will be a conic. 

This follows from Ex. 7 and Ex. 8. 

324?. Any two lines at right angles to one another, atid 
the lines through their intersection and the circular points at 
infinity, form a harmonic penciL 

Let the two lines at right angles to one another be 
a?y = 0, then the lines to the circular points at infinity will 
be given by a;' + y' = 0. By Ait. 58 these two pairs of 
lines are harmonically conjugate. 

We may also shew that two lines which are inclined at 
any constant angle, and the lines to the circular points at 
infinity, form a pencil of constant cross ratio. 

Ex. The locus of the point of intersection of two tan^ 
gents to a conic which divide a given line AB harmonically 
is a conic through A, B, and the envelope of ths chord of 
contact is a conic which touches th^ tangents to die original 
conic from A, B, 

Project A, B into the circular points at infinity and 
the proposition becomes : the locus of the point of inter- 
section of two tangents to a conic which are at right angles 
to one another is a circle; and the envelope of the chord of 
contact is a confocal conic. 

325. The following are additional examples of the 
methods of reciprocation and projection, 
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Ex. 1. If the tides of a triangle touch a eonie, and if two of the angular 
pointe move on fixed eonfocal conice, the third angular point will deteribe a 
confocal conie, 

"Lei ABCy A'B'C be two indefimiely near positions of the triangle, 
and let AA\ BB\ CC* produced form the triangle PQR, The six points 
A, B, Cj A', B\ CT' are on a conio [Art. 322, Ex. 2], and this conio will 
ultimately touch the sides of PQR in the points A, B.C. Hence PAy QB. 
JtC will meet in a point [Art. 186, Ex. 3] ; and it is easily seen that the 
^ncHn A{QCPB}, B{RAQC),C{PBRA\ are harmonic. Now.if^move 
on a conic confocal to that which AB, AC touch, the tangent at A. that 
is the line QR. will make equal angles with AB. AC, Hence, since 
A{QCPB} is harmonic, P^ is perpendicular to QR. Similarly, if B 
move on a confocal, QB is perpendicular to RP, Hence RC must be 
perpendicular to PQ, and therefore CA. CB make equal angles with PQ\ 
whence it follows that C moves on a confocal conic. 

[The proposition can easily be extended. For, let ABCD be a quadri- 
lateral circumscribing a conic, and let A. B. C move on confocals. Let 
DA, CB meet in £, and AB, DC in F. Then, by considering the triangles 
ABE, BCF, we see that E and F move on confocals. Hence, by con- 
sidering the triangle CED, we see that Z> will move on a confocal.] 

If we reciprocate with respect to a focus we obtain the following 
theorem: 

If the angular points of a triangle are on a circle of a co-axial system^ 
and two of tJie sides touch circles of the system, the third side will touch 
another circle of the system, [Poncelet's theorem.] 

Ex. 2. The six lines joining the angular points of a triangle to the 
points where the opposite sides are cut by a conic, will touch another 
conic. 

The reciprocal theorem is : — 

The six points of intersection oftJie sides of a triangle vnth the tangents 
to a conic drawn from the opposite angular points^ will lie on another 
conic. 

Project two of the points into the circular points at infinity, then the 
opposite angular point of the triangle will be projected into a focus, and 
we have the obvious theorem : — 

Two lines through a focus of a conic are cut by pairs of tangents 
parallel to tliem in four points on a circle. 
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Ex. 8. The following theorems are dedncible from one another. 

(i) TtDO lines at right angles to one another are tangenU one to eaeh 
of two confocal conies; shew that the locus of their intersection is a circle, 
and that the envelope of the line joining their points of contact is another 
co^focaU 

(ii) Two points, one on each of two co-axial circles, subtend a right 
angle at a limiting point; shew that the envelope of the line joining them 
is a conic with one focus at the limiting point, and thai the locus of ike in- 
tersection of the tangents at the points is a co-axial circle, 

(iii) Two lines which are tangents one to each of two conieSf cut a 
diagonal of their circumscribing quadrilateral harmonically; shew that 
the locus of the intersection of tlie lines is a conic through the extremities 
of that diagonal, and that the envelope of the line joining the points of 
contact is a conic inscribed in the same quadrilateral, 

(iv) AOB, COD are common chords of two conies, andP, Q are points, 
one on each conic, such that 0{APBQ\ is harmonic; shew that the envelope 
of the line PQ is a conic touching AB, CD, and thai the tangents at P, Q 
meet on a conic through A,B,C, Z>. 

(y) If two points be taken, one on each of two circles, equidistant from 
their radical axis, the envelope of the line joining them is a parabola which 
touches the radical axis, and the locus of the intersection of the tangents at 
the points is a circle through their common points. 



Examples ok Chapter XIV. 

1. Shew that an hyperbola is its own reciprocal with 
respect to the conjugate hyperbola. 

2. Shew tliat a system of conies through four fixed points 
can be reciprocated into concentric conies. 

3. Shew that four conies can be described having a common 
focus and passing through three given points, and that the 
latus rectum of one of these is equal to the sum of the latent 
recta of the other three. Shew also that their directrices meet 
two and two on the sides of the tiiangle. 

4. If each of two conies bo reciprocated with respect to 
the other ; shew that the two conies and the two reciprocalB 
liave a common self-conjugate triangle. 
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5. Two conies L^ and Z, are reciprocals vdth respect to a 
conic U, If if J be the reciprocal of Z, with respect to Z,, and 
M^ be the reciprocal of Z with respect to Z^ ; shew that M^ 
and J/, are reciprocals witn respect to U, 

6. If two pairs of conjugate rays of a pencil in involution 
be at right angles, every pair will be at right angles. 

7. If two pail's of points in an involution have the same 
point of bisection, every pair will have the same point of bisec- 
tion. Where is the centre of the involution % 

8. The pairs of tangents from any point to a system of 
conies which touch four fixed straight lines form a pencil in 
involution. Hence shew that the director circles of the system 
have a common radical axis. 

9. Two circles and their centres of similitude subtend a 
pencil in involution at any point. 

10. If two finite lines be divided into the same number of 
parts, the lines joining corresponding points will envelope a 
parabola. 

11. If jP, P' be corresponding points of two homographic 
ranges on the lines OA^ 0A\ and the parallelogram POF' Q be 
completed ; shew that the locus of Q is a conic. 

12. Three conies have two points common ; shew that the 
three lines joining their other intersections two and two meet 
in a point, and that any line through that point is cut by the 
conies in six points in involution. 

13. Shew that, if the three points of intersection of corre- 
sponding sides of two triangles lie on a straight line, the two 
triangles can both be pixxjccted into equilateral triangles. 

14. Shew that any three angles mav be projected into 
right anglea. 

15. J, j5, C are tliree fixed points on a conic ; find 
geometrically a jK)int on the curve at which AB^ BC subtend 
equal angles. 

16. Through a fixed point any line is drawn cutting 
the sides of a given triangle in -4', B\ C respectively, and P is 
the point on the line such that {A'B'CP) is harmonic ; shew 
that the locus of P is a conic. 

S. C. Sa /lA 
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17. When four conies pass through four given points, the 
pencil, formed by the polars of any point with respect to them, 
is of coustant cross ratio. 

18. If two angles, each of constant magnitude, turn about 
their vertices, in such a manner that the point of intersection 
of two of their sides is on a conic through the vertices, the 
other two sides will intersect on a second conic through their 
vertices. 

19. If all the angular points of a polygon move on fixed 
straight lines, and all the sides but one turn about fixed points, 
the free side of the polygon will envelope a conic. 

20. If a polygon be circumscribed to a conic, and all its 
angular points but one lie on fixed straight lines, the locus of 
that angular point will be a conic. 
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ANSWEES &c. TO THE EXAMPLES. 

CHAPTEB n. 

3. Ans. poix -a)*-p^{x- a)*-* (y-6)+j?,(x-o)*-«(i/-^)' -... - 
+ ( - l)*i)»(y - 6)* = 0. 4. The lines make equal angles with one 
another, o. Take OA, OB for axes, and let OA, OB, OP, OQ be a, 6, 
h, k re8X)ectively. Since AP=c,BQ, we have h-a=e(k-b). If {x,y) 
be middle point of PQ, 2x=h, 2y=k; whence required locus is 
2x-a=c{2y-h). 7. Take the fixed lines for axes and let P be (x, y) and 
Q be (x't y'). Then s^=x-\-yco3<a, y* =y ■{■ x coa u. Find x and y in 
terms of af and y\ and substitute in the equation of the locus of P. 
8. Use polar co-ordinates with for pole. 10. The equations of AB, 
AD, BC, CD are 0=0, B=a, rsin (^-a)+a8ina=s0, and r8in^=&sina; 
where a, b are the lengths o( AB and AD, and a is the angle BAD, 

The equation of AC is ^=tan~i , , and of BD is rasing 

a + 6 cos a 

-a6sino + &r8in(a-^)=0. 14. Ans. 7y- 3a;- 19=0, 7a:+3y-33=0, 

7y- Sob +10=0, and 72$+ 3?/ -4=0. 15. If the base be taken as axis 

of X, the sum of the positive angles the sides make with it is constant. 

tfi mu A- * XI. 1 • y* + {x-a){x-h) y* + (x-c)(x-d) 

16. The equation of the locus is 2 — i '2 i = £ — i L : . 

a-b c-d 

The points are on the axis of x and a, b, c, d oxe their distances from the 

origin. 18. The equation of the locus is (a - a') xy + Z (x - o) (ac - a') = 0, where 

^^ is axis of x, the other given line the axis of y, and OA=a, OB=ia\ 

and { the intercept on axis of y, 21. The bisectors of the angles between 

the two pairs of straight lines coincide [Art. 39]. 22. Ans. (ah* - a'b)^ 

=4 (Aa'- h'a) (h'b - hi'). 23. This is reduced to the jireceding by means 

of question 2. 26. The result easily follows from the polar form of the 

equation, viz. m tan 39 +1=0. 29. If the straight lines be yssm^aB, 

22—2 
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ay^+ hy^x+qfx^ + cbi^=aiy -m^x) (jf -m^) iy - m^), and (l+mx»)(l +■!,«) 
(1 + wij*) = 1 + (iWi + OT, + WI3)' - 2 (TOimj + m^m^ + m^m^ + {mjm^ + »4W, 



6« 



dft <P 



whence the result. 30. The equation of any pair of perpendicular lines 
is X* + \xy -y^=0. Hence given equation must be equivalent to {Ex-i-Fy) 
{x^+\ry-y')=0, flo that E=A, F= -D. F+\E='6B, and XF-J?=3C. 

33. The lines are aa?+2hx7j + by^-^ {a'x^+2h'xy+b'y^=0 [Art. 88]. 

34. Let J, J?, C be (Oi, &i), (a,, 63) and (fl„ tj ; and A', J5', C be (oi, ft), 
(oj, j8,), (a„ jSg). The equations of the three perpendiculars from A \ B\ C on 
the sides of ABC are x{a2-a^ + y (63 - 63) - Oj (a, - 03) - ft (6, - 6,) =0 (1), 
«(a,-ai) + i/(6,-6i)-a,(a,-ai)-ft(63-6i) = (2), and x(ai-aj) 
+ y (61 - 62) - 03 («! - fla) - ft (6i - 63) = (3). If (1), (2), (3) meet in a point 
the sum of the constants is zero, and this sum can be written in 
the symmetrical form a^oj - a^i + a^oj - Oja, + a^i — fliOj + &]ft - b^i 
+ 63/3,-63/33 + 63/31-61/33=0. 



CHAPTHB IV. 

4. The locus is (1-n') (x«+y»+a«)-2a(l + n*)«=0, where (a, 0), 
(-a, 0) are the two points A, B. The common radical axis is x=0, 
6. -^8/^+y«+2^+a«^L4^[(^+5y)==0. 7. AnB.2a?+2y«+2a5+6y+l=0. 

8. See Art. 38. 9 and 10. Substitute - for r in the polar equation of the 

line or of the circle. 12. If a common tangent, PQ, of two of the circles 
cut the radical axis in O, the tangents from to all the other circles of 
the system, including the limiting circles, will be equal to OP; therefore 
the limiting points are on a circle on PQ as diameter. 13. If one cixde 
is within the other, (1) the radical axis must cut in imaginary points, 
therefore 6 is positive; (2) the centres must be on the same side of the 
radical axis, therefore a and a' have the same sign. 15. See Art. 86. 
19. We may take 

xco8a + 2/sina-az=0, xcos(a + — j+ysinfaH ] -a=0, dc. 

for the equations of the sides. The sum of the squares of the perpen- 
diculars from (x, y) is sum of squares of left sides ; and in this sum the 

coefficients of x^ and y* are equal, since cos2a+cos 2 [ a + — ) + .... =0; 
also the coefficient of xy is zero, since Bin2o+sin2 ^0+ -^ j + ....=0. 



ANSWERS TO THE EXAMPLES. 341 

20. - + -=2, {h, k) being the point tbrongh which PQ passes. 21. If P 
X y 

be fuiy point on the circle, and A, B the ends of a diameter, PA^-\-PB*=AB* ; 

express this in polar co-ordinates. 22. Eliminate 0. Clondition for 

tangencyisjp = 2acos*^or2)=-2a8in'^. 2B.x=-,y=--. 21. Two 

circles. 25. The whole lengths of the lines, from tho points of contact to 
their intcrsGctiou, are eqnal to one another. 26. Tho given lines 
must intersect on the radical axis of the circles. 27. If given 
points are {J^a, 0), and tangents are parallel to y=xiaxi$, the cqnation 
of the locus is y-+2xycot0-x*-\-a*=O, 29. For straight lines, 
A + B + C = 0. 31. Any circle through (± a, 0) is jr3^.y3_27>f^-c«=0. 
The orthogonal circles are «' + y'-2cx+ a' =0. 33. Takex'^ + y--2aa=0, 
3^+y^'-2by=0 for tho equations of the circles. 35. The equa- 
tion of the locus is {b^ + c^{a^ + y'i + d^)^^abcy = (x^+y'-a*)\ The 
bisectors touch the circles jr*+(»/±fl)2=j(ft±c)'. 36. The centra 
of the required circle must bo the radical centre of the three escribed 
circles. The equation of circle touching BC, and AB, AC produced is 
x^+y*+2xycosA - 2* (a:+y)+««=0 (i), AB, AC being axes. The radical 

J* t/ 2/ 7/ 

centre of the escribed circle is given by + r=i» - -i — -y =^t its co- 

a-\-c be a + h " 

ordinates are therefore -j — - and . The radius required is equal 

to the tangent to one of the circles from the radical centre, and this is 
found by substituting the co-ordinates in (i). 37. Let the centres of 
the circles be {x\ y), (x", y'% the fixed points ( ± a, 0), and the point of 
contact («, y). Then we have (i) {jf-a)^'\-y^=c^, (ii) (y' + a)» + y"2=c», 
(iii) (a:'-«")*+('/-2/T=4c«. Also 2x=ar'+x", and 2y=y' + y", From 
(i) and (ii) (x' - x") (x* + x") - 2a (x* 4- x") 4- (i/' - y") (y' + y") = 0, i.e. « (a!' - ar*) 

- 2ax + y (y' - y") = <>• Tl^is "^^^ (i") pi^es us (y' - y'^ and (x' - a^. Then, 
taking (iii) from twice the sum of (i) and (ii), we have (x'+x")'+(y'+y")2 
+ 4a' - 4a (a^ - x") = ; whence the required locus. 



CHAPTER V. 

(n + 1)' 

4. The parabola is y»=^ -ax, where 1 : n is the given ratio. 

n 

5. (i) a straight line through the vertex, (ii) the curve y'=fix9+2ax. 

6 y» = x2 + 6ax + a*. 10. The chord of contact of tangents from ( - 4a, it) 

is y^=2a(x-4a). The equation of the lines joining vertex to points 
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of contact is [Art. 88] y«-4ag ,^ =0, or y'-flB?+5-xy=a 

IL r2^=J^^^|^, and rJir»=y'3+4aa; where (x',yO is r. 12. Let 

the axis of a; be midway between the axes of the parabolas, then their 
equations will be (?/-&)'=4ajp, (y+&)'=4ax. If y=i7 oat the oaryeain 
(«i, 17) and (aia, 17) respectively, we have if-\'h^=^{x^-»rx^. Henoe, 
if (^, 17) be the middle point of intercept, i^-\-h'=^a^, 15. The chord 
whose middle point is (x\ y') is parallel to the polar of (j^, y*); its 
equation therefore is (y - y') y' = 2a (x - x'). If the chord pass through the 
fixed point (/», A;), we have (/;-y')y = 2a(^-a^). Hence the required 

locus is the parabola y(y-X)=2tt(x-/t). 25. Let y = iiiix+ — ...(i), 

y^m^-^- — ..,(ii), y=?njX+— ...(iii), and y=m4X+ — ...(iv), be the equa- 
tions of the four tangents. The ordinate of the point of intersection of 
(i) and (ii) is a ( - - + — ] , and the ordinate of the point of intersection of 

(iii) and (iv) is a ( — H ) ; hence the ordinate of the middle point of 

these intersections is ;r( — h h 1 ) . The symmetry of this 

result shews that the ordinate is the same for the middle point of the 
other tvco diagonals. 27. If the fixed line and the two tangents 

make angles a, ^1, B^ with the axis, we have 2a=^2 + ^«* -^^ ^ 
(x'l yf) be the point of intersection of the tangents, tan^^ and tan^, 

€L t/' 

are the roots of \f=.m3^^ - . We therefore have tan 2tt= . ; which 

shews that the intersection of the tangents is on a fixed straight line; 
therefore, &o. 33. At points common to y' -4ax=0 and any circle 

a;'+y= + 2r?x+2/y + c=0, we have j|-y4-y' + 2^ |-+2/y + c=0. The co- 
efficient of y' is zero, hence y^ + j/g + ya + y* = 0. If therefore the normals 
at yi, yjt y% meet in a point, y^ is zero; for we know that yi + y2 + y8=^ 
[Art. 106]. 88. The normal at (x', y') is 2a (y - y ') + ^ (x - x') = 0. If 
this pass through (^, k), wo have 2ai* + y'(A-x'-2rt)=0, whence 4a'&' 
= 4ax' (h-jf-2tif, IhU f^'ives a cubic equation for jf from which we have 
jtf' + x" + x"' = 2^ - 4tf , or (x' + a) + (x" + a) + (x"' + a) + a = 27* ; therefore, Ac. 
41. Take for axes the tangent parallel to the given lines and the diameter 
through its point of contact. 43. The Hue is x = 2a + c. 44. The 
ordinatea of the normals which meet in (A, k) are given by 2a (y -ib} + 
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y{x-h)=0. If (ft, ft) be on the onrye, wehave 2a(y-i:) + J^(y*-ft')=0. 

Hence the ordinates different from A; are given hjy{y + k) + &a^=0\ so 
that yi^2=8a'. The equation uf the chord is t/(2/i+ys)-4ax-^22^,=0, 

hence this cuts the axis where x=- ^^* = - 2a. 47. Let ViiV^tyzf V* 

be the ordinates of the points A, B, C, D ; and let AB^ BC^ CA<, AD 
make angles O^yO^^ ^,, ^4 with the axis. Then [Art. 102], y^ + 2^3 = 4a cot ^1 , 
and so for the rest Hence cot^i + oot^3=oot^2 + oot^4; which shews 
that if three of the angles are constant, the fourth also is constant. 
50. Let P, Qf R, S be (xj, ^1) &o. The equation of the circle on PQ as 
diameter is (y - y^) (y ~ y j) 4- (j - Xj) (x - x^ = 0. Where this meets y' = 4ax, 

we have (y-yi)(y-ya)+ j^(y'-yi')(y'-y8')=0. Hence y,, y^ are the 

roots of 16aa+(y+yJ(y + y,)=0, so that ysy4=y,ya+16a3. But PQ, nr» 

cut the axis at points whose abscissa} arc -^ -^ and - -,— ^ hence 

4a 4a 

the difference of these abscissa) is 4a. 



CHAPTER VI. 

4. The equation of a line through the middle point of a chord per- 
pendicular to the chord can be written down by assuming Art. 114 (iii). 

16. The ellipse is -^ + ^'j = ( jir-Tj) • 18. Use y=wijj + V(a«m«+62). 
20. Use eccentric angles. 21. The line y=m{x-ae) cuts the ellipse 

X Wl (x — fltf^ f {L\ 

where— ,H ^^ = 1. Putx=4f a^ +-j- p, and shew that the 

product of the roots of the quadratic in j) is independent of m. 27. If 

P be (x*, y'), the point of intersection of QK and J2S is ( - x', - y* ^ ^ j . 

80. The semi-axes of the locus of P are the semi-sum and semi- 

difference of the radii of the circles. 36. The chord which has {pi, y*) 

for middle point is parallel to the polar of (x', y\ its equation is therefore 

x* w' 

(x - x') -|^ + (y - y^ ^ = 0. Hence, if the chord pass through a fixed point 

a Ir^ 

X V 

(ft, ft), the middle point is on the ellipse (A -x) - + (ft - y) fa=0. 87. Let 

Or \r 

P be (x'f yO, and let the chord make an angle B with the major axis of the 
ellipse. The co-ordinates of the point on the chord at a distance r from 
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P aro f'+rcos^, and y'-hrmn$; sabstitato these oo-ordinates in the 
equation of the ellipse for PQ, and in the equation — + 1^=0 tor PR-, 

then see Art. 111. 38. The equation of the locus ^(-i + M""^) 

(M;)-.4eMS)- »• T...p-.».(^jo'.s±g. 

40. Let a, j9, 7, d be the co-ordinates of the angular points A^B^C^D 

of the quadrilateral; then, since AB^ BC, CD are parallel to three fixed 

straight lines, we have (a+jS), (fi+y) and (y + S) constant; therefore 

(a + d) is constant 43. Let the co-ordinates of Q be a cos ^ and h sin 6, 

then quadrilateral 0PCQ = 2 .triangle 0CQ=/i6 sin ^-io cos ^= J, sup- 

Ah k 

pose. Therefore -=■ = - sin ^ - - cos ^ (1). But (/i, k) is on the tangent 

ao a 

h k 

at Q; therefore cos ^ + - sin ^ = 1 (2). From (1) and (2) we have 

A* /{S igi 

-jv-j = ~a + la ~ ^' '^® *"^* of the triangle PCQ can be readily deduced 

•from that of the quadrilateral oO. Ans. 2(ftV + a3j«)5=(n9_6i)* 

(a!^!^ - lry')\ 63. If be the eccontric angle of P, the co-ordinates 
of Q are (a + &)cos0 and (a + &)sin0, or (a-&)cos0, (& -a^sin^, ac- 
cording as PQ is measured along the normal outwards or inwards. 
55. Let T bo {of, y'). In the quadratic equation giving the absoisss of 

points where — jj- -f-?^ = l cuts the ellipee, substitute '^^ for x [Art. 110]; 

the product of the roots of the equation in r will bo equal to SP . SQ. 

CHAPTER VII. 

8. An hyperbola. 4. An hyperbola. 5. A rectangular hyperbola. 

19. 2y + 3ff4-4 = 0. 20. a;-2=0, i/-3=0, xy-3j:-2.v + 12 = 0. 26. The 

lines joining (xV) to the two fixed points ( ± «, 0) are (yx' -afj/')^= a^^tv - }ff. 

These are parallel to y»(x'2-a2)_2x'y'a:y+y'2x»=0, the bisectors of 

x' — 1/' Xl/ 

which are -— — —; — - -f- -.^.=0, Since these bisectors are fixed linos, we 

have ~ T-j •= const. 

x'y' 
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CHAPTER Vm. 

4. If a, /3, 7 be the Tectorial angles of A^ I), C respectively, 

SA = , €LndSA'= , Ac. 5. As in Art. 165 (5), the 

2cos'^ 2 cos 5 cos ^ 

perpendicular on the tangent at a makes with the axis an angle 

tan-i -®^-- . Therefore, Ac. 7. See Art. 165 (3). 10. If the conies 
e + cosa 

IV 1 

are -= 1 +e cos 0, and-=l + «'cos (0 - a), the common chords arc - -€cos ^ 

T T T 

= =fc {--c'cos (d-a)} . 13. If the conies are - = l + « cos d, and - 

{t S r r 

= l+e'co3(^-a), the common chords are -=ecos5±«'co8(^-o). 

These touch respectively the conies = 1 ± - cos 6. 16. If d be the 

fd 
distance of the focus from the directrix, the conies will be — = 1 + « cos $, 

r 

and — = l + e' cos {0 - a). If the conies touch one another at some point 

ed e'd 

/3, the equations — = c cos ^ + cos (^ - j9), and — =e' cos (^ - o) + cos {d - /3) 

T T 

will represent the some straight line. Write the equations in the 

M d ^ /^ cos/3\ . ^ sinfl , d ^ / . co8/3\ 

forms -=co8^(l+ ^j+sm^ -, and -=cos^ ( coso+ -3-- j 

+ sin^ [ sin a+ -> - ] ; equate the coefficients of cos 0, and of sin 0, and 
eliminate /3. 17. Let the equation of the circle be r = a cos {0 - a), and 
the equation of the conic - = l + e cos 0, Eliminate 0^ and we obtain & 
biquadratic for r. 



CHAPTER IX. 

7. Ans. X=l. 8. Ans. 10a:2 + 21xy+9y^-41a5-89y + 4=0. 9. Ans. 
3jj5-2xi/-6t/»+7x-9|/ + 2=0, and 3af* - 2ary - 6y» + 7a: - 9y + 20 = 0. 
10. Ans. 6x2-7xy-3yS-2a:-8y-4=0, and 6x*-7xy-8y«-2j;-8y-2 
=0. 14. Take O for origin, and the axis of x through the centre of 

the circle. The equation of the circle will be r=d cob (1) ; the equation 
of the conic <ufi+2hxy+lfy^+2gx+2fy+e=s0, or in polars ar*co^9 
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+ 2^008^ sin ^+&r3BiQ3^+2^rcoa^ + 2/r sin ^+c=0 (2). Eliminftte $ 

from (1) and (2), then we obtain an equation in r the product of the four 

ccP 
roots of which will be, — tKn—irh- Since the origin is fixed, c is 

(a-6)*+4/i' 

constant ; and (a - 2»)'+4A^ is constant from Ex. 11. 

CHAPTER X. 

3. To find the fixed point in Ex. 1, take OP, OQ parallel to the axes; 
then PQ is a diameter, and CO, PQ make equal angles with the axis. 
Hence the co-ordinates of the point can be found referred to the centre 
and axes of the conic. The fixed point in Ex. 2 is the point where the 
tangent at O is met by the tangent at the other extremity of the normal 
through O, as is seen by taking OP^ OQ indefinitely near to the normal. 
For locus see Art. 138 (4). 7. Take O for origin and the chords for 

axes. We have to prove that is independent of the direction of the 

axes. 13. In the parabola y'y" is constant. 20. Take for origin, 
the chord and its conjugate for axes; then the equation of the curve will be 
ax* + 6y' + 2/?/ + c = 0. Tangents from (a/, y') are given by i>{x,y) <f> (x\ y') 
-{axr' + 6yy'+/(y + 3/') + c}'=0; in this put y=0; then the coefficient of 
X will be zero if /y' + c=0, that is if (x', y') be on the polar of 0. Or, 
let the tangents at P, Q meet in A** ; then AX, the polar of 0, is parallel 
to AB ; and if QOP meet the polar of in L, {QOPL\ is harmonic. 
Hence \TOS qd} is harmonic, and therefore TO = OS. 22. (i) a conic ; 
(ii) a straight line. 25. A curve of the fourth degree. 28. Corre- 
sponding to any point T on the tangent at P there is one point T sucli 
that 7, T' are equidistant from the centre, and there is one inter- 
section of the /tangents at T, T'; hence every tangent to the ellipse 
cuts the locus in one and only one point: the locus is therefore a 
straight line. If 7, T' are on the director circle, the tangents from T, T 
are parallel; therefore the direction of the point at infinity on the 
locus is perpendicular to the tangent at P; also when T, T are both 
at infinity, the tangents from T, T are parallel to the tangent at P, 
and therefore intersect at the extremity of the diameter through P, 
which proves the proposition. 37. The centre of the conio is 

given. Hence, if P be the given point, P*, the other extremity of the 
diameter through P, is on all the conies. The locus is such that SP . SP' 
is constant; this curve is called a lemniscate. 40. Let S, S' be 
the foci, S being given, C the centre, P the given point, and O the 
middle point of SP. Then CD*=SP . S'P=4SfO . OC. Thia proves that 
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the loons of 2> is a parabola, since CD and OC are drawn in fixed 
directions, and SO is fixed. 43. Let the variable ellipse touch at P, 
and let the tangents at 5, P meet in T. CT bisects SP in V, and is 
therefore parallel to S'P^ so that CT and SP make equal angles with the 
tangent at P; hence VT=VP=VS\ therefore STP is a right angle, 
and CT is the radius of the director-circle of the Tariable ellipse. 
Hence, since CT=.\ {SP-\-S'P)= constant, the question is reduced to 37. 
44. This foUows from Ex. 23, Chapter vii. 47. {PGOG') is harmonic, 
and GCG' is a right angle ; therefore CP and CO make equal angles with 
CO, Then see solution of 2. 53. Ans. e=:i^ab, 54. Let the 
conic which goes through A^ B, C^ D, E cut the circle ABE in 0; then, 
AB and CD make equal angles with the axes, and so also do AB and 
EG; hence EG is parallel to CD, so that G and F are coincident. The 
direction of the axes is known, we have therefore only to find the centre. 
If F, V are the middle points of CD and EF respectively, VV is a 
diameter. Draw a circle through i>, C, £ : if this cut the conic in a 
fourth point JI, EH and CD make equal angles with the axes of the 
conic ; therefore EH is parallel to AB ; hence the line through the 
middle points of AB and EH is another diameter. Thus the centre 
is found. 55. The six points are always on a conic, and the conic 
is (ox'a^' + Vy'-l) (ajP + by^^l)'-(ax3^+hyi/'l) {ax2^' + by y"- 1)^0 

[see Ex. 3, Art. 1G7]. The conditions for a circle are xV - y'y" = — r (1), 

and^y+x'y =0 (2). Square and add, then (s^+y"^) (x"^+y"^) = (l - ^ , 

that is GP,CP'=.CS^, where C is the centre and S ia a focus; also from 
(2) CP and CP' make equal angles with the axis of x; and (1) and 
(2) shew that P, P* are on different sides of the transverse axis. "When 
the curve is a parabola P, P' are on a line through the focus, and equi- 
distant from the focus. 53. The chord of ax^ + by^- 1=0 which has 
(x', y') for middle point is parallel to the polar of (x\ y') and its equation is 
(x - x*) ax' + (2/ - y') by'=0. The line through (x, y') perpendicular to the 

chord must pass through O (/, g) ; hence we have ^—^ = '-r-r » so that 

{x^, ^ is on a rectangular hyi)erbola. 59. Any conic of the system is 
given by ax« + 6y2_x-X{(x-a)*+(y-/3)a-c2}=0, where (a, jS) is the 
point O. Find the centre, and eliminate X. G3. If the normal 

to ax2+&y«-l=0 at P(x',y') pass through O (/, i7) we have"^- = ^~ , 

or/6y'-opx'+(o-e>)x'/=0(l). Wehave toshew that ^^ + ?^=0, 

X y 
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or xy'-\-yx'-2j^y'=0y will go through the Bame point if {^ty^ i« any 
one of the four points of intersection of (1) and the conic. The point 

is -^ = ^ = ; . 73. A conic. 75. The four points are 

fb -ag b-a 

(a |.2\ 
%,-) &c., where {z'y') &o. are the feet of the normals. Now, if 

(/» O) ^® t^G point at which the normals meet, ,- - \=a^-b^. 

X y 

— - - -7 ) is on the straight line fx - qy = a-- 1-, and so also are the 

* yj 

other throe points. 83. U y=m{x-ae) be the chord, the circle is 
a;^_a« + ya4.2ma^-m=62 = o,or-j + ^.^-l-^^(a<;y-m&2)2=0. 9G. U 
xy=(P he the equation of the hyperbola, and (x^, y^) &o, be the four 
points, and (a, p)ho P; then PA . p^^iLiV . -^) Cv.-ffl (y.-g) (y.-ff) . 

CHAPTER XI. 

3. Let the equation of the conic which passes through O be aa^+ihry 
+ fcy'+2/y = 0, the tangent and normsd at being axes. If a'x' + 2V«y 
+ b'y*+2g'x+2f'yi-c'=0 be the equation of another conic, all the conies 
through their common points are included in aa;^ + 2Ax?/ + &7/'+2/|/ 

+ X(a'a;« + 2/i'«7/ + ft'y*+ V* ■i-2/2/ + c')^0. Put t/=0, then — + — 

2/7' 
= - - V » ftnd therefore is independent of X. 5. The axes of the para- 
c 

bolas are always parallel to conjugate diameters [Art. 207]. Now in a 

given ellipse the acute angle between two conjugate diameters is least when 

they are the equi-conjugates ; and in different ellipses the angle between 

the equi-conjugatcs is greatest in that which has the least eccentricity. 

Hence if a pair of conjugate diameters are known, the conic has the 

least eccentricity when they are the equi-conjugates. C. If TQ, TQ' be 

the tangents, and Fbe the middle point of QQ\ TV and QQ'sLte x)arallelto 

conjugate diameters. See solution to 5. 16. Use the result of Ex. 3, 

X 
Art. 219. 21. A circle. 24. tan' - = - -^ , where is the angle between 

the tangents. 25. The result follows from Art. 229 and Art. 186, Cor. 
1. 28. Art. 227. 35. If TO' be the other bisector of the angle QTP, 
then T{QOP(y) is harmonic, and therefore TO* is the polar of O. Let 
ROR' cut TO' in K, then T{ROR'K) is harmonic, and OTR is a right 
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angle; hence RT^ B!T make equal angles with OT. 37. and 88. Use 
'If a circle cut a parabola in four points the sum of the distances of those 
points from the axis of the parabola is zero.* 42. Shew that the conic, 
witli respect to which the triangle formed by x = 0, y =0, and lx+my-\-l 
= is self-polar, is oj:' + 2Z7iu;y + &^ + 22x + 2)n^ + 1 = 0. 50. Let the 
hyperbola be 2xy=c, and the first circle ^■{■y^-k'2gx-{-2fy=0. Let 
(x^, 2^i) <fec. be the four points. The equation of the second circle is 
jr' 4 ^' + 2XX4 + ^yy^ = 0. The point of intersection of the tangents at ^ , C 

is (2—^^, I; this is on the second circle if c^ [x^-^ x^-k- x^ 

+ ix^c^J^x^ + 23X4 + X4X3) = (1). Now the equation giving the absoissaB 
of J, B, C, I) is 4x* + 8^x*+^cx + c'=0. Hence 4x1X3X3X4=0', and 
'i('(^ + ^+^4)+^j^+^4+^4^=^> and these show that (1) is true. 

CHAPTER Xn. 

1. A parabola. 3. An hyperbola. 4. (1) A similar ellipse. (2) 
An ellipse. 12. A common chord, which is not a diameter, subtends a 
right angle at the centre. The envelope is a circle. 16. If the 
conic is ax^+(y' = l, and c the radius of the circle, the envelope is 

ax^ + 6y'= . The envelope is the original conic if c^ =- + - ; that is, 

^ a+6 ah 

if the circle is the director-circle of the conic. 20. See Art. 197. 25. 

The equation of the envelope is xy= ds4a5. 26. If the original conic 

is ^ + S=1| tlie envelope is --4 + ?5+2-=0. 27. Take the fixed 

point for origin, and let the lines be (x - <z) (x - a')r3 ; then the envelope 
is (a-a')*y^^^a'{x''a)(x~a'). 31. Take the given diameters for 
axes, and lot the conic be 0x^ + 2/2x2^ + 52/' -1=0; then the envelope is 

^ {ax +hy){Jix+ by) =•———-'. 88. Let the equation of the conic be 

ax'+&y'=l, and let be (a, /3). Transfer the origin to 0, and let 
2x+7Ry + l=0 bo the equation of PQ, one of the chords. Write down 
the equation of OP, OQ [Art. 38] ; then the condition of perpendicularity 
gives the tangential equation, viz. (2'+m') (aa'+ 5/3^-1) -2aa/-26/9fii 

+ a + 6=0. One focus is (0, 0), the centre is ( ^, —A, and 

\ tt + o a-\-oJ 

the other focus is [ ^ , y ] . If a : & is constant, the envelopes 

are confocal. If the given conic is a rectangular hyperbola a+6=0, and 
the envelope is n^rabola. 
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N.B. The following are important special forms of the tangential 
equation ^ (2, m)=0. 

(i) If c= 0, the conic is a parabola. 

(ii) If a = & = 0, the conic touches the axes. 

(iii) If a= 5, and h=2a cos u the origin is a focus. 



2. 



Ans. 



CHAPTER Xm. 



ahc 



8A' 





^. 


y 


a". 


IS". 


y 


a'". 


r. 


V" 



3. The four points of intersection of any two of the oonios are of the 
form ±/, ±^, ± /i. The conic Ma*+t7^ + «7Y'=0 will pass through the 
points (±/, ±|7i ±/*)t and (±/', ±^7', aA*) if ti/'+rr7'+trA*=0, and 
t<f*+«^+irh'*=0. 6. Let the lines be la =fcfn/3=fc 117=0; then the 

two points on the diagonal a=0 are given by m?^+2\py+n^—0y a=0. 
The other pairs are n^+2fiya+Pa}=0, /3=0 ; and Pa«+2i'a/8+ w'/3*=0, 
7=0. These are all on the conic Pa* + m'/S* + n V + 2X/37 + 2^170 + 2va/3= 0. 

7. The perpendicular distances of (a, /3, 7) from the throe sides arQ 



- (oa - bp- C7), Ac. Hence the equation required is 



52 



c3 



=0. 



bp + cy-aa cy + aa-bp tia+bp-cy 
8. The equation of the circle is of the form apy + bya + cap+\ (aa-^bp 
+C7)'=0. If this cut BC in P, P', then BP . BP'=r« - iZ*. 9. The 
point which is at a distance p from (o^, p^^ 79), on a line parallel 
to BC is (ap, pQ+psinC, y^-p sin P). If this point be on the conic, we 
have 



PiP'i= 



_ VoYQ±^yo^ + ««o/9o 



- £ sin B sin C 



Hence we have 



r,* r** n' 



a 






/ w» n 
[If the conic were given by tlic general equation we should have 

- _, ^ (ttft» ^0. 7« ») 

'^^ '^- r Bin-C -r ir sin-ii - 2u' sin i^ sin C * 

Hence we find at once the conditions for a circle, viz. vc*+tcb'''-2u'be 
= similar expressions.] 
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11. If P be (/,(/,/»), ii:,Z,Jlf are on thelme%^ + ^=0. If P be on 
Zo+m/3+n7=0 KLM touches Jia + Jmp+Jny=0 Ac. 12. If O be 
(/. £?. h) and 0' be (/', tf, h') then Z is given by fff-n^fZ]^ 

If 0, O' are on the fixed conio 



P 



con- 



"ug'ihf-h'f) hh'(fs^-fg)' 

Tifiy + /iya+ rap = Of Z is the fixed point (X, /x, r). 

(Examples 11 and 12 are taken from an interesting paper by Mr A. 
Martin published in the Messenger of Mathematics, Vol. IV.) 
18. If tufi+vp^+ ITT* = 0, be a parabola it will touch the line at infinity, 
and therefore all the four lines given by aadL^dsC7=0. 20. If 

(«', P^i y) be one focus, the other will ^® ( -/» o^» - ) 5 ^rite down the 

dition that the fixed point (/, gy h) may be on the line joining these two 
points. 84. Let (/, g, h) be the point of intersection of AA\ BB, CC, 
then A' is (/', g, h), B' is (/, ^, h), and C is (/, g, h'). BC, CB' intersect 

A" where ^ = ^ = J^ . Hence the equation of A* A^ is 
S 9 ^^ 

\ a p 7!=0. 

I/' 1/ '^ 

S sf ri 



in 



It is clear that A* A*\ and also the other two diagonals WB", C* C, of 
the hexagon formed by the six lines, pass through the point {f+f, g+^t 
h + 7i). Hence by Brianchon's Theorem the hexagon circumscribes a 
conic. 40. Consider any two of the conies, and draw their fourth 
common tangent. Then, the radical axis of their director-circles is the 
directrix of the parabola touching the four lines [Art 299 (5)] ; the radical 
axis therefore [Art 808, Ex. 4] passes through the orthocentre of the 
original triangle. Then, since the director-circles are equal, it follows 
that the centres of any ttoo of the conies, and therefore the centres of all 
the conies, are equidistant from the orthocentre of the triangle. 41. The 
centre of the circle with respect to which the triangle is self-polar is the 
orthocentre. Hence, from 40, the theorem will be true for all conies 
whose director-circles are equal, if it be true for any one of them. Let 
ABC bo the triangle, and O the orthocentre, and let OA cut BC in A\ 
Then, if P be any point on BC, the line ^P i<i a limiting form of an in- 
scribed conic, and the circle on ^P as diameter is its director-circle ; also 
OA . OA' is equal to the square of the tangent to this circle from 0, and 
OA . OA' is equal to the square of the radius of the 8elf-i>olar circle, hence 
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the self-polar circle cats the director circle at zight angles. This proves 
the proposition, since P is any point on BC, 50. The equations of 
the tangents from the angolar points of the fundamental triangle are 
Vz^ + Wy^ - 2 U'yz = 0, &c. Hence the six points are on the conic 

Firx« + TTCy + m'z* - 2UU'yz - 2Vrzx - 2irFra!y =0, 
This intersects 

jr«x«+ rv+ irz- - 2 rjTyz - 2jr iTrx - 2rr rxy =0 

in the same four points as 

{FTF-ir«){c8+ +2(rTr-crir)i/z + =o. 

Bat this latter conic is the original conic, since VW- V^^uA, &c. 



THE END. 
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CLASSICS. 

ELEMENTARY CLASSICS. 

i8rao, Eightecui)€nce cadi. 

This Series falls into two Cl\s.ses — 

(i) First Reading Books for Beginners, provided not 
only with Introductions and Notes, but with 
Vocabularies, and in some cases with Exercises 
based upon the Text 

(2) Stepping-stones to the study of particular authors, 
intended for more advanced students who are beginning 
to read such authors as Terence, Plato, the Attic Dramatists, 
and the harder parts of Cicero, Horace, Virgil, and 
Thucydides. 

These are provided with Introductions and Notes, but 
no Vocabulary. The Publishers have been led to pro- 
vide the more strictly Elementary Books with Vocabularies 
by the representations of many teachers, who hold that be- 
ginners do not understand the use of a Dictionary, and of 
others who, in the case of middle-class schools where the 
cost of books is a serious consideration, advocate the 
Vocabulary system on grounds of economy. It is hoped 
that the two parts of the Series, fitting into one another, 
may together fulfil all the requirements of Elementary and 
Preparatory Schools, and the Lower Forms of Public 
Schools. 
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The following Elementary Books, with Introductions, 
Notes, and Vocabularies, and in some cases with 
Exercises, are either ready or in preparation: — 

Caesar — the gallic war. book I. Edited by A. S. 
Walpole, M.A. lUgady, 

THE INVASION OF BRITAIN. Being Selections from Books 
IV. and V. of the " De Bello Gallico." Adapted for the use of 
Beg^inners. With Notes, Vocabulary, and Exercises, by W. 
Welch, M.A., and C. G. Duffield, M.A. [Hiody. 

THE GALLIC WAR. BOOKS IL and IIL Edited by the 
Rev. W. G. Rutherford, M.A., LL.D., Head-Master of West- 
minster School. l/^sady. 

THE GALLIC WAR. SCENES FROM BOOKS V. and VL 
Edited by C. Colbeck, M.A., AssistantrMaster at Harrow; 
formerly Fellow of Trinity College, Cambridge. [J^mdy, 

Cicero.— DE SENECTUTE. Edited by E. S. Shuckburoh, 
M. A., late Fellow of Emmanuel College, Cambridge. 

[In preparaiiotu 

DE AMICITIA. By the same Editor. \In thi press, 

STORIES OF ROMAN HISTORY. Adapted for the Use of 
Beginners. With Notes, Vocabnlary, and Exercises, by the Rer. 
G. E. Jeans, M.A., Fellow of Hertford College, Oxford, and 
A. V. Jones, M.A., Assistant-Masters at Haileybnry Collie. 

\Riady. 

EutropiuS.— Adapted for the Use of B^inners. With Notes, 
Vocabulary, and Exercises, by William Welch, M.A., and C. 
G. Duffield, M.A., Assistant-Masters at Surrey Coonty School, 
Cranleigh. \Retuh. 

Greek Testament.— selections from the gospels. 

Edited by Rev. A. Calvert, M.A., late Fellow of St John's 
College, Cambridge. \In preparmihn. 

Homer. — ILIAD. book I. Edited by Rer. John Bond, M.A., 
and A. S. Walpole, M.A. [Ready. 

ILIAD. BOOK XVIII. THE ARMS OF ACHILLES. Edited 
by S. R. Jambs, M. A., Assistant-Master at Eton College. [Reedy. 

ODYSSEY. BOOK I. Edited by Rev. John Bond, M.A. and 
A. S. Walpole, M.A. [Ready. 
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Horace.— ODES, books L—IV. Edited by T. E. Pacjb, M. a., 
late Fellow of St. John's College, Cambridge ; Assistant- Master 
at the Charterhouse. Each is, 6^. [Ready. 

Livy. — BOOK I. Edited by H. M. Stephenson, M.A., Head 
Master of St. Peter's School, York. [Ready, 

THE HANNIBALIAN WAR. Being part of the XXJ. and 
XXIL BOOKS OF LIVY, adapted for the use of beginners, 
by G. C. Macaulay, M.A., Assistant-Master at Rugby ; formerly 
Fellow of Trinity College, Cambridge. [Ready, 

THE SIEGE OF SYRACUSE. Adapted for the Use of Beginners. 
With Notes, Vocabulary, and Exeroses, by George Richards, 
M.A., and A. S. Walpole, M.A. [In the press, 

Ovid. — SELECTIONS. Edited by E. S. Shuckburgh, M.A.[ 
late Fellow and Assistant-Tutor of Emmanuel College, Cambridge. 

[Ready, 

Phaedrus.— elect fables. Adapted for the Use of Be- 
ginners. With Notes, Exercises, and Vocabularies, by A. S. 
Walpole, M.A. [Ready, 

Thucydides.— THE rise of the Athenian empire. 

BOOK L cc. LXXXIX. — CXVIL and CXXVIIL — 
CXXXVIII. Edited with Notes, Vocabulary and Exercises, by 
F. H. Colson, M.A., Senior Classical Master at Bradford 
Grammar School ; Fellow of St. John's College, Cambridge. 

[Ready 

Virgil.— iENEID. BOOK I. Edited by A. S. Walpole, M.a! 

[Ready, 
iENEID. BOOK V. Edited by Rev. A. Calvert, M.A., late 
FeUow of St John's College, Cambridge. [Ready. 

SELECTIONS. Edited by E. S. Shuckburgh, M.A. 

[Ready, 

Xenophon.— ANABASIS. book I. Edited by A. S. 
Walpole, MA. [Ready. 

The following more advanced Books, with Introductions 

and Notes, but no Vocabulary, are either ready, or in 

preparation : — 

Aeschylus.— PROMETEHUS VINCTUS. Edited by Rev. H 
M. Stephenson. [In preparation^ 

Cicero. — select letters. Edited by Rev. G. E. Jeans', 
M.A., Fellow of Hertford College, Oxford, and Assistant-Master 
at Haileybury College. [Ready. 

Euripides. — HECUBA. Edited by Rev. John Bond, M.A. 
and A. S. Walpolb, M.A. iReady. 
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Herodotus.— SELECTIONS FROM BOOKS VIL AHD VHL 
THE EXPEDITION OF XERXES. Edited by A. H. Cookk, 
M.A., Fellow and Lecturer of King's College, Cambridge. 

[Heady. 

Horace. — selections from the satires and 

EPISTLES. Edited by Rev. W. J. V. Baker, M. A., Fellow of 
St. John's College, Cambridge ; Assistant- Master in Marlborough 
College. [Riody, 

SELECT EPODES AND ARS POETICA. Edited by H. A. 
DaltoN, M. a., formerly Senior Student of Christchurch ; A<-sistant- 
MaRter in Winchester College. [Ready, 

Livy. — THE LAST TWO KINGS OF MACEDON. SCENES 
FROM THE LAST DECADE OF LTVY. Selected and Edited 
by F. H. Rawlins, M.A., Fellow of King's College, Cambridge; 
and Assistant-Master at Eton Colleo^e. [/« preparation, 

Plato.— EUTHYPHRO AND MENEXENUS. Edited by C. E. 
Graves, M. A., Classical Lecturer and late Fdlow of St. John's 
College, Cambridge. [Ready, 

Terence.— SCENES from THE ANDRIA. Edited by F. W. 
Cornish, M.A., Assistant- Master at Eton College. [Ready, 

The Greek Elegiac Poets.— from callinus to 

CALLIMACHUS. Selected and Edited by Rev. Herbert 
Kyn ASTON, D.D., Principal of Cheltenham College, and formerly 
Fellow of St John's College, Cambridge. [Ready^ 

Thucydides.— BOOK iv. chs. l—xll the capture 

OF SPHACTEKIA. Edited by C. E. Graves, M.A. [Ready, 

Virgil. — GEORGICS. BOOKIL Edited by Rev. J. H. Skrine, 
M.A., late Fellow of Merton College, Oxfoid ; Assistant-Master 
at Uppingham. [Ready, 

•»• Other Volufnes to follow. 



CLASSICAL SERIES 
FOR COLLEGES AND SCHOOLS. 

Fcap. 8vo. 

Being select portions of Greek and Latin authors, edited 

with Introductions and Notes, for the use of Middle and 

Upper forms of Schools, or of candidates for Public 

Examinations at the Universities and elsewhere. 

^SChines. — in CTESIPHONTEM. Edited by Rer. T. 
'^WATKIN, M.A., late Fellow of St John's College, Cambridge 

[In tkeprets. 
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^SChyluS, — PERSiE. Edited by A. O. Prickard, M.A., 
Fellow and Tutor of New College, Oxford. With Map. 3J. 6d. 

Catullus.— SELECT POEMS. Edited by F. P. Simpson, B.A., 
late Scholar of Balliol College, Oxford. New and Revised 
Edition. $s. The Text of this Edition is carefully adapted to 
School use. 

Cicero.— THE CATILINE orations. From the German 
of Karl Halm. Edited, with Additions, by A. S. Wilkins, 
M.A., Professor of Latin at the Owens College, Manchester. 
New Edition. 3/. 6d, 

PRO LEGE MANILIA. Edited after Halm by Professor A. S. 
Wilkins, M.A. y. 6d, 

THE SECOND PHILIPPIC ORATION. From the German 
of Karl Halm. Edited, with Corrections and Additions, 
by John E. B. Mayor, Profe.«;sor of Latin in the University of 
Cambridge, and Fellow of St. John's College. New EtUtion, 
revised. 51. 

PRO ROSCIO AMERINO. Edited, after Halm, by E. H. Dow 
KIN, M.A,, late Scholar of Lincoln College, Oxford ; Assistant" 
Master at Sherborne School. ^, 6d, 

PRO P. SESTIO. Edited by Rev. H. A. Holden, M.A., LL.D., 
late Fellow of Trinity College, Cambridge ; and late Clafsical 
Examiner to the University of London. 5/. 

Dcmosthenes.—DE CORONA. Edited by B. Drake, M. A., 
late Fellow of King's College, Cambridge. New and revised 
Edition. 41. 6d, 

ADVERSUS LEPTINEM. Edited by Rev. J. R. King, M.A., 
Fellow and Tutor of Oriel College, Oxford. 41. 6d. 

THE FIRST PHILIPPIC. Edited, after C. Rehdantz, by Rev. 
T. GwATKiN, M. A., late Fellow of St. John's College, Cambridge. 

Euripides. — BACCHAE. Edited by E. S. Shuckburgh, M.A. 
late Fellow of Emmanuel College, Cambridge. [In preparation 

HIPPOLYTUS. Edited by J. P. Mahaffy, M.A., Fellow and 
Professor of Ancient History in Trinity College, Dublin, and J. B. 
Bury, Scholar of Trinity College, Dublin. 3/. 6d. 
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Euripides. -MEDEA. Edited by A. W. Verrall, M.A., 
Fellow and Lecturer • f Trinity College, Camhridge. y. Sd, 

IPHIGENIA IN TAURIS. Edited by E. B. England, M.A., 
Lecturer at the Oweus College, Manchester. /^, 6</. 

Herodotus.— BOOaS v. and VI. Edited by Rev. A. H. 
Cooke, M.A., Fellow of King's College, Caailjridge. 

[In preparation, 

BOOKS VIL AND VIII. THE INVASION OF GREECE BY 
XERXES. Edited by Thomas Case, M.A., formerly Fellow 
of Brasenose College, Oxford. [In preparation. 

Homer.— ILIAD. BOOKS L, IX., XL, XVL— XXIV. THE 
STORY OF ACHILLES. Edited by the late J. H. Pratt, 
M.A., and Walter Leaf, M.A., Fellows of Trinity College, 
Cambridge. 6/. 

ODYSSEY. BOOK IX. Edited by Prof. John E. B. Mayor. 
2s. 6d. 

ODYSSEY. BOOKS XXL— XXIV. THE TRIUMPH OF 
ODNSSEUS. Edited by S. G. Hamilton, B.A., FeUowof 
Hertford College, Oxford. 3^. 6d. 

Horace. — THE ODES. Edited by T. E. Page. M.A., formerly 
Fellow of St. John's College, Cambri'ge ; Assistant- Master at 
Charterhouse 6s, (BOOKS I., II., III., and IV. separately, 
zr. each.) 

THE SATIRES. Edited by Arthur Palmer, M.A., Fellow of 
Trinity College, Dublin ; Professor of Latin in the University of 
Dublin, dr. 

THE EPISTLES and ARS POETICA. Edited by Profcasoc 
A. S. WiLKxNS, M.A. [In tkiprm, 

Juvenal, thirteen satires. Edited, for the Use of 
Schools, by E. G. Hardy, M.A., Head-Master of Grantham 
Grammar School ; late Fellow of Jesus College, Oxford. 5j. 
The Text of thi^- Edition is carefully adapted to School use. 

SELECT SATIRES. Edited by Professor John E. B. Mayor. 
X. AND XI. 3x. 6^. XII.— XVI. 4r. 6d, 

Livy. — ^BOOKS II. AND HI. Edited by Rev. H. M. Stkphsnson, 
M.A., Head-Master of St. Peter's School, York. 5/. 

BOOKS XXI. AND XXII. Edited by the Rev. W. W. Capss, 
M. A., Reader in Ancient History at Oxford. With Maps. 5/. 

BOOKS XXIII AND XXIV. Edited by G. C Macaulat, M.A., 
Assistant-Master at Rugby. [In preparation. 
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Lucretius, books I.—III. Edited by J. H. Warburton 
Les, M.A., late Scholar of Corpus Christi College, Oxford, and 
Assistant> Master at Rossall. 41. 6d, 

Lysias.— SELECT orations. Edited by E. S. Shuckburgh, 
M.A., AssLvtant-Master at Eton College, dr. 

Martial. — SELECT epigrams. Edited by Rev. H. M. 
Stephenson, M.A. 6s, 

Ovid.— fasti. Edited by G. H. Hallam, M.A., FcUow of St. 

John's College, Cambridge, and A<:sistant-Master at Hairow. 

With Maps. $s, 
HEROIDUM EPISTULiE XIIL Edited by E. S. Shuckburoh, 

M.A. 4J. 6^, 
METAMORPHOSES. BOOKS XIIL and XIV. Edited by 

C. Simmons, M.A. [In the press, 

Plato. — MENO. Edited by E. S. Thompson, M.A., Fellow of 
Christ's College, Cambridge. {In preparation, 

APOLOGY AND CRITO. Edited by F. J. H. Jenkinson, 
M.A., Fellow of Trinity College, Cam^»ridge. [In preparation, 

THE REPUBLIC. BOOKS L— V. Edited by T. H. Warren, 
M.A., Fellow of Magdalen College, Oxford. [In the press, 

PlautUS.— MILES GLORIOSUS. Edited by R. Y. Tyrrell, 
M.A., Fellow and Professor of Greek in Trinity College, Dublin. 

Pliny.— LETTERS. BOOK III. Edited by Professor John E. B. 
Mayor. With Life of Pliny by G. H. Rendall, M.A. 5/. 

Plutarch.— LIFE OF THEMISTOKLES. Edited by Rer. 
H. A. HoLDBN, M.A., LL.D. $/. 

Polybius.— HISTORY OF THE ACHiCAN LEAGUE. Being 
Parts of Books II., HI., and IV. Edited by W. W. Capes, 
M.A. [In preparation, 

Propertius. — select poems. Edited by Professor J. P. 
PosTGATE, M.A., Fellow of Trinity College, Cambridge. 6s, 

Sallust. — CATILINA AND JUGURTHA. Edited by C. Meri- 
VALE, D.D., Dean of Ely. New Edition, carefully revised and 
enlarged, 4/. 6d, Or separately, zs, 6d, each. 

BELLUM CATULINAE. Edited by A. M. CooR, M.A., Assist- 
tnt Master at St. Panl's School. 45. 6d. 
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Sophocles. — ANTIGONE. Edited by Rev. John Bond, M. A., 
and A. S. Walpole, M.A. \In preparatum. 

Tacitus. — AGRICOLA and GERMANIA. Edited by A. J. 
Church, M.A., and W. J. Brodribb, M.A., Translators ol 
Tacitus. New Edition, 31. td. Or separately, 2x. each. 

THE ANNALS. BOOK VI. By the same Editors. %s, 6</. 

THE HISTORY. BOOKS I. and II. Edited by A. D. Godley, 
M.A. [/if preparation, 

THE ANNALS. BOOKS L and IL Edited by J. S. Reid, 
M.A. \Jn preparation, 

Terence.— HAUTON TIMORUMENOS. Edited by E. S. 
Shuckburgh, M.A. 31. With Translation, 41. 6^. 

PHORMIO. Edited by Rev. John Bond, M.A., and A. S. 
Walpole, B.A. 41. td. 

Thucydides. BOOK IV. Edited by C. E. Graves, M.A., 
Classical Lecturer, and late Fellow of St. John's CoU^e, 
Cambridge. 5/. 

BOOKS I. II. III. AND V. By the same Editor. To be published 
separately. [In preparation. 

BOOKS VL AND VIL THE SICILIAN EXPEDITION. Edited 
by the Rev. Percival Frost, M.A., late Fellow of St. John's 
College, Cambridge. New Edition, revised and enlarged, with 
Map. 5x. 

Virgil.— iENEID. BOOKS II. AND III. THE NARRATIVE 
OF iENEAS. Edited by E. W. HowsoN, M. A., Fellow of King's 
College, Cambridge, and Assistant-Master at Harrow. 31. 

Xcnophon. — HELLENICA, books L and IL Edited by 
H. Hailstone, B.A., late Scholar of Peterhouse, Cambridge. 
With Map. 4J. 6rf. 

CYROPi^DIA. BOOKS VII. and VIII. Edited by ALFRED 
Goodwin, M.A., Professor of Greek hi University College, 
London, ^s, 

MEMORABILIA SOCRATIS. Edited by A. R. Clusr, B.A. 
Balliol College, Oxford. 6/. 

THE ANABASIS. BOOKS I.— IV. Edited by Professors W. W. 
Goodwin and J. W. White. Adapted to Ooodwm's Greek 
Grammar. With a Map. 5j. 
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Xenophon.— HIERO. Edited hj RcT. H. A. Holdem, M.A., 
LL.D. 3/. 6c/. 

OECONOMICUS. By the same Editor. With Introduction. 
Explanatory Notes, Critical Appendix, and Lexicon, 6s, 

\* OtAfT Volumes will follow. 
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(i) Texts, Edited with Introductions and Notes, 
for the use of Advanced Students. (2) Commentaries 
and Translations. 

^SChyluS.— THE EUMENIDES. The Greek Text, with 
Introductlony English Notes, and Verse Translation. By Bernard 
Drake, M.A., late Fellow of King's College, Cambridge. 
8to. 5j. 

AGAMEMNON, CHOEPHORCE, AND EUMENIDES. Edited, 
with Introduction and Notes, by A. O. Prickard, M.A., Fellow 
and Tutor of New College, Oxford. 8vo. [/« preparation, 

AGAMEMNO. Emendavit David S. Marqoliouth, ColL Nov. 
Oxon. See. Demy 8vo. 2x. 6d, 

Antoninus, Marcus Aurelius. — BOOK IV. OF the 

MEDITATIONS. The Text Revised, with Translation and 
Notes, by Hastings Crosslsy, M.A., Professor of Greek in 
Queen's College, Belfast. 8vo. 6j. 

Aristotle.— THE metaphysics, book I. Translated by 
a Cambridge Graduate. 8vo. 51. \Book II, in preparation, 

THE POLITICS. Edited, after Susemihl, by R. D. Hicks, 
M.A., Fellow of Trinity College, Cambridge. 8vo. [In the press. 

THE POLITICS. Translated by Rev. J. E. C. Welldon, M.A., 
Fellow of King's College, Cambridge, and Master of Dulwich 
College. Crown 8vo. ic/. 6d, 

THE RHETORIC. By the same Translator. \In the press. 

AN INTRODUCTION TO ARISTOTLE'S RHETORIC. 
With Analysis, Notes, and Appendices. By £. M. Cope, Fellow 
and Tutor of Trinity College, Cambridge. 8vo. I4r. 

THE SOPHISTICI ELENCHI. With TransUtion and Notes 
by E. Posts, M.A., Fellow of Oriel College, Oxford. 8vo. %s, 6d, 
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Aristophanes.— THE BIRDS. Translated into English Ven^ 
with Introduction, Notes, and Appendices, by B. H. Krnnkoy, 
D.D., Regius Professor of Greek in tbe University of Cambridge. 
Crown 8vo. dr. Help Notes to the same, for the nse of 
Students, is. 6d. 

Attic Orators.— FROM ANTIPHON TO ISAEOS. By 
R. C. Jebb, M.A., LL.D., Professor of Greek in the University 
of Glasgow. 2 vols. 8vo. 25^. 

SELECTIONS FROM ANTIPHON, ANDOKIDES, LYSIAS* 
ISOKRATES, AND ISiEOS. Edited, with Notes, by Pro- 
fessor Jebb. Being a companion volume to the preceding work. 
8vo. i2s, 6J. 

BabriuS. Edited, with Introductory DisserUtions, Critical Notes, 
Commentary and Lexicon. By Rev. W. Gunion Ruthbrforo^ 
M. A., LL.D., Head-Master of Westminster SchooL 8vo. I2f. 6tL 

Cicero.— THE ACADEMICA. The Text revised and explained 
by J. S. Reid, M.L., Fellow of Caius College, Cambridge. 
New Edition. With Translation. 8vo. [/if the preu, 

THE ACADEMICS. Translated by J. S. Reid, M.L. 8va $/. (id. 

SELECT LETTERS. After the Edition of Albert Watson, 

M.A. Translated by G. E. Jeans, M.A., Fellow of Hertford 

College, Oxford, and Assistant-Master at Haileybnry. 8vo. 
lOr. (id, 

(See also Classical Sniis,) 

Euripides. — MEDEA. Edited, with Introduction and Notes, by 
A. W. Verrall, M.A., Fellow and Lecturer of Trinity College, 
Cambridge. 8vo. 7/. 6d, 

INTRODUCTION TO THE STUDY OF EURIPIDES. By 
Professor J. P. Mahaffy. Fcap. 8vo. ix. 6d. {Classkai Writers 
Series,) 

(See also Classical Series,) 

Herodotus.— BOOKS L— in. the ancient empires 

OF the EAST. Edited, with Notes, Introductions, and Ap- 

?endices, by A. H. Saycb, Deputy-Professor of Comparative 
hilology, Oxford; Honorary LL.D., Dublin. DemySvo. l6s, 

BOOKS IV.— IX. Edited by Reginald W. Macan, M.A., 
Lecturer in Ancient History at Brasenoie College, Oxford. 8va 

{In preparatian. 
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Homer. — ^THE ILIAD. Edited, with Introductioii and Notei» 
by Walter Leaf, M.A., Fellow of Trinity College, Cambridge* 
and the late J. H. Pratt, M.A. 8vo. \In preparation* 

THE ILIAD. Translated into English Prose. By Andrew 
Lang, M.A., Walter Leaf, M.A., and Ernest Myers, M.A. 
Crown 8vo. I2j. 6</. 

THE ODYSSEY. Done into English by S. H. Butcher, M.A., 
Professor of Greek in the University of Edinburgh, and Andrew 
Lang, M.A., late Fellow of Merton College, Oxford. Fourth 
Edition, revised and corrected. Crown 8vo. lOf. dd, 

INTRODUCTION TO THE STUDY OF HOMER. By the 
Right Hon. W. E. Gladstone, M.P. i8mo. u, {Literature 
Primers,) 

HOMERIC DICTIONARY. For Use in Schools and Colleges. 
Translated from the German of Dr. G. Autenrieth, with Addi- 
tions and Corrections, by R. P. Keep, Ph. D. With numerous 
Illustrations. Crown 8vo. 6x. (See also Classical Series,) 

Horace— THE WORKS OF HORACE RENDERED INTO 
ENGLISH PROSE. With Introductions, Running Analysis, 
Notes, &c. By J. Lonsdale, M.A., and S. Lee, M.A. {Globe 
EdUion,) y. 6d, 

STUDIES, LITERARY AND HISTORICAL, IN THE ODES 
OF HORACK By A. W. Verrall. FeUow of Trinity College, 
Cambridge. Demy 8vo. 81. 6d, 

(See also Classical Series,) 

Juvenal.— THIRTEEN SATIRES OF JUVENAL. With a 
Commentary. By John E. B. Mayor, M.A., Professor of Latin 
in the University of Cambridge. Second Edition, enlarged. 
Crown 8vo. Vol. I. is, 6d. VoL 11. lOf. 6d, 

THIRTEEN SATIRES. Translated into EngUsh after the Text 
of J. E. B. Mayor by Herbert Strong, M.A., Professor of 
Latin, and Alexander Leeper, M.A., Warden of Trinity 
College, in the University of Melbourne. Crown 8vo. 3J. 6^. 

(See also Classical Series, ^ 

Livy. BOOKS XXL— XXV. Translated by Alfred John 
Church, M.A., of Lincoln College, Oxford, Professor of Latin, 
University College, London, and William Jackson Brodrirb, 
M.A., late Fellow of St John's College, Cambridge. Cr. 8vo. 
^s,6d. 

INTRODUCTION TO THE STUDY OF LIVY. By Rev. 
W. W. Capes, Reader in Ancient History at Oxford. Fcap. 8va 
11. 6d, {Classical Writers Series,) 

(See also Classical Series,) 
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MartiaL— BOOKS I. and IL OF THE EPIGRAMS. Edltad, 
with Intiodacdon and Notes, bj Professor J. £. B. Mayok, M. A. 
8vo. [/u the press. 

(See also Oassical Siria.) 

Pausanias. — description of Greece. ThuisUted by 

J. G. Frazer, M. a., Fellow of Trinity Coll^e^ Cambridge. 

[Inprtpas'miioH, 

Phrynichua— THE NEW PHRYNICHUS ; being a Revised 
Text of the Ecloga of the Grammarian Phrynichus. With Intro- 
duction and Commentary by Rev. W. Gun ION RuTHX&roRD, 
M.A.. LL.D., Head Master of Westminster SchooL 8vo. i8j. 

Pindar.— THE EXTANT ODES OF PINDAR. Tianslated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M. A., late Fellow of Wadham College, Oxford. Second 
Edition. Crown 8vo. 51. 

Plato. — PH/EDO. Edited, with Introduction, Notes, and Appen- 
dices, by R. D. Archer-Hind, M.A., Fellow of Trinity College. 
Cambridge. 8vo. &r. 6d. 
PHILEBlTs. Edited, with Introduction and Notes, by Henry 
Jackson, M.A., Fellow of Trinity Collie, Cambridge. 8vo. 

[In preparation, 

THE REPUBLIC— Edited, with Introduction and Notes, by H. C. 

Goodhart, M.A., Fellow of Trinity College, Cambridge. 8vo 

[In preparation, 

THE REPUBLIC OF PLATO. Translated into English, with 

an Analysis and Notes, by J. Ll. Davies, M.A., and D. J. 

Vaughan, M.A. iSmo. 41. dd. 

EUTHYPHRO, APOLOGY, CRITO, AND PHiEDO. Trans- 

lated by F. J. Church. Crown 8vo. 41. 6</. 

(See also Classical Series,) 

PlautUS.— THE MOSTELLARIA OF PLAUTUS. With Notes, 
Prolegomena, and Excursus. By William Ramsay, M.A., 
formerly Professor of Humanity in the Universitj of Glasgow. 
Edited by Professor George G. Ramsay, M.A., of the University 
'if Glasgow. 8vo. 14J. 

(See also Classieed Series.) 

SalluSt— CATIUNE AND JUGURTHA. Translated, with 
Introductory Essays, by A. W. Pollard, B.A. Crown 8vo. Si. 

(See also Classical Series.) 

Studia Scenica. — Pait L, Section L Introductory Study on 
the Text of the Greek Dramas. The Text oT SOPHOCLES' 
TRACHINIAE, 1-300. By David S. Maroououth, FcUow 
of New College, Oxford. Demy 8vo. 2t. 6</. 
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Tacitus.— THE ANNALS. Edited, with Introductiona and 
Notes, by G. O. Holbrooke, M. A., Professor of Latin in Trinity 
College, Hartford, U.S.A. With Maps. 8vo. idf. 

THE ANNALS. Translated by A. J. Church, M.A., Professor 
of Latin in the University of London, and W. J. Brodribb, M. A. 
With Notes and Maps. New Edition. Crown 8vo. Js. 6d, 

THE HISTORY. Edited, with Introduction and Notes, by 
RcT. Walter Short, M.A., and Rev. W. A. Spooner, M.A. 
Fellows of New College, Oxford. 8vo. [In preparation. 

THE HISTORY. Translated by A. J. Church, M.A., Professor 
of Latin in the University of London, and W. J. Brodribb, M.A. 
With Notes and a Map. New Edition. Crown 8vo. 6s, 

THE AGRICOLA AND GERMANY, WITH THE DIALOGUE 
ON ORATORY. Translated by A. J. Church, M.A., and 
W. J. Brodribb, M.A. With Notes and Maps. New and 
Revised Edition. Crown 8vo. 41. 6d, 

INTRODUCTION TO THE STUDY OF TACITUS. B 
A. J. Church, M.A. and W. J. Brodribb, M.A. Fcap. 8vo 
l8mo. IJ. 6d. {Classual WriUrs Series.) 

Theocritus, Bion, and Moschus. Rendered into Eng- 
lish Prose with Introductory Essay by Andrew Lang, M.A. 
Crown 8vo. 6s, 

Virgil.— THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Notes, Introductions, Running Analysis, 
and an Index, by James Lonsdale, M.A., and Samuel Lee, 
M.A. New Edition. Globe 8vo. y. 6d. 

THE iENEID. Translated by J. W. Mackail, M.A., Fellow of 
Balliol College, Oxford. Crown 8vo. [In the press. 
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Belcher. — SHORT EXERCISES IN LATIN PROSE COM- 
POSITION AND EXAMINATION PAPERS IN LATIN 
GRAMMAR, to which is prefixed a Chapter on Analysis of 
Sentences. By the Rev. H. Belcher, M.A., Assistant-Master in 
King:'8 College Sdiool, London. New Edition. iSmo. u. 6d, 

KEY TO THE ABOVE (for Teachers only). 2s. 6d. 

SHORT EXERCISES IN LATIN PROSE COMPOSITION 
Part II., On the Syntax of Sentences, with an Appendix, includ- 
ing EXERCISES IN LATIN IDIOMS, &c. i8mo. 2x. 

KEY TO THE ABOVE (for Teachers only), y. 
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Blackie. — GREEK AND ENGLISH DIALOGUES FOR USE 
IN SCHOOLS AND COLLEGES. By John Stuart Blackie, 
Emeritus Professor of Greek in the University of Edinburgh. 
New Edition. Fcap. 8vo. 2t. 6</. 

Bryans.— LATIN PROSE EXERCISES BASED UPON 
CAESAR'S GALLIC WAR. With a Classification of Caesar's 
Chief Phrases and Grammatical Notes in Caesar's Usages. By 
Clement Bryans, M. A., Assistant-Master in Dulwich College, 
late Scholar in King's Collie, Cambridge, and Bell UniTersity 
Scholar. Extra fcap. 8vo. 2s, 6d, 

GREEK PROSE EXERCISES based upon Thucydides. By the 
same Author. Extra fcap. Svo. [In ^e^artUion, 

Colson. — A FIRST GREEK READER. By F. H. Colson, 
M.A., Fellow of St. John's College, Cambridge, and Senior 
Classical Master at Bradford Grammar SchooL Gu>be Svo. 

[In prtparoHon. 

Eickc— FIRST LESSONS IN LATIN. By K. M. Eicke, B.A., 
As>istant- Master in Oundle School. Globe Svo. 2j. 

Ellis.— PRACTICAL HINTS ON THE QUANTITATIVE 
PRONUNCIAl .ON OF LATIN, for the use of Classical 
Teachers and Linguists. By A. J. Ellis, B.A., F.R.S. Extra 
(cap. Svo. 4J. dd, 

England— EXERCISES ON LATIN SYNTAX AND IDIOM. 
ARRANGED WITH REFERENCE TO ROBV'S SCHOOL 
LATIN GRAMMAR. By E. B. England, M.A., Assistant 
Lecturer at the Owens College, Manchester. Crown Svo. 2x. ^ 
Key for Teachers only, 21. €d, 

Goodwin. — Works by W. W. Goodwin, LL.D., Professor ol 
Greek in Harvard University, U.S.A. 
SYNTAX OF THE MOODS AND TENSES OF THE GR£EK 
VERB. New Edition, revised. Crown Svo. 6x. 6<^ 

A GREEK GRAMMAR. New Edition, revised. Crown Svo. 6/. 
**It is the best Greek Grunmar of its siie in the English language.**— 

ATHBNiBUli. 

A GREEK GRAMMAR FOR SCHOOLS. Crown Svo. y. 6d. 

Greenwood.— THE elements OF greek GRAMMAR, 
including Acddenoe, Irreg^ar Verbs, and Principles of Deriva- 
tion and Composition ; adapted to the Sjrstem of Crude Forms. 
By }. G. Greenwood, Principal of Owens College, Manchester. 
New Edition. Crown Svo. 5^. 6d* 
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Hadley and Allen.— a greek grammar for 

SCHOOLS AND COLLEGES. By James Hadley, late 
Professor in Yale College. Revised and in part Rewritten by 
Frederic de Forest Allen, Professor in Harvard College. 
Crown 8vo. dr. 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. 3/. 

Jackson. — FIRST STEPS TO GREEK PROSE COMPOSI- 
TION. By Blom FIELD Jackson, M.A., Assistant-Master iii 
King's College School, London. New Edition, revised and 
enlarged. iSmo. is. 6d. 

KEY TO FIRST STEPS (for Teachers only). i8mo. 3j. 6J. 
SECOND STEPS TO GREEK PROSE COMPOSITION, with 

Miscellaneous Idioms, Aids to Accentuation, and Examination 

Papers in Greek Scholarship. i8mo. 21. 6d. 
KEY TO SECOND STEPS (for Teachers only). i8mo. 3^. 6d. 

Kynaston.— EXERCISES in the composition of 

GREEK IAMBIC VERSE by Translations from English Dra- 
matists. By Rev. H. Kynaston, D.D., Principal of Cheltenham 
College. With Introduction, Vocabulary, &c. Extra fcap. 8vo. 

KEY TO THE SAME (for Teachers only). Extra fcap. 8vo. 

Lupton.— ELEMENTARY EXERCISES IN LATIN VERSE 
COMPOSITION. By Rev. J. H. Lupton, M.A., Sur-Master 
in St. Paul's School. Globe 8vo. [/n preparation, 

Macmillan. — first latin grammar. By M. C. Mac- 

MILLAN, M.A., late Scholar of Christ's College, Cambridge; 
sometime Assistant-Master in St. Paul's School. New Edition, 
enlarged. i8mo. \s. 6d. A Short Syntax is in preparation 
to follow the Accidence. 

Macmillan's Progressive Latin Course. By A. M. 

Cook, M. A., Assist. Master at St. Paul's School [In proration. 

Marshall.— A table of irregular greek verbs. 

classified according to the arrangement of Curtius's Greek Grammar. 
By J. M. Marshall, M.A., Head Master of the Cathedra] 
^tml^ Dnilniii. tvu» olmb. N«w MMon. ii. 

c 
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Mayor (John E. B.)— first GREEK READER. Editaa 

after Karl Halm, with Corrections and large Additions by Pro* 
fessor j[oHN E. B. Mayor, M.A., Fellow of St. John's College^ 
Cambridge. New Edition, revised. Fcap. 8vo. 4/. 6d, 

Mayor (Joseph B.)— GREEK for beginners. By the 

Rev. jT B. Mayor, M.A., Professor of Classical Literature in 
King's College, London. Part I., with Vocabolary, u. 6d. 
Parts II. and III., with Vocabulary and Index, y, 6d. Complete 
^ in one VoL fcap. 8vo. 4s, 6ef. 

Nixon. — PARALLEL EXTRACTS arranged for transUtion into 
English and Latin, with Notes on Idioms. By J. E. Nixon, 
M.A., Fellow and Classical Lecturer, King's Coll^fe, Cambridge. 
Part I. — Historical and Epistolary. New Edition, revised imd 
enlarged. Crown 8va 3^. 6d. 

Peile.— A PRIMER OF PHILOLOGY. By J. Peilb, M.A., 
Fellow and Tutor of Christ's College, Cambridge. i8mo. u. 

Postgate and Vincc. — a dictionary of latin 

ETYMOLOGY. By J. P. Postgate, M.A., and C. A. Vinck, 
M.A. [I^ prtparation. 

Potts (A. W.) — Works by Alexander W. Potts, M.A.. 
LL.D., late Fellow of St. John's Collie, Cambridge; Hcac 
Master of the Fettes College, Edinburgh. 

HINTS TOWARDS LATIN PROSE COMPOSITION. New 

Edition. Extra fcap. Svo. y. 
PASSAGES FOR TRANSLATION INTO LATIN PROSE 

Edited with Notes and References to the above. New Edition. 

Extra fcap. Svo. 2s, 6d. 

LATIN VERSIONS OF PASSAGES FOR TRANSLATION 
INTO LATIN PROSE (for Teachers only). 2s, 6d. 

Reid.— A GRAMMAR OF TACITUS. By J. S. Reid, M.L., 
Fellow of Caius College, Cambridge. [In prtparaiipn, 

A GRAMMAR OF VERGIL. By the same Author. 

[In prefiarcUiM^ 

*♦* Similar Grammars to other Classuai Authors -wiU probaUy foUtm. 

Roby. — A GRAMMAR OF THE LATIN LANGUAGE, from 

Plautus to Suetonius. By H. J. RoBY, M.A., late Fellow of St. 

John's College, Cambridge. In Two Parts. Thurd Edition. 

Part I. containing: — Book I. Sounds. Book II. Inflexions. 

Book III. Word-formation. Appendices. Crown Svo. 8/. dd. 

Part IL Syntax, Prepositions, &c. Crown 8vo. IOj. 6</. 

'*Maiked by the cImt ladpractiMdiiisii^of anuuMriiibU ait. 4 book that 
would do honour to luiy country."— ArHBNjBVif. 
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Roby (cctUimmiy^ 

SCHOOL LATIN GRAMMAR. By the same Anthor. Crown 
8to. 5/. 

Rush*— SYNTHETIC LATIN DELECTUS. A First Latin 
Constniing Book arranged on the Principles of Grammatical 
Analysis. With Notes and Vocabulary. By E. Rush, B.A. 
With Preface by the Rev. W. F. Moulton, M.A., D.D. New 
and Enltrfed Edition. ExtrA fc&p. Svo. 2s. 6d. 

Rust — FIRST STEPS TO LATIN PROSE COMPOSITION, 
By the Rtv. G. Rust, M.A., of Pembroke College, Oxford.. 
Master of the Lower School, King's College, London. New 
Edition. iSflio. is, 6d. 

Rutherford. — Works by the Rev. W. GuNioN Rutherford, 
M.A., LL.D., Head-Master of Westminster School. 

A FIRST GREEK GRAMMAR. N«w Edition, enlarged. Extra 
fcap. 8vo. IS, 6ei, 

THE NEW PHRYNICHUS ; being a Revised Text of the 
Ecloga of the Grammarian Phrynichus. With Introduction and 
Commentary. 8vo. i&r. 

SimpSOtt.— LATIN PROSE AFTER THE BEST AUTHORS 

By F. P. Simpson, B.A., late Scholar of Balliol College, Oxford 

I. C-/ESAR. Extra fcap. 8vo. [In the press' 

Thring. — Works by the Rev. E. Thrino, M.A., Head-Master of 

Uppingham School. 
A LATIN GRADUAL. A First Latin Construing Book for 

Beginners. New Edition, enlarged, with Coloured Sentence 

l^aos Fcao ovo of ou 
A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 8vo. 

IS, 6d, 

White. — FIRST LESSONS IN GREEK. Adapted to GOOD- 
WIN'S GREEK GRAMMAR, and designed as an introduction 
to the ANABASIS OF XENOPHON. By John Williams 
White, Ph.D., Assistant- Professor of Greek in Harvard Univer- 
sity. Crown 8vo. 4J. (td, 

Wright. — ^Works by J. Wright, M.A., late Head Master of 
Sutton Coldficld School. 
A HELP TO LATIN GRAMMAR ; or. The Form and Use 
of Words in Latin, with Progressive Exercises. Crown 8vo. 

c a 
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Wright {continuedh- 
THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 

from the First Book of Livy by the omission of Difficah Passages ; 

being a First Latin Reading Book, with Grammatical Notes and 

Vocabulary. New and revised Edition. Fcap. 8vo. 3/. 6d, 
FIRST LATIN STEPS ; OR, AN INTRODUCTION BY A 

SERIES OF EXAMPLES TO THE STUDY OF THE 

LATIN LANGUAGE. Crown 8vo. 3J. 
ATTIC PRIMER. Arrange for the Use of Banners. Extra 

fcan 8vo 2x 6(1 
A COMPLETE LATIN COURSE, compriang Rules with 

Examples, Exercises, both Latin and English, on each Rule, and 

Vocabularies. Crown 8vo. 2s. 6d. 
Wright (H. C.)— EXERCISES ON THE LATIN SYNTAX- 

By H. C. Wright, B.A., Assistant- Master at Haileybory 

College. i8mo. [In p^eparatiofi. 

ANTIQUITIES, ANCIENT HISTORY, AND 

PHILOSOPHY. 

Arnold. — Works by W. T. ARNOLD, B.A. 
A HANDBOOK OF LATIN EPIGRAPHY. [In preparation. 
THE ROMAN SYSTEM OF PROVINCIAL ADMINISTRA- 

TION TO THE ACCESSION OF CONSTANTINE THE 

GREAT. Crown 8vo. 6s. 

Becsly. — STORIES from the HISTORY OF ROME. 
By Mrs. Beesly. Fcap. 8vo. 2s. 6d. 

Classical Writers. — Edited by John RichardGrken, M.A. 

LL.D. Fcap. 8vo. u. Sd, each. 
EURIPIDES. By Professor Mahaffy. 
MILTON. By the Rev. Stopford A. Brooke, M.A. 
LIVY. By the Rev. W. W. Capes, M.A. 
VIRGIL. By Professor Nettleship, M.A. 
SOPHOCLES. By Professor L. Campbell, M.A. 
DEMOSTHENES. By Professor S. H. Butcher, M.A. 
TACITUS. By Professor A. J. Church, M.A., and W. J. 

Brodribb, M.A. 
Freeman. — history of ROME. By Edward a. Free 

MAN, D.C.L., LL.D., Hon. Fellow of Trinity College, Oxford, 

Regius Professor of Modem History in the University of Oxford. 

(Historical Course for Schools.) i8mo. [In preparation. 

A SCHOOL HISTORY OF ROME. By the same Author 

Crown 8vo. [In preparation, 

HISTORICAL ESSAYS. Second Scries. [Grwk end Romas 

tn^tmy.] dy fht mure AmHm'. Sro. tor. 0^. 
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Pyffe.— A SCHOOL history of Greece. By c. a 

Fyffk, M. a., late Fellow of Univerfity College, Oxford. Crown 
8vo. ' \^In preparation. 

Geddes. — the problem of the Homeric poems. 

By W. D. Geddes, Profe^sor of Greek in the University of 
Aberdeen. 8vo. 14X. 

Gladstone. — Works by the Rt. Hon. W. E. Gladstone, M.P. 
the time and place of homer. Crown 8vo. 6f. dd 
A primer of homer. i8mo. u. 

Jackson.— A manual of greek philosophy. B.; 

Henry Jackson, M.A., Fellow and Praclector in Ancient 
Philosophy, Trinity College, Cambridge. \In preparation. 

J ebb. — Works by R. C. J ebb, M.A., Professor of Greek in the 

University of Glasgow. 

THE ATTIC ORATORS FROM ANTIPHON TO ISAEOS. 
2 vols. 8vo. 25J. 

SELECTIONS FROM THE ATTIC ORATORS, ANTIPHON, 
ANDOKIDES, LYSIAS, ISOKRATES, AND IS/EOS. 
Edited, with Notes. Being a companion volume to the preceding 
work. 8vo. I2J. dd. 

A PRIMER OF GREEK LITERATURE. i8mo. Ix. 

Kiepert. — manual of ancient geography, Tmns- 
lated from the German of Dr. Heinrich Kiei'ERT. Crown 
8vo. Jj. 

Mahaffy. — Works by J. P. Mahaffy, M.A., Professor of Ancient 
History in Trinity College, Dublin, and Hon. Fellow of Queen's 
College, Oxford. 

SOCIAL LIFE IN GREECE; from Homer to Menander. 
Fourth Edition, revised and enlarged. Crown 8vo. 91. 

RAMBLES AND STUDIES IN GREECE. With lUustratioas. 
Second Edition. With Map. Crown 8vo. loj. 6^. 

A PRIMER OF GREEK ANTIQUITIES. With Illustrations. 
i8mo. IJ. 

EURIPIDES. i8roo. 11. 6</. [Clasncal Writers Series.) 

Mayor (J. E. B.)— bibliographical clue to latin 

LITERATURE. Edited after HObner, with large Additions 
by Professor John E. B. Mayor. Crown 8vo. lOf. 6^. 
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Newton.— ESSAYS IN ART AND ARCH^^LOGY. By 
C. T. Newton, C.B., D.C.L., Professor of Arch»ol(^ in 
University College, London, and Keeper of Greek and Roman 
Antiquities at the British Museum. 8vo. lit, Sd, 

Ramsay.— A SCHOOL HISTORY OF ROME. By G. G- 
Ramsay, M.A., Professor of Humanity in ^le University o* 
Glasgow. With Maps. Crown 8vo. [In preparation* 

Sayce.— THE ancient empires of the EAST. By 
A. H. Sayce, Deputy-Professor of Coinpar?tivt Philosophy, 
Oxford, Hon. LL.D. Dublin. Crown 8vo. 6s, 

Schweglcr.— A TEXT-BOOK OF GREEK PHILOSOPHY. 
Translated from the German by Henry NonMAIf. 8va 

[In preparation, 

Wilkins.— A PRIMER OF ROMAN ANTIQUITIES. By 
Professor WiLKlNS. Illustrated. i8mo. Ia 



MATHEMATICS, 

(i) Arithmetic, (2) Algebra, (3) EucUd aod Ele- 
mentary Geometry, (4) Mensuration, (5) Higher 
Mathematics. 

ARITHMETIC. 

Aldis.— THE GIANT ARITHMOS. A most Elementary Arith- 
metic for Children. By Mary Stsadman Alois. With 
Illustrations. Globe 8vo. 2s. 6d, 

Brook-Smith (J.).— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. John's 
College, Cambridge ; Barrister-at-Law ; one of the Masters o 
Cheltenham College. New Edition, revised, Qrown 8to. 4/. 6d. 

Candler. — help to arithmetic. Designed for the use of 
Schools. By H. Candler, M.A., Mathematiotl Master of 
Uppingham School. Extra fcap. 8to. 2s, 6d, 

Dalton. — RULES and examples in arithmetic. By 

the Rev. T. Dalton, M.A., Assistant-Master of Eton College. 
New Edition. i8mo. 2s»6d. 

[Answers to the Exampla are appended, 

Pedley.— EXERCISES IN arithmetic fiv Hie Um of 
Schools. ContainiDg inore thftn 7,000 origiwd K mn pl fti. By 
S. Pbdlxv, late of Tamworth Grammar School Crown 8vOb p. 
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Smith. — Works by the Rev. Barnard Smith, M.A., late Rector 
of Glaston, Rutland, and Fellow and Senior Bursar of S. PeterV 
College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and Appli- 
cation; with numerous sTStematically arranged Examples taken 
firom the Cambridge Examination Papers, with especial reference 
to the Ordinary Examination for the B.A. Degree. New Edition, 
carefully Revised. Crown 8vo. lor. td, 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo. 
4r. 6d, 

A KEY TO THE ARITHMETIC FOR 'SCHOOLS. New 
Edition. Crown 8vo. 8j. 6d, 

EXERCISES IN ARITHMETIC. Crown 8vo, limp cloth, 2/. 
With Answers, 2s. 6d, 

Answers separately, 6d, 

SCHOOL CLASS-BOOK OF ARITHMETIC. i8mo, doth. 31. 
Or sold separately, in Three Parts, 11. each. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC 
Parts I., II., and III., 2s, 6d. each. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL 
AND ELEMENTARY SCHOOLS. i8mo, dotlu Or sepa- 
ratdy. Part I. 2d, ; Part II. $d. ; Part III. 7</. Answers, 6d, 

THE SAME, with Answers complete. i8mo, doth, is, 6d, 

KEY TO SHILLING BOOK OF ARITHMETIC. i8mo. 4J. 6d, 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. u. 6d. 
The same, with Answers, i8mo, 2s. Answers, 6d. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
l8mo. 4J. (>d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRIN- 
CIPLES AND APPLICATIONS, with numerous Examples, 
written expressly for Standard V. in National Schools. New 
Edition. i8mo, doth, sewed, yl, 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. 

by 34 in. on Roller, mounted and varnished. New Edition. 

Price y, 6d, 
Also a Small Chart on a Card, price id, 

EASY LESSONS IN ARITHMETIC, combininfl; Exerdtes in 
Reading, Writmg, Spdlincr, and Dictation. Part I. for Standard 
I. in National Sdiools. (Sown 8to. 9^ 
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Smith. — Works by the Rev. Barnard Smith, M.A. {amimuid^ 
EXAMINATION CARDS IN ARITHMETIC. (Dedicated to 

Lord Sandon.) With Answers and Hints. 
Standards I. and II. in box, is. Standards HI., IV., and V., in 
boxes, IS. each. Standard VI. in Two Parts, in boxes, ix. each. 

A and B papers, of nearly the same difficulty, are giYen so as to 
prevent copying, and the colours of the A and B papers differ in each 
Standard, and from those of every other Standard, so that a master 
or mistress can see at a glance whether the children have the proper 
papers. 

ALGEBRA. 

Dalton.— RULES and examples in algebra. By the 
Rev. T. Dalton. M.A., Assistant-Master of Eton College. 
Part I. New Edition. i8mo. 2s. Part II. i8mo. ax. 6d, 

Jones and Cheyne.— ALGEBRAICAL EXERCISES. Pro- 
gressivcly Arranged. By the Rev. C. A. Jones. M.A., and C. 
H. Cheyne, M.A., F.R.A.S., Mathematical Masters of West- 
minster School. New Edidon. i8mo. 21. 6d, 

Smith.— ARITHMETIC AND ALGEBRA, in their Principles 
and Application ; with numerous systematically arranged Examples 
taken from the Cambridge Kxaaiination Papers, with espedal 
reference to the Ordinary Examination for the B.A. Degree. By 
the Rev. Barnard Smith, M. A., late Rector of Glaston, Rutland, 
and Fellow and Senior Bursar of St Peta:^s College, Cambridge. 
New Edition, carefully Revised. Crown 8vo. lor. td, 

Todhunter. — Works by L ToDHUNTER, M.A., F.R.S., D.Sc, 
late of St. John's College, Cambridge. 
" Mr. Todhunter is chiefly known to Studenu of Mathematics as the author of a 
series ol admirable mathematical text-books, which possess the rare qualities of being 
clear in style and absolutely free from mistakes, typographical or other." — Saturday 
RxviBW. 

ALGEBRA FOR BEGINNERS. With numerous Examplef. 

New Edition. i8mo. 2J. 6d. 
KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. 6x. W. 
ALGEBRA. For the Use of Colleges and Schools. New Edition. 

Crown 8vo. ^s. M. 
KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 

SCHOOLS. Crown 8vo. lar. 6t/, 

EUCLID & ELEMENTARY GEOMETRY. 

Constable. — geometrical exercises for be- 

GINNERS. By Samuel Constable. Crown 8vo. ys, 6d, 

Cuthbeit son.— EUCLIDIAN geometry. By Francis 
CUTHBERTSON, M.A., LL.D., Head Mathematical Master of the 
City of London School. Extra fcap. 8vo. 4;. 6(/. 
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DodgSOn.— EUCLID. BOOKS I. and II. Edited by Charles 
L. DoDGSON, M.A., Student and late Mathematical Lecturer of 
Christ Churdi, Oxford. Second Edition, with words substituted 
for the Algebraical Symbols used in the First Edition. Crown 

SVO. 2S, 

\* The text of this Edition has been ascertained; by counting the words, to be 
itu tkan fiv€-$tv9nihi of that contained in the^ordinary editions. 

Kitchener. — a geometrical note-book, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the Use of Schools. By F. E. Kitchener^ 
M.A., Mathematical Master at Rugby. New Edition. 4to. 2J. 

Mault— natural GEOMETRY: an Introduction to the 
Logical Study of Mathematics. For Schools and Technical 
Classes. With Explanatory Models, based upon the Tachy- 
metrical works of Ed. Lagout. By A. Mault. i8mo. \s. 
Models to Illustrate the above, in Box, I2j. td. 

Smith. — an ELEMENTARY TREATISE ON SOLID 
GEOMETRY. By Charles Smith, M.A., Fellow and Tutor 
of Sidney Sussex College, Cambridge. Crown 8vo. 91. 6</. 

Syllabus of Plane Geometry (corresponding to Euclid, 
Books I. — ^VL). Prepared by the Association for the Improve- 
ment of Geometrical Teaching. New Edition. Crown 8vo. is. 

Todhunter.— THE ELEMENTS OF EUCLID. For the Use 
of Collegesand Schools. By I. Todhunter, M. A., F.R.S., D.Sc, 
of St John's College, Cambridge. New Edition. i8mo. 3J. (>d. 

KEY TO EXERCISES IN EUCLID. Crown 8vo. 6x. dd, 

Wilson (J. M.).— ELEMENTARY GEOMETRY. BOOKS 
I. — V. Containing the Subjects of Euclid's first Six Books. Fol- 
lowing the Syllabus of the Geometrical Association. By the Rev. 
J. M. Wilson, M.A., Head Master of Clifton College. New 
Edition. Extra fcap. 8vo. 4^. 6</. 



MENSURATION. 

Todhunter.— MENSURATION FOR BEGINNERS. By 1. 
Todhunter, M.A., F.R.S., D.Sc, late of St. John's College, 
Cambridge. With Examples. New Edition. i8mo. 2j. dd, 

»ij» A Key to this work is now in the press. 
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HIGHER MATHEMATICS. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Astronomer- 
Royal : — 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Second Edition. Crown 8vo. 51. 6d. 

ON THE ALGEBRAICAL AND NUMERICAL THEORY 
OF ERRORS OF OBSERVATIONS AND THE COMBI- 
NATION OF OBSERVATIONS. Second Edition, revised. 
Crown 8vo. 6s, 6d, 

Alexander (T.).— ELEMENTARY APPLIED MECHANICS. 
Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Elemen- 
tary Mathematics. By T. Alexander, C.E., Professor of Civil 
Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown Svo. Part I. 41, 6d, 

Alexander and Thomson. — elementary applied 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.SCi^ Professor of 
Engineering at the Ro3ral Collie, Cirencester. Part IL Trans- 
verse Stress. Crown Svo. los, 6d. 

Bayma — the elements of molecular mechanics. 

By Joseph Bayma, S.J., Professor of Philosophy/ Stonyhurst 
College. Demy Svo. lor. 6d, 

Beasley.— AN ELEMENTARY TREATISE ON PLANE 
trigonometry. With Examples. By R. D. Beasley, 
M. A. Eighth Edition, revised and enlarged. Crown Svo. 3^ . 6i 

Blackburn (Hugh).— ELEMENTS OF PLANE TRIGO- 
NOMETRY, for the use of the Junior Class in Mathematics in 
the University of Glasgow. By Hugh Blackburn, M.A., late 
Professor of Mathematics in the University of Glasgow. Globe 
Svo. IS, 6d, 

Boole. — Works by G. Boole, D.C.L., F.R.S., late Professor of 
Mathematics in the Qneen*s University, Ireland. 
A TREATISE ON DIFFERENTIAL EQUATIONS. Sup- 

glemcntary Volume. Edited by L Todhunter. Crown Svo. 
t.6ii. A 

THE CALCULUS OF FINITE; DIFFERENCES. Third 
Edition, revised by J. F. MouLTOM. Crown Sva lor. &/. 
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Cambridge Senate-House Problems and Riders, 
with Solutions: — 

187s— PROBLEMS AND RIDERS. By A. G. Grbenhill, 

M. A. Crown 8vo. Ss. 6d, 
1878— SOLUTIONS OF SENATE-HOUSE PROBLEMS. By 

the Mathematical Moderators and Examiners. Edited by J. W. L. 

GLAlSHKJi, M.A., Fellow of Trinity College, Cambridge. 12s, 

:heyne.— AN elementary treatise on the plan- 
etary THEORY. By C. H. H. Cheyne, M.A., F.R.A.S. 
With a Collection of Problems. Third Edition. Edited by Rev. 
A. Freeman, M.A., F.R.A.S. Crown 8vo. Is, 6d, 

:hristie.— A collection of elementary test- 
questions IN pure and mixed MATHEMATICS; 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Homer's Method. By Tames 
R. Christie, F.R.S., Royal Military Academy, Woolwich. 
Crown 8vo. &r. 6d, 

:iausiuS.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browns, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. los. 6d, 

Clifford. — THE ELEMENTS OF DYNAMIC. An Introduction 
to the Study of Motion and Rest in Solid and Fluid Bodies. By W. 
K. Clifford, F.R.S., late Professor of Applied Mathematics and 
Mechanics at University College, London. Part I. — KINEMATIC. 
Crown 8vo. 7j. 6d. 

^OtterlU.— APPLIED MECHANICS : an Elementary General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the Council 
of the Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval College, Greenwich. Medium 8vo. l8f. 

Day (R. E.) —ELECTRIC LIGHT ARITHMETIC. By R. E. 
Day, M.A., Evening Lecturer in Experimental Physics 91 King's 
College, London. Pott 8vo. 2x. 

Drew.— GEOMETRICAL TREATISE ON CONIC SECTIONS. 
By W. H. Drew, M.A., St. John's College, Cambridge. New 
Edition, enlarged. Crown 8vo. 5^. 
SOLUTIONS TO THE PROBLEMS IN DREW'g CONIC 
SECTIONS. Ciown 8vOb 4/. ^ 
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Dyer.— EXERCISES IN analytical geometry. Com- 
piled and arranged by J. M. Dyer, M.A., Senior Mathematical 
Master in the Classical Department of Cheltenhjun College. With 
Illustrations. Crown 8vo. 4X. 6d, 

Eagles (T.H.) — a constructive treatise on plane 

curves. By T. H. Eaglxs, of the Royal Indian Engineering 
College, Cooper's Hill. With Illustrations. Crown 8vo. 

[In the press, 

Edgar (J. H.) and Pritchard (G. S.). — NOTE-BOOK ON 

PRACTICAL SOLID OR DESCRIPTIVE GEOMETRY. 
Containing Problems with heln for Solutions. By J. II. Edgar. 
M.A., Lecturer on Mechanical Drawing at the Royal School of 
Mines, and G. S. Pritchard. Fourth Edition, revised by 
Arthur Meeze. Globe 8vo. 41. 6</. 

Ferrers. — Works by the Rev. N. M. Ferrers, M.A., Fellow and 
Mastei of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Reciprocal Polars, and the Theory 
of Projectors. New Edition, revised. Crown 8vo. 6j. 6</. 

AN ELEMENTARY TREATISE ON SPHERICAL HAR- 
MONICS, AND SUBJECTS CONNECTED WITH THEM. 
Crown 8vo. is. (>d, 

Forsyth,— A TREATISE ON DIFFERENTIAL EQUA- 
TIONS. By A. R. Forsyth, M.A., Fellow of Trinity College, 
Cambridge. [ In prepat atiom. 

Frost. — Works by Percival Frost, M. A., D.Sc, formerly Fellow 

of St. John's College, Cambridge ; Mathematical Lecturer at 

King's College. 
AN ELEMENTARY TREATISE ON CURVE TRACING. By 

Percival Frost, M. A. 8vo. 12s, 
SOLID GEOMETRY. A New Edition, revised and enlarged, ol 

the Treatise by Frost and Wolstenholme. In 2 Vols, Vol. I. 

8vo. I dr. 

Hemming.— AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8yo. 91. 

Ibbetson.— A treatise on elasticity. By W. T. 

IBBETSON, M.A. Crown 8 vo. [Inprel^iau^H, 
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Jellet (John H.).— a treatise on the theory of 

FRICTION. By John H. Tellet, B.D., Provost of Trinity 
College, Dublin ; President of the Royal Irish Academy. 8vo. 
8j. M. 

Johnson.— INTEGRAL CALCULUS, an Elementary Treatise 
on the ; Founded on the Method of Rates or Fluxions. By 
William Woolsey Johnson, Professor of Mathematics at the 
United States Naval Academy, Annopolis, Maryland. Demy 
8vo. 8j. 

Kelland and Tait. — introduction to quater- 

NIONS, with numerous examples. By P. Kelland, M.A., 
F.R.S., and P. G. Tait, M.A., Professors in the Department of 
Mathematics in the University of Edinburgh. Second Edition. 
Crown 8vo. 7^. 6d. 

Kempe. — how to draw a straight LINE: a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown 8vo. 
IS. 6d, {Nature Series,) 

Knox— DIFFERENTIAL CALCULUS FOR BEGINNERS. 
By Alexander Knox. Fcap. 8vo. [In ike press. 

Lock. — ELEMENTARY TRIGONOMFTRY. Bv Rev. J. B. 
Lock, M.A., Senior Fellow, Assistant Tutor and Lecturer in 
Mathematics, of Gonville and Caius College, Cambridge ; late 
Assistant-Master at Eton. Globe 8vo. 4s, 6d, 

HIGHER TRIGONOMETRY. By the same Author. Globe 8vo. 
3s, 6d. 
Both Parts complete in One Volume. Globe 8vo. Js. 6d, 

Lupton. — ^ELEMENTARY CHEMICAL ARITHMETIC. With 
1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 
in Harrow School. Globe 8vo. 5/. 

Macfarlanc— PHYSICAL arithmetic. By Alexander 
Macfarlane, D.Sc, Examiner in Mathematics in the University 
of Edinburgh. Crown 8vo. [In the press, 

Mcrriman.— ELEMENTS OF the method of least 

SQUARE. By Mansfield Merriman, Ph.D., Profes>«r of 
Civil and Mechanical Eu^neering, Lekigh University, Bethlehem, 
Ptmi. Citrwn ftb. y>. w. 
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Millar.— ELEMENTS OF DESCRIPTIVE GEOMETRY. By 
J.B. Miliar, C.E., Assistant Lecturer in Engineering in Owens 
College, Manchester. Crown 8vo. 6jp. 

Milne.— WEEKLY problem PAPERS. By the Rev. John J. 
Milne, M.A., Second Master of Heversham Grammar Schooli 
Member of the London Mathematical Society, Member oi the 
Association for the Improvement of Geometncal Teaching, late 
Scholar of St. John's College, Cambridge. Pott 8vo. 

[/if iA4 press, 

Morgan.— A COLLECTION OF PROBLEMS AND EX- 
AMPLES IN MATHEMATICS. With Answers By H. A. 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge. Crown 8vo. 6f. 6</. 

Muir. — A TREATISE ON THE THEORY OF DETERMI- 
NANTS. With graduated sets of Examples, For use in 
Colleges and Schools. By Thos. Muir, M.A., F.R.S.E., 
Mathematical Master in the High School of Gla^^w. Crown 
8vo. 7^. W. 

Parkinson.— AN ELEMENTARY TREATISE ON ME- 
CHANICS. For the Use of the Junior Classes at the Univenity 
and the Higher Classes in Schools. By ^. PARKINSON, D.D., 
F.R.S., Tutor and Pnclector of St. John's College, Cambridge. 
With a Collection of Examples. Sixth Edition, revised. Crown 
8vo. 9^. (id, 

Phear.— ELEMENTARY HYDROSTATICS. With Numcrout 
Examples. By J. B. Phear, M.A., Fellow and late Assistant 
Tutor of Clare College, Cambridge. New Edition. Cronrn Svo. 

Pirie. — LESSONS ON RIGID DYNAMICS. By the Rev. G. 
Pirix, M.A., late Fellow and Tutor of Queen's College, Cam* 
bridge ; Professor of Mathematics in the University of Aberdeen. 
Crown Svo. dr. 

Puckle. — AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY. With Numerous 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Pucklk, M.A. Fifth Edition, 
revised and enlarged. Crown Svo. 71. dtL 

Rawlinson. — elementary statics. By the Rev. Gkorgb 
Rawlinson, M. a. Edited by the Rev. Edward Sturgis, M.A. 
Crown Svo. 41. 6</. 
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Reynolds. — modern methods in elementary 

GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown Svo. 31. dd, 

RculeauX.— THE kinematics of MACHINERY. Out- 
lines of a Theory of Machines. By Professor F. Reulbaux. 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium Svo. 2IJ. 

Rice and Johnson — differential calculus, an 

Elementary Treatise on the ; Founded on the Method of Rates or 
Fluxions. By John Minot Rick, Professor of Mathematics in 
the United States Navy, and William Woolsey Johnson, Pro- 
fessor of Mathematics at the United States Naval Academy. 
Third Edition, Revised and Corrected. Demy Svo. idr. 
Abridged E^tion, %s, 

Robinson.— TREATISE ON MARINE SURVEYING. Pre- 

gured for the use of youn|;er Naval Officers. With Questions for 
xaminations and Exercises principally from the Papers of the 
Royal Naval College. With the resulte. By Rev. John L. 
Robinson, Chaplain and Instructor in the Royal Naval Cdlege, 
Greenwich. With Illustrations. Crown Svo. *js, td, 
CoNTKNTa — Symbols used in Charts and Surveying— The Coostrtiction and Use 
of Scales — Laying off Angles— Fixing Positions by Angles — Charts and Chart- 
Drawing— Instruments and Observing — Base Lines— Triangulation — Levelling— 
Udes and Tidal Observations — Soundings — Chronomelers^ — Meridian Disunces 
-~ Method of Plotting a Survey— Miscellaoeoos Exercises— Index. 

Routh. — Works by Edward John Routh, D.Sc., LL.D., 
F.R.S., Fellow of the University of London, Hon. Fellow of St. 
Peter's College, Cambridge. 
A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 
RIGID BODIES. With numerous Examples. Fourth and 
enlarged Edition. Two Vols. Svo. VoL I. — Elementary Parts. 
I4r. Vol. II. — ^The Advance Parts. 14J. 
STABILITY OF A GIVEN STATE OF MOTION, PAR- 
TICULARLY STEADY MOTION. Adams' Prize Essay for 
^S77. Svo. 8x. 6d. 

Smith (C). — Works by Charles Smith, M.A., Fellow and 

Tutor of Sidney Sussex College, Cambridge. 
CONIC SECTIONS. Second Edition. Crown Svo. V- 6^- 
AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 

Crown Svo. 91. 6</. 

SnOwbalL— THE ELEMENTS OF PLANE AND SPHERI- 
CAL TRIGONOMETRY ; with the Construction and Use of 
Tables of Logarithms. By J. C. Snowball, M.A. New Edition. 
Crown Svo. 71. ^ 
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Tait and Steele.— a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fourth Edition, revised. Crown 8vo. I2J. 

Thomson. — a treatise on the motion of vortex 

rings. An Essay to which the Adams Prize was adjudged in 
1882 in the University of Cambridge. By J. J. Thomson, Fellow 
and Assistant Lecturer of Trinity College, Cambridge. With 
Diagrams. 8vo. 6s. 

Todhunter. — Works by I. TODHUNTER, M.A., F.R.S., D.Sc, 
late of St. John's College, Cambridge. 

" Mr. Todhunter is chiefly known to students of Mathematics as the aathor of a 
series of admirable niathemaitcul text-books, which poftsess the rare qualitiet of being 
clear in style and absolutely free from mistakes, t3rpographicai and other.**— 
Saturday Rrvikw. 

TRIGONOMETRY FOR BEGINNERS. With numerous 

Examples. New Edition. i8mo. 2s. 6d. 
KEY TO TRIGONOMETRY FOR BEGINNERS. Crown 8m 

8j. 6d, 

MECHANICS FOR BEGINNERS. With nnmerous Examples. 
New Edition. i8mo. 4J. 6d, 

KEY TO MECHANICS FOR BEGINNERS. Crown 8vo. 
6s, ed. 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. New Edition, revised. Crown 8vo. ^s, M. 

PLANE TRIGONOMETRY. For Schools and CoUegcs. New 
Edition. Crown 8vo. 5^. 

KEY TO PLANE TRIGONOMETRY. CfX)wn 8vo. lOf. 6J. 

A TREATISE ON SPHERICAL TRIGONOMETRY. New 
Edition, enlarged. Crown 8vo. 41. 6d, 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. ys, 6d, 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. New Edition. Crown 8vo. lOr. 6d, 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. New Edition, 
revised and enlarged. Crown 8vo. lOf. 6if, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition, revised. Crown 8vo. 4r. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. New Edition, revised ahd enlvgcd. Cnywn 8vo. 
fCOr. 9lft 
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Todhunter. — Works by I. TODHUNTER, M. A., Sec {e<mHnuedy^ 

A HISTORY OF THE MATHEMATICAL THEORY OF 
PROBABILITY, from the time of Pascal to that of Laplace. 
8yo. i&/. 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 
principally on the Theory of Discontinuous Solutions: an Essay to 
which the Adams' Prize was awarded in the University of Cam- 
bridge in 1 87 1. 8vo. 6j. 

A HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, AND THE FIGURE OF THE EARTH, 
from the time of Newton to that of La])lace. 2 vols. 8vo. 24/. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEL'S FUNCTIONS. Crown 8vo. los. 6//. 

Wilson (J. M.).— SOLID GEOMETRY AND CONIC SEC- 
TIONS. With Appendices on Transversals and Harmonic Division. 
For the Use of Schools. By Rev. J. M. Wilson, M.A. Head 
Master of Clifton College. New Edition. Extra fcap. 8vo. ys, 6d. 

Wilson.— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY. Compiled and arranged by T. Wilson, M. A., 
and S. R. Wilson, B.A. Crown 8vo. 41. 6a, 

"The exerdses seem bea*.tifully graduated and adapted to lead a student ob most 
gently and pleasantly. "~£. J. Rovth, F.R.S., St Peter^s College, Cambridge. 

(See also EUmentary Geometry,) 

Wilson (W. P.).— A TREATISE ON DYNAMICS. By W. 
P. Wilson, M.A., Fellow of St. John's College, Cambridge, and 
Professor of Mathematics in Queen's College, Belfast. 8va 

Woolwich Mathematical Papers, for Admission into 

the Royal Military Academy, Woolwich, 1880 — 1883 inclusive. 
Crown 8vo. y, 6d. 

Wolstenholme.— MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc, late 
Fellow of Christ's College, sometime Fellow of St. John's College, 
and Professor of Mathematics in the Royal Indian Engineering 
College. New Edition, greatly enlarged. Svo. i&r. 
EXAMPLES FOR PRACTICE IN THE USE OF SEVEN 
FIGURE LOGARITHMS. By the same Author. [Infreparaticn, 
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SCIENCE. 

(i) Natural Philosophy, (2) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, (7) Physical Geography and Geology, (8| 
Agriculture, (9) Political Economy, (10) Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHY. 

Airy. — Works by Sir G. B. Airy, K.C,B., formerly Astronomer- 

UNDULATORY THEORY OF OPTICS. Designed for the Use 
of Students in the University. New Edition. Crown 8vo. 6x. 6d, 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the Use of 
Students in the University. Second Edition, revised and enlarged. 
Crown 8vo. gs, 

A TREATISE ON MAGNETISM. Designed for the Use of 
Students in the University, Crown 8vo. Qr. 6d, 

GRAVITATION: an Elementary Explanation of the Principal 
Perturbations in the Solar System. New Edition. Crown 8vo. 

[yust ready. 

Airy (Osmond). — a treatise on geometrical 

OPTICS. Adapted for the Use of the Higher Classes in Schools. 
By Osmund Airy, B.A., one of the Mathematical Masters in 
Wellington College. Extra fcap. 8vo. ys, 6d, 

Alexander (T.).— ELEMENTARY APPLIED MECHANICS. 
Being the simpler and more practical Cases of Stress and Strain 
wronght out individually from first principles by means of Ele- 
mentary Mathematics. By T. Alexander, C.E., Professor of 
Civil Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part L 4r. 6d. 

Alexander — Thomson. — elementary applied 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part 11. Trans- 
VEiLSE Stress; upwards of 150 Diagrams, and 200 Examples 
carefully worked out ; new and complete method for finding, at 
every point of a beam, the amount of the greatest bending 
moment and shearing force during the transit of any set of loads 
fixed relatively to one another — e.g., the wheels of a locomotiTei 
continuous beams, &c., &c. Crown 8vo. lar. 6a, 
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Awdry.— EASY LESSONS ON LIGHT. By Mrs. W. AWDRY. 
Illustrated. Extra fcap. 8vo. 2x. 6d. 

Ball (R. S.).— EXPERIMENTAL MECHANICS. A Couree of 
Lectures delivered at the Royal Collie of Science for Ireland. 
By R. S. Ball, M.A., Professor of Applied Mathematics and 
Mechanics in the Royal College of Science for Ireland Cheaper 
Issue. Royal 8vo. lOf. Sd, 

Chisholm. — the science of weighing and 

MEASURING, AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H.W. Chisholm, Wanlenof the Standards. 
With numerous Illustrations. Crown 8vo. 4J. 6^. (Nature Series, 

Clausius.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo, los, 6d. 

Cotterill.— APPLIED mechanics: an Elementary General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the Council 
of the Institution of Naval Architects, Associate Member of tlie 
Institution of Civil Engmeers, Professor of Applied Mechanics in 
the Royal Naval College, Greenwich. Medium 8vo. i8f. 

Cumming.— AN introduction to the theory of 

ELECTRICITY. By Linn>eus Gumming, M.A., one of the 
Masters of Rugby School. With Illustrations. Crown 8vo. 
8x. 6J, 

Daniell.— A TEXT-BOOK OF THE PRINCIPLES OF 
PHYSICS. By Alfred Daniell, M.A., D.Sc, Lecturer on 
Physics in the School of Medicine, Edinburgh. With Illustrations. 
Medium 8vo. 21s, 

Day.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 
M.A., Evening Lecturer in Experimental Physics at King's 
College, London. Pott 8vo. 2s. 

Everett.— UNITS and physical constants. By J. D. 

Everett, F.R.S., Professor of Natural Philosophy, Queen's 
College, Belfast. Extra fcap. 8vo. 4J. 6d, 

3ray.— ABSOLUTE measurements IN ELECTRICITY 
AND MAGNETISM. By Anorew Gray, M.A , F.R S.E, 
Professor of Physics in the University Colleij* of North Wales. 

PottSva y. 6tL 

a 2 
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Grove— A DICTIONARY OF MUSIC AND MUSICIANS. 
By Eminent Writers, English and Foreign. Edited by SIrGsORGX 
Grove, D.C.L., Director of the R07U College of Mnsic^ ftc 
Demy 8to. 

Vols. I., II., and III. Price 21s, each. 

Vol. I. A to IMPROMPTU. VoL II. IMPROPERIA to 
PLAIN SONG. Vol. III. PLANCHE TO SUMER IS 
ICUMEN IN. Demy 8vo. cloth, with Illostrations m Made 
Type and Woodcut. Also published in Parts. Parts I, to XIV., 
and Part XIX., price y. M, each. Parts XV., XVL, price 7/. 
Parts XVII., XVIII., price 7^. 

" Dr. Grove's Dictionary will be a boon to every btelfigent lover of nraac*'— 
Saturday Rexdew. 

Huxley.— INTRODUCTORY PRIMER OF SCIENCE. By T. 
H. Huxley, P.R.S., Professor of Natural History in the Royal 
School of Mines, &c. i8mo. ix. 

Kcmpe.— HOW TO DRAW A STRAIGHT LINE ; a Lecture 
on Linkages. By A. B. Kempb. With lUustrations. Crown 
8vo. is, 6d, {Nature Series,) 

Kennedy.— MECHANICS OF MACHINERY. By A. B. W. 
Kennedy, M.lnst.C.E., Professor of Ennneering and Mechani- 
cal Technology in University College, London. With Illus- 
trations. Crown 8yo. [In the press, 

Lang.— EXPERIMENTAL PHYSICS. By P. R. Scott Lang. 
M. A., Professor of Mathematics in the University of St. Andrews. 
Crown Svo. \In pr^araHtm, 

Lupton.— NUMERICAL TABLES AND CONSTANTS IN 
ELEMENTARY SCIENCE. By Sydney Lupton, M.A., 
F.C.S., F.I.C., Assistant Master at Harrow School. Extra fcap. 
Svo. 2f. 6</. 

Macfarlane,— PHYSICAL arithmetic. By Alexander 
Macfarlane, D.Sc, Examiner in Mathematics in the University 
of Edinburgh. [In the press, 

Martineau (Miss C. A.).— easy LESSONS ON HEAT. 

By Miss C. A. Martineau. Illustrated. Extra fcap. Svo. 2/. 6d, 

Mayer. — SOUND : a Series of Simple, Entertaining, and Inex- 
pensive Experiments in the Phenomena of Soond, for the Use of 
Students of every age. By A. M. Maybe, Professor of Physics 
in the Stevens Institute of Technologv, ftc. With muneroiis 
llltoKrmtttms. Ctown Svo. %s, 6tf. {Jfaiun Siries,) 
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Mayer and Barnard— light : a Scries of Simple, Enter- 
taining, and Inexpensive Experiments in the Phenomena of Light, 
for the Use of Students of every age. By A. M. Mayer and C. 
Barnakd. With numerous Illustrations. Crown 8vo. 2s, 6d. 
(Naiure Seria,) 

Newton.— PRINCIPIA. Edited by Professor Sir W. Thomson 
and Professor Blackburnb. 4to, doth. 3IX. 6d, 

THE FIRST THREE SECTIONS OF NEWTON'S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Examples of Newton's Methods. 
By PsRCiVAL Frost, M.A. Third Edition. 8vo. I2f. 

Parkinson.— A treatise on optics. By S. Parkinson, 
D.D., F.R.S., Tutor and Praelector of St. John's College, Cam- 
bridge. Fourth Edition, revised and enlarged. Crown 8vo. lOr. 6e/. 

Perry. — STEAM, an elementary treatise. By 

John Perry, C.E., Whitworth Scholar, Fellow of the Chemical 
Society, Lecturer in Physics at Clifton College. With numerous 
Woodcuts and Numerical Examples and Exercises. i8mo. 4/. 6d, 

Ramsay.— experimental proofs of chemical 

THEORY FOR BEGINNERS. By William Ramsay, Ph.D., 
Professor of Chemistry in University College, Bristol Pott 8vo. 

Rayleigh.— THE THEORY OF SOUND. By Lord Rayleigh, 
M.A., F.R.S., formerly Fellow of Trinity College, Cambridge, 
8vo. Vol. I. I2J. 6d. Vol. II. I2J. 6d. [Vol. III. in thi press. 

Reuleaux.— THE kinematics of machinery. Out. 

lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium 8vo. 211. 

Shann.— AN elementary treatise on heat, in 

RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8VO.4J. 6</. 

SpOttisWOOde.— POLARISATION OF LIGHT. By the late 
W. SPOTTISWOODE, P.R.S. With many Illustrations. New 
Edition. Crown 8vo. y. 6d, {Nature Series,) 

Stewart (Balfour). — Works by Balfour Stewart, F.R.S., 
Professor of Natural Philosophy in the Victoria University the 
Owens College, Manchester. 

PRIMER OF PHYSICS. With numerous Illustrations. New 
Edition^ with Qutttions. iSmo. is, {Si^um*:*; Primers,) 
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Stewart (Balfour).— Works by (cpmHmtid^ 

LESSONS IN ELEMENTARY PHYSICS. With nnmeroTis 
Illustrations and Chroinolitho of the Spectra of the Son, Stars, 
and Nebulae. New Edition. Fcap. 8vo. 4s. 6d. 

QUESTIONS ON BALFOUR STEWART'S ELEMENTARY 
LESSONS IN PHYSICS. By Prof. Thomas H. Cork, Owens 
College, Manchester. Fcap. 8vo. 2j. 

Stewart— Gee.— PRACTICAL PHYSICS, ELEMENTARY 
LESSONS IN. By Professor Balfour Stewart, F.R.S., and 
W. Haldanb Gee. Fcap. 8vo. 

Part I. General Physics. [ATgarfy ready. 

Part II. Optics, Heat, and Souxid. [Im prep<»ratt<m. 

Part IIL Electricity and Magnetism. [In pre^ration^ 

Stokes. — ON LIGHT. Burnett Lectures. First Course. On the 
Nature op Light. Delivered in Aberdeen in November 1883. 
By George Gabriel Stokes, M.A., F.R,S., &a. Fellow of 
Pembroke Colleg^e, and Lucasian Professor of Mathematics in the 
University of Cambridge. Crown 8vo. 2t. 6r/. 

Stone.— AN ELEMENTARY TREATISE ON SOUND. By 
W. H. Stone, M.B. With lUustrations. i8mo. 31. 6dL 

Tail — HEAT. By P. G. Tait, M.A., Sec. R.S.E., Formerly 
Fellow of St. Peter's College, Cambridge, Professor of Natural 
Philosophy in the University of Edinburgh. Crown 8vo. 6x. 

Thompson.— ELEMENTARY LESSONS IN ELECTRICITY 
AND MAGNETISM. By Silvanus P. Thohpson. Pro- 
fessor of Experimental Physics in University Collie, Bristol. 
With Illustrations. Fcap. 8vo. 4r. 6<^. 

Thomson. — ELECTROSTATICS AND MAGNETISM, RE- 
PRINTS OF PAPERS ON. By Sir William Thomson, 
D.C.L., LL.D , F.R.S.. F.R.S.E., Fellow of St. Peter's College, 
Cambridge, and Professor of Natural Philosophy in the Univeriiiy 
of Glasgow. Second Edition. Medium 8vo. i8j. 

Thomson. — THE MOTION OF VORTEX RINGS, A 
TREATISE ON. An Essay to which the Adams Prize was 
adjudged in 1882 in the University of Cambrid^ By T. J. 
Thomson, Fellow and Assistant-Lecturer of Trinity College, 
Cambridge. With Diagrams. 8vo. dr. 

Todhunter.— NATURALPHILOSOPHYFORBEGINNERS. 
By I. Todhunter, M.A., F.R.S., D.Sc. 
Part I. The Properties of Solid and Fluid Bodies. iSmo. 3^. 6^ 
Part II. Sound, Light, and Heat iSmo. y, 6d, 

Turner. — examples in electricity. By H. H. TiTkner, 
Fellow of Trinity College, Cambridge. Globe 8vo. [In HUpreu, 
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Wright (Lewis). — LIGHT; A COURSE OF EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN. 
Bv Lewis Wright. With nearly 200 Engravings and Coloured 
Plates. Crown 8vo. ^s, 6d, 

ASTRONOMY. 

Airy.— POPULAR ASTRONOMY. With Illustrations by Sir 
G. B. Airy, K.C.B., formerly Astronomer- Royal. New Edition. 
i8mo. 41. 6(f. 

Forbes.— TRANSIT OF VENUS. By G. Forbes, M.A., 
Professor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. 3^. 6^. {.Nature Series.) 

Godfray. — Works by Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of Colleges and 

Schools. New Edifion. 8vo. 12s. 6d» 
AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 

with a Brief Sketch of the- Problem up to the time of Newton. 

Second Edition, revised. Crown 8vo. 5^. 6d, 

Lockyer. — Works by J. Norman Lockyer, F.R.S. 

PRIMER OF ASTRONOMY. With numerous Illustrations. 
New Edition. i8mo. i^. {Science Primers.) 

ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 
Diagram of the Spectra of the Sun, Stars, and Nebulce, and 
numerous Illustrations. New Edition. Feap. 8vo. 5^* ^• 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 
ASTRONOMY. For the Use of Schools. By John Forbes- 
Robertson. i8mo, cloth limp. is. 6d. 

THE SPECTROSCOPE AND ITS APPLICATIONS. With 
Coloured Plate and numerous Illustrations. New Edition. Crown 
8vo. y, 6d. 

Newcomb.— POPULAR ASTRONOMY. By S. NewcomB) 

LL.D., Professor U.S. Naval Observatory. With 112 Illustrations 

and 5 Maps of the Stars. Second Ediiion, revised. 8vo. i%s. 

"It b unlike anything else of its kind, and ^11 be of more use in circulating n 
knowledge of Astronomy than nine-tenths of the books which have appeared on me 
ybject of late years.*'— Saturday Review. 

CHEMISTRY. 

Fleischer.— A SYSTEM OF VOLUMETRIC ANALYSIS. 
Translated, with Notes and Additions, from the Second German 
Edition, by M. M. Pattisok Muir, F.R.S.E. With Illustrations 
Crown 8vo. *js, 6d, 
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Jones. — Works by Francis Jones, F.R.S.E., F.C.S., Chemical 

Master in the Grammar School, Manchester. 
THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 

TICAL CHEMISTRY. With Preface by Sir Henry Roscos, 

and Illustrations. New Edition. i8mo. 2J. 6d. 
QUESTIONS ON CHEMISTRY. A Series of Problems and 

Exercises in Inorganic and Organic Chemistry. Fcap. 8vo. y. 

Landauer.— BLOWPIPE analysis. By L Landaueb. 

Authorised English Edition by J. Taylor and W. E. Kay, of 

Owens College, Manchester. Extra fcap. 8vo. 4J. 6d, 
Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 

1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 

at Harrow. Extra fcap. 8vo. 5^. 

Muir.-— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Sj^ecially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. is, 6d, 

Naumann.— TEXT-BOOK OF THERMO-CHEMISTRY. 
An English Translation. Edited by M. M. Pattison Muir. 

[In ^tparation, 

RoSCOe. — Works by Sir Henry E. RoscoE, F.R.S., Professor of 
Chemistry in the Victoria University the Owens College, Biancfaester. 

PRIMER OF CHEMISTRY. With numerous lUustrations. New 
Edition. With Questions. i8mo. ix. {SeUnee Priwurs). 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chromolitho 
of the Solar Spectrum, and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. 8vo. 41. 6d, 

A SERIES OF CHEMICAL PROBLEMS, prepared with Special 
Reference to the foregoing, by T. E. Thorpe, Ph.D., Professor 
of Chemistry in the Yorkshire College of Science, Leeds, Adapted 
for the Preparation of Students for the Government, Science, and 
Society of Arts Examinations. With a Preface by Sir Heniy K 
RoscoE, F.R.S. New Edition, with Key. i8mo. zr. 

Roscoe and Schorlemmer. — inorganic and or- 
ganic CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Sir Henry E. RoscoE, F.R.S., and 
Professor C. Schorlemmer, F.R.S. With numerous Illustrations. 
Medium 8vo. 

Vols. I. and IL— INORGANIC CHEMISTRY. 

Vol. I.— The Non-Metallic Elements, au. VoL II. Part I.— 
Metals. iSj. Vol. II. Part IL— Metals, i&f. 

Vol. III.— ORGANIC CHEMISTRY. Two Parts. 
THE CHEMISTRY OF THE HYDROCARBONS and their 
Derivatives, or ORGANIC CHEMISTRY. With numerous 
IllustraUt»ns. Medium 8vo. 2Ax. each. 
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Schorlcmmer.— A MANUAL OF the chemistry of 

THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. ScHORLEMMKR, F.R.S., Professor of Che- 
mistry in the Victoria University the Owens College, Manchester. 
With Illustrations. 8vo. 141. 

Thorpe— A SERIES OF CHEMICAL PROBLEMS, prepared 
ivith Special Reference to Sir H. Roscoe's Lessons in Elemen- 
tary Chemistry, by T. E. Thorpe, Ph.D., Professor of Chemistr>' 
in the Yorkshire College of Science, Leeds, adapted for the Pre- 
paration of Students for the Government, Science, and Society oi 
Arts Examinations. With a Preface by Sir Henry E. Roscob. 
New Edition, with Key. i8mo. 2s, 

Thorpe and Riickcr.— a treatise on chemical 

PHYSICS. By Professor Thorpe, F.R.S., and Professor 
RuCKER, of the Yorkshire Collie of Science. Illustrated. 
8vo. lln preparation. 

Wright.— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc., &c., 
Lecturer on Chemistry in Sl Mary's Hospital Medical School. 
Extra fcap. 8vo. 3/. 6d» 

BIOLOGY. 

Allen. — ON THE COLOUR OF FLOWERS, as Illustrated in 
the British Flora. By Grant Allen. With Illustrations. 
Crown 8vo. 31. 6d. {Nature Series.) 

Balfour. — A treatise on comparative embry. 

OLOGY. By F. M. Balfour, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Illustrations. In 
2 vols. 8vo. VoL I. i&r. Vol. II. 21s, 

Bcttany.— FIRST lessons in practical BOTANY. 
Bv G. T. Bettany, M. A., F.L.S., Lecturer in Botany at Guy's 
Hospital Medical School. i8mo. u. 

Bower— Vines.— A course of practical instruc- 
tion IN BOTANY. By F. O. Bower, M.A., F.R.S., 
Lecturer in the Botany Normal School of Science, South Ken- 
sington, and Sydney H. Vines, M.A., D.Sc, F.L.S., Fellow 
and Lecturer, Christ's College, Cambridge. With a Preface by 
W. T. Thiselton Dyer, M.A., C.M.G., F.R.S., F.L.S., 
Assbtant Director of the Royal Gardens, Kcw. Crown 8vo. 

[Nearlj^ ready 
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Darwin (Charles).— MEMORIAL NOTICES OF CHARLES 

DARWIN, F.R.S., &c. By Professor Huxley, P.R.S., G. J. 
Romanes, F.R.S., Archibald Geikie, F.R.S., and W. T. 
Thiselton Dyer, F.R.S. Reprinted from Nature, With a 
Portrait, engraved by C. H. J BENS. Crown 8vo. 2/. dd. 
{Nature Series,) 

Flower (W. H.)— an introduction to the oste- 
ology OF THE MAMMALIA. Being the substance of the 
Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By Professor W. H. Flower, F.R.S., 
F.R.C.S. With numerous Illustrations. New Edition, enlarged. 
Crown 8vo. lor. 6ti. 

Poster. — Works by Michael Foster, M.D., Sec. R.S., Professor 
of Physiology in the University of Cambridge. 

PRIMER OF PHYSIOLOGY. With numerous Illustrations. 
New Edition. i8mo. is. 

A TEXT-BOOK OF PHYSIOLOGY. With Iflustrations. Fouitii 
Edition, revised. 8vo. 21/. 

Poster and Balfour.— the ELEMENTS OF EMBRY- 
OLOGY. By Michael Foster, M.A., M.D., LL.D., Sec. R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S. , Fellow of Trinitv College, Cambridge, 
and Professor of Animal Morphology in the University. Seccmd 
Edition, revised. Edited by Adam Sedgwick, M.A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, and Walter 
Heape, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With IlltUitrations. Crown 8vo. lor. 6d» 

Poster and Langley.— a COURSE OF ELEMENTARY 

PRACTICAL PHYSIOLOGY. By Prof. Michael Foster. 
M.D., Sec. R.S., &c., and J. N. Langley, M.A., F.R.S., FeUow 
of Trinity College^ Cambridge. Filth Edition. Crown 8vo. 'js, 6d, 

Gamgee. — a text-book of the physiological 

CHEMISTRY OF THE ANIMAL BODY. Indudmg an 
Account of the Chemical Changes occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor of Phy.-iology in the Victoria 
Univer-ity the Owens College, Manchester, i Vols. 8vo. 
With Illustraaons. Vol. I. 18/. [Vol, IT. in the press. 

Gegenbaur.— ELEMENTS OF COMPARATIVE ANATOMY. 
By Professor Carl Gegenbaur. A Tran>dation by F. Jeffrey 
Bell, B.A. Rerised with Preface by Professor £. IUy L\n 
KESTEEy F.R.S. With numerous Illustrations. 8vo. aix. 
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Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Phytography, and a Glossary of 
Botanical Terms. By Professor AsA Gray, LL.D. 8vo. los. 6d, 

Hooker. — Works by Sir J. D. Hooker, K.C.S.L, C.B., M.D., 
F R S D.C.L. 
PRIMER OF BOTANY. With numerous lUustrations. New 

Edition. i8mo. is, {Science Primes,) 
THE STUDENT'S FLORA OF THE BRITISH ISLANDS- 
Third Edition, revised. Globe 8vo. loj. 6d, 

Howes.— AN ATLAS OF BIOLOGY. By E. B. Howes, 
Demonstrator in the Science and Art Department, South Ken- 
sington. 4to. [Jh the prat, 

Huxley. — Works by Professor Huxley, P.R.S. 
INTRODUCTORY PRIMER OF SCIENCE. l8mo. U. 

{Scimce Primers,) 
LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

Illustrations. New Edition. Fcap. 8vo, 4X. 6d. 
QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 

By T. Alcock, M.D. i8mo. is, 6d, 
PRIMER OF ZOOLOGY. i8mo. {Science Primers,) 

[In preparation, 

Huxley and Martin.— a COURSE OF practical in 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
Huxley, P.R.S., assisted by H. N. Martin, M.B., D.Sc. New 
Edition, revised. Crown 8vo. 6s, 
Lankester. — Works by Professor E. Ray Lankester, F.R.S. 

A TEXT BOOK OF ZOOLOGY. Crown 8vo. \In preparation, 

DEGENEJIATION : A CHAPTER IN DARWINISM. Illus- 
trated. Crown 8vo. 2J. 6^. {Nature Series,) 
Lubbock. — Works by SiR TohnLubbock, M.P., F.R.S., D.C.L. 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
With numerous Illustrations. New Edition. Crown 8vo. y. 6d, 
{Nature Series.) 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. With numerous Illustradons. New 
Edition. Crown 8vo. 4?. 6d. {Nature Series), 
M'Kendrick.— OUTLINES OF PHYSIOLOGY IN ITS RE- 
LATIONS TO MAN. By J. G. M'Kendrick, M.D., F.R.S.E. 
With Illustrations. Crown 8vo. I2J. 6d, 

Martin and Moalc— ON THE DISSECTION OF verte 

BRATE ANIMALS. By ProfcBsor H. N. Martin and W. A 
MoALE. Crown 8vo. U» preparation 

(See also page 41.) 
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MialL— STUDIES IN COMPARATIVE ANATOMY. 
No. I.— The Skull of the Crocodile : a Manual for Students. By 

L. C. Mi ALL, Professor of Biology in the Yorkshire College and 

Curator of the Leeds Museum, svo. 2s, 6d, 
No. XL — Anatomy of the Indian -Elephant. By L. C. Miall and 

F. Gr££NWOOD. With Illustrations. 8vo. 5^. 

Mivart. — Works by St. George Mivart, F.R.S. Lecturer in 

Comparative Anatomy at St. Mary's HospitaL 
LESSONS IN ELEMENTARY ANATOMY. With upwards oi 

400 Illustrations. Fcap. 8vo. 6s. 6d. 
THE COMMON FROG. With numerous lUustrations. Crown 

8vo. 3J. 6</. (Nature Series,) 

Muller.— THE FERTILISATION OF FLOWERS. By Pro- 
fessor Hermann MOllsr. Translated and Edited by D^Arcy 
W. Thompson, B.A., Scholar of Trinity Collm, Cambridge. 
With a Preface by Charles Darwin, F.R.S. With nnmerous 
Illustrations. Medium 8va 21/. 

Oliver. — Works by Daniel Oliver, F.R.S., &c., Pkofessor of 
Botany in University College, London, &c 

FIRST BOOK OF INDIAN BOTANY. With nameraat lUus- 
trations. Extra fcap. 8vo. ts. 6d. 

LESSONS IN ELEMENTARY BOTANY. With neariy aoo 
Illustrations. New Edition. Fcap. 8va 4/. 6tL 

Parker.— A COURSE OF INSTRUCTION IN ZOOTOMY 
(VERTEBRATA). By T. Jeffrey Parker, B.Sc London, 
Professor of Biology in the University of Otago, New Zealand. 
WiUi Illustrations. Crown 8vo. 8r. td, 

Parker and Bettany.— the morphology of the 

SKULL. By Professor Parker and G. T. BsrrANY. lUns 
trated. Crown 8vo. lor. 6d, 

Romanes.— THE scientific evidences of organic 

EVOLUTION. By G. J. Romanes, M.A., LL.D., F.R.S., 
Zoological Secretary to Uie Linnean Society. Crown 8vo. 2s. 6tL 
{Nature Series.) 

Smith. — Works by John Smith, A.L.S., &c. 
A DICTIONARY OF ECONOMIC PLANTS. Their History, 

Products, and Uses. 8vo. 14X. 
DOMESTIC BOTANY : An Exposition of the Stmctme and 

Classification of Plants, and then* Uses for Food, Clothing, 

Medicine, and Manufacturing Purposes. With XUustratums. New 

Issue. Crown 8vo. lis. 6d. 
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Smith (W. G.)— DISEASES OF FIELD AND GARDEN 
CROPS, CHIEFLY SUCH AS ARE CAUSED BY FUNGL 
By Worthing G. Smith, F.L.S., M.A.I., Member of the 
Scientific Committed R.H.S. With 143 New Illustrations drawn 
and engraved from Nature by the Author. Fcap. 8vo. ^r. 6d, 

Wiedersheim (Prof.).— manual of comparative 

ANATOMY. Translated and Edited by Prof. W. N. Parker. 
With Illustrations. Crown Svo. [In preparation, 

MEDICINE. 

Brunton. — Works by T. Lauder Brunton, M.D., ScD., 
F.R.C.P., F.R.S., Examiner in Materia Medica in the Univentity 
of London, late Examiner in Materia Medica in the University of 
Edinburgh, and the Royal Collie of Physicians, London. 

A TREATISE ON MATERIA MEDICA. 8vo. [Nearly ready. 

TABLES OF MATERIA MEDICA: A Companion to the 
Materia Medica Museum. With Illustrations. New Edition 
Enlarged. 8vo. lor. 6d, 

Hamilton.— A textbook of pathology. By D. J. 

Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wilson Chair), University of Aberdeen. 8vo. [In preparation, 

Klein.— MICRO-ORGANISMS AND DISEASE. An Intro- 
duction into the Study of Specific Micro-Organisms. By E. 
Klein, M.D., F.R.S., Joint Lecturer on General Anatomy and 
Physiology in the Medical School of St. Bartholomew's Hospital, 
London. With 108 Engravings. Fcap. 8vo. ^r. 6d, 

Ziegler-Macalister.- TEXT-BOOK OF pathological 

ANATOMY AND PATHOGENESIS. By Professor Ernst 
Zixgler of Tiibingen. Translated and Edited for English 
Students by Donald Macalister, M. A., M.D., B.Sc, M.R.C.P., 
Fellow and Medical Lecturer of St. John's College, Cambridge, 
Physician to Addenbrooke's Hospital, and Teacher of Medicine in 
the University. With numerous Illustrations. Medium 8vo. 

Part I.— GENERAL PATHOLOGICAL ANATOMY. 12/. &/. 

Part IL— SPECIAL PATHOLOGICAL ANATOMY, Sections 
I.— VIIL I2s.6d. \?MiT III. in preparation, 

ANTHROPOLOGY. 

Flower. — fashion in deformity, as Illustrated in the 
Cnstomi of Barbarous and Civilised Races. By Professor 
Flower, F.R.S., F.R.CS. With Ilhutrations. Crown 8vo. 
^t 6to. {Natmri Series). 
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Tylor. — ANTHROPOLOGY. An Introduction to the Stndy ol 
Man and Civilisation. ByE. B. Tylor« D.C.L., F.R S. With 
numerons Illustrations. Crown 8vo. 7/. 6d. 

PHYSICAL GEOGRAPHY & GEOLOGY. 

Blanford.— THE rudiments of physical geogra- 

PHY for the use of INDIAN SCHOOLS ; with a 
Glossary of Technical Terms employed. By H. F. Blanford, 
F.R.S. New Edition, with Illustrations. Globe 8to. 2s, 6d, 

Geikie. — Works by Archibald Geikie, F.R.S., Director General 

of the Geological Surveys of the United Kingdom. 
PRIMER OF PHYSICAL GEOGRAPHY. With numerous 

Illustrations. New Edition. With Questions. i8mo. u. 

{Science Primers.) 
ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 

With numerous Illustrations. New Edition. Fcap. 8vo. 4/. 6d, 

QUESTIONS ON THE SAME. u. 6</. 
PRIMER OF GEOLOGY. With numerous Illustrations. New 

Edition. i8mo. \s. (Science Primers.) 
ELEMENTARY LESSONS IN GEOLOGY. With Illustrations. 

Fcap. 8vo. [In preparation. 

TEXT-BOOK OF GEOLOGY. With numerous Illustrations. 

8vo. 2%s, 
OUTLINES OF FIELD GEOLOGY. With Illustrations. New 

Edition. Extra fcap. 8vo. 51. 6(/. 

Huxley.— PHYSIOGRAPHY. An Introduction to the Study 
of Nature. By Professor HuXLEY, P.R.S. With numerous 
Illustrations, and Coloured Plates. New and Cheaper Edition. 
Crown 8vo. 6x. 

Phillips.— A TREATISE ON ORE DEPOSITS. By J. Arthui 
Phillips, F.R.S., V.P.G.S., F.C.S., M.Inst.C.E., Ancien Elive 
de r£xx>le des Mines, Paris ; Author of " A Manual of Metallurgy," 
**The Mining and Metallui^ of Gold and Silver," &c. With 
numerous Illustrations. 8vo. 25/. 

AGRICULTURE. 

Frankland.— AGRICULTUKAL CHEMICAL ANALYSIS, 
A Handbook of. By PERCY Faraday Fkankland, Ph.D., 
B.Sc, F.C.S., Associate of the Royal School of Mines and 
Demonstrator of Practical and Agricultural Chemi'^try in the 
Normal School of Science and Royal School of Mines, South 
Kensington Museum. Founded upon Leit/aden fur die Agrioiiturt 
Chemiau Analyse^ yon Dr. F. Krocksr. Crown IBto. 7«. 6^. 
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Smith (Worthing^on G).— DISEASES OF FIELD AND 
GARDEN CROPS. CHIEFLY SUCH AS ARE CAUSED BY 
FUNGL By Worthington G. Smith, F.L.S., M.A.I., 
Meaiber of the Scientific Coaimittee of the R.H.S. With 143 
Illustrations, drawn and engraved from Nature by the Author. 
Fcap. 8vo. 41. 6d, 

Tanner. — Works by Henry Tanner, F.C.S., M.R.A.C., 
Examiner in the Principles of Agriculture under the Government 
Department of Science ; Director of Education in the lastitute of 
Agriculture, South Kensington, London ; sometime Professor of 
Agricultural Science, University College, Aberystwith. 
ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. 8vo. y, 6d, 
FIRST PRINCIPLES OF AGRICULTURE. i8mo. is. 
THE PRINCIPLES OF AGRICULTURE. A Series of Reading 
Books for use in Elementary Schools. Prepared by Henry 
Tanner, F.C.S., M.R.A.C. Extra fcap. 8vo. 

I. The Alphabet of the Principles of Agriculture. 6d, 
II. Further Steps in the Principles of Agriculture. I/. 
III. Elementary School Readings on the Principles of Agriculture 
for the third stage, is, 

POLITICAL ECONOMY. 

Cossa.— GUIDE TO THE STUDY OF POLITICAL 

ECONOMY. . By Dr. LuiGi CossA, Professor in the University 

of Pavia. Translated from the Second Italian Edition. With a 

Preface by W. Stanley Jevons, F.R.S. Crown 8vo. 4^. 6d, 

Fawcett (Mrs.). —Works by Ml LUCENT Garrett Fawcett:— 

POLITICAL ECONOMY FOR BEGINNERS, WITH QUES- 

TIONS. Fourth Edition. i8mo. 2s, td. 
TALES IN POLITICAL ECONOMY. Crown 8vo. 3/. 

Fawcett.— A manual of political economy. By 

Ri^ht Hon. Henry Fawcett, M.P., F.R.S. Sixth Editioni 
revised, with a chapter on " State Socialism and the Nationalisation 
of the Land," and an Index. Crown 8vo. 12s, 

Jevons.— PRIMER OF POLITICAL ECONOMY. By W. 
Stanley Jevons, LL.D., M. A., F.R.S. New Edition. i8mo. 
is. {S'ience Primers.) 

MarshalL— THE ECONOMICS OF INDUSTRY. By A. 
Marshall, M.A., Professor of Political Economy in the Uni- 
versity of Cambridge, and Mary P. Marshall, late Lecturer at 
Newnhara Hall, Cambridge. Extra fcap. 8vo. 2s, 6</. 

Sidgwick.— THEPRINCIPLESOF POLITICAL ECONOMY 
By Professor Henry Sidgwick, M.A., LL.D. Knightbride. 
Professor of Moral Philosophy in ^t Univezsity of Cambridge, 
fte., Author of "The Methods of Ethics." 8yo. i6x. 
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Walker.— POLITIC AL ECONOMY. By Fbancis A. Waucxx, 
M.A., Ph.D., Author of "The Wages Question," "Money," 
" Money in its Relation to Trade," &c. 8vo. lor. ^tL 

MENTAL & MORAL PHILOSOPHY. 

Caird.— MORAL PHILOSOPHY, An Elementary Treatise on. 

By Prof. E. Caird, of Glasgow University. Fcap. 8vo. 

[Tn preparatiOH, 
Calderwood,— HANDBOOK OF MORAL PHILOSOPHY. 

By the Rev. Henry Calderwood, LL.D., Professor of Moral 

Philosophy, University of Edinburgh. New Edition. Crown 8vo. 

dr. 

Clifford.— SEEING AND THINKING. By the late Professor 
W. K. Clifford, F.R.S. With Diagrams. Crown 8vo. y. 6<il 

(Nature Series^ 

Jardinc— THE elements of the psychology of 

COGNITION. By the Rev. Robert Jardinb, B.D., D.Sc. 
(Edin.), Ex-Principal of the General Assembly's College, Calcatta. 
Second Edition, revised and improved. Crown 8vo. df. 6m/. 

Jevons. — Works by the late W. Stanley Jbvons, LLD., M.A., 
F R.S 
PRIMER OF LOGIC. New Edition. i8mo. u. (Sciemt 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Indue- 
tive, with copious Questions and Examples, and a Vocabulary of 
Logical Terms. New Edition. Fcap. 8vo. y. d</. 

THE PRIIJCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revised Edition. Crown 8vo. 

I2X. 6c/. 

STUDIES IN DEDUCTIVE LOGIC. Second Edition. Crown 
8vo. 6j. 

Keynes.— FORMAL LOGIC, studies and Exercises in. Including 
a Generalisation of Logical Processes in their application to 
Complex Inferences. 6v John Neville Keynes, M.A., Ute 
Fellow of Pembroke College, Cambridge. Crown 8vo. tor. ^, 

Robertson.-— ELEMENTARY LESSONS IN PS YCHOLOGY. 
By G. Croom Robertson, Professor of Mental Philosophy, &c. 
University College, London. \In prepartUum, 

Sidgwick. — ^THE METHODS OF ETHICS. By Professor 
Henry Sidgwick, M. A., LL.D. Cambridge, &c Third Edition. 
8va I4r. A Supplement to the Second Edition, containing all 
the important Additions and Alterations in the Thiid Ediuoo. 
Demy 8td» o/* 
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HISTORY AND QEOQRAPHY. 

Arnold.— THE ROMAN SYSTEM OF PROVINCIAL AD- 
MINISTRATION TO THE ACCESSION OF CON STAN- 
TINE THE GREAT. By W.' T. Arnold, B.A. Crown 
8va 6s, 
"Ought to prove a valuable handbook to the student of Roman history. "— 

GUASDIAN. 

Beesly.-— STORIES from the history of ROME. 
By Mrs. Beesly. Fcap. 8vo. 2s. 6d. 
'* The attempt appears to us in every way successful. The stories are interesting 
in t hemselves, and are told with perfect simplicity and good feeling.'* — Daily 
Nbws. 

Brycc— THE HOLY ROMAN EMPIRE. By James Bryck, 
p.C.L., Fellow of Oriel College, and K^us Professor of Civil Law 
in the University of Oxford. Seventh Edition. Crown 8vo. yj. 6d, 

Brook.— FRENCH HISTORY FOR ENGLISH CHILDREN. 
Bv Sarah Brook. With Coloured Maps. Crown 8vo. dr. 

Clarke. — class-book of geography. By C. B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S. New Edition, with Eighteen 
Coloured Maps. Fcap. 8vo. 3^. 

Freeman. — old English history. By Edward a. 

Freeman, D.C.L., LL.D., Regius Professor of Modern History 
in the University of Oxford, &c. With Five Coloured Maps. 
New Edition. Extra fcap. 8vo. 6f. 

Pyffc.— A SCHOOL HISTORY OF GREECE. By C. A. 
Fypfe, M.A., Fellow of University College, Oxford. Crown 
8vo. [/ft preparation. 

Green* — Works by John Richard Green, M.A., LL.D., 
late Honorary Fellow of Jesus College, Oxford. 

SHORT HISTORY OF THE ENGLISH PEOPLE. Witli 

Coloured Maps, Genealogical Tables, and Chronological Annals. 

Crown 8vo. 8j. 6d, 105th Thousand. 

** Stands alone as the one general history of the country, for the sake of whicli 

aA others* if young and old are wise, will be speedily and surely set a»de." — 

ACADBMY. 

ANALYSIS OF ENGLISH HISTORY, based on Green's " Short 

History of the English People." By C. W. A. Tait, M.A., 

Assistant-Master, Clifton College. Crown 8vo. y, 6d, 
READINGS FROM ENGLISH HISTORY. Selected and 

Edited by John Richard Green. Three Parts. Globe 8to. 

u. 6d. each. I. Hengist to Creasy. II. Cressy to Cromwell. 

III. Cromwell to Balaklava. 
A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By 

John Richard Green and Alice Stopkord Green. With 

Maps. Jcap. 8vo. y. ()d. 



MACMILLAirS EDUCATIONAL CATALOGUE. 



sarrovc— A PRIMER OF GEOGRAPHY. By fflr Giorgk 
Grove, D.C.L., F.R.G.S. With lUostratioiis. iSino. u. 
{Scufue IVimers.) 

Guest.— LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown 8vo. 6s. 
^ It is not too much to aatert that this is one of the very best class books of English 
History for young students ever published." — Scotsman. 

Historical Course for Schools — Edited by Edward a. 

Freeman, D.C.L., late Fellow of Trinity Col]^;e, Oxford, Regius 
Professor of Modem History in the University of Oxford. 

L--GENERAL SKETCH OF EUROPEAN HISTORY. By 
Edward A. Freeman, D.C.L. New Edition, revised and 
enlarged, with Chronological Table, Maps, and Index. i8mo. y. 6dm 

II. —HISTORY OF ENGLAND. By Edith Thompson. New 
Edition, revised and enlarged, with Colonred Maps. iSma 
2j. 6d, 

III.— HISTORY OF SCOTLAND. By Margaret Macarthur. 

New Edition. i8mo. 2x. 

IV.-HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 
New Edition, with Coloured Maps. i8mo. $s. 6d, 

v.— HISTORY OF GERMANY. By J. Sims, M.A. i&no. 

VI.— HISTORY OF AMERICA. By John A. Doylb. With 
Maps. i8mo. 4r. 6d, 

VII.— EUROPEAN COLONIES. By E. J. Payne, M.A. WWi 
Maps. i8mo. 41. 6d, 

VIII.— FRANCE. By Charlotte M. Yonob. With Maps. 
i8mo. y, 6d, 

GREECE. By Edward A. Freeman, D.C.L. [In pnefiaraHon, 
ROME. By Edward A. Freeman, D.C.L. [In pre^raHon, 

History Primers — Edited by John Richard Green, M.A, 
LL.D., Author of "A Short History of the English People." 

ROME. By the Rev. M. Creigkton, M.A., late Fellow and 

Tutor of Merton College, Oxford. With Eleven Maps. iSno. I/. 

"The author has been curiously successful in laBtnjf in an ilitelKgent way 
ths story of Rome from first to last. —School Boaiio Chminicul 

GREECE. By C. A. Fyfvx, BCA., Fellow and late Tatar 01 

University College, Oxford. With Five Maps. iSmo. Ia 
* Wa (iva oar onqualified praise to tibis littlo 
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History Primers Continued--^ 

EUROPEAN HISTORY. By E. A. Freeman, D.C.L., LL.D. 
With Maps. 1 81110. is, 

'*The work is always clear, and forms a luminous key to European history." 
—School Board Chkonicls. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahafry, M,A, 
Illastrated. i8mo. u. 

*' AU that is necessary for the schobr to know is told so compactly ^tx so fully, 
and in a style so interesting, that it is impossible for even the dullest boy to look 
en this little work in the same light as he regards his other school books."— Scuooi> 

MASTBJi. 

CLASSICAL GEOGRAPHY. By FL F. Tozer, M.A. i8mo. u. 

"Another valuable aid to the study of the ancient world. ... It contains 
an enormous quantity of information packed into a small space, and at the same time 
oommunicated in a very readable shape.**— John Bull. 

GEOGRAPHY. By Sir George Grove, D.C.L. With Maijs. 
l8mo. is. 

"A model of what such a work should be. . . . We know of 00 short treatise 
belter suited to infuse life and spirit into the dull V\sx^ of f^oncr names of whicli 
our ordinary class-books so often almost exclusively consist.' — ^1 imes. 

ROMAN ANTIQUITIES. By Professor Wilkins. IUus- 

trated. i8tno. is. 
"A httle book that throws a blaze of light on Roman history, and is, moreover, 
intensely interesting."— School Board Chroniclk. 

FRANCE. By Charlotte M. Yonge. i8mo. is. 

"May be considered a wonderfully successful piece cf work. . . .Its general 
merit as a vigorous and clear sketch, giving in ^ smalt space a vivid idea of the 
history of France, remains undeniable." — Saturday Kbvisw. 

Hole. — A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet. IJ. 

Jennings. — CHRONOLOGICAL TABLES. Compiled by Rev. 
A. C. Jennings. [//« M^ />rgss. 

Kiepert— A MANUAL OF ANCIENT GEOGRAPHY. From 
the German of Dr. H. Kiepert. Crown 8vo. Ss. 

Lethbridge.— A SHORT MANUAL OF THE HISTORY OF 
INDIA. With an Account of India as it is. The Soil, 
Climate, and Productions ; the People, their Races, Religions, 
Public Works, and Industries; the Civil Services and System 
of Administration. By Roper Lethbridge, M.A., CLE., 
late Sch«ilar of Exeter College, Oxford, formerly Principal of 
Kishnaghur College, Bengal, Fellow and sometime Examiner of 
the Calcutta Univer>ity. With Maps. Crown 8vo. 5j. 

Michelet.— A summary of modern history. Trans- 
lated from the French of M. Michelet, and continued to the 
Present Time, by M. C. M. Simpson. Globe 8vo. 41. 6</. 

/ 2 
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Ott^.— SCANDINAVIAN HISTORY. By E. C. OxTi. With 

Maps. Globe 8vo. 6s, 

Ramsay.— A SCHOOL HISTORY OF ROME. By G. G. 
Ramsay, M.A.y Professor of Humanity in the University of 
Glasgow. With Maps. Crown 8vo. [In preparation. 

Tail.— ANALYSIS OF ENGLISH HISTORY, based on Green's 
"Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College. Crown 8vo. y, 6d, 

Wheeler.— A SHORT HISTORY OF INDIA AND OF THE 

FRONTIER STATES OF AFGHANISTAN, NEPAUL, 

AND BURMA. By J. Talboys Whseler. With Maps. 

Crown 8vo. lis, 

*' It is the best book of the kind we have ever teen, and we recoamMod it toa plaoi 

in every school library."— Educational Times. 

Yonge (Charlotte M.). — a parallel HISTORY of 

FRANCE AND ENGLAND : consisting of Outlines and Dates. 
By Charlotte M. Yonge, Author of "The Heir of Redclyffe," 
&c., &c Oblong 4to. y. 6d, 

CAMEOS FROM ENGLISH HISTORY.— FROM ROLLO 
TO EDWARD II. By the Author of **Thc Heir of Reddyffe.' 
Extra fcap. 8vo. New Edition. 5^. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY. — THE WARS IN FRANCE. New EdiUon. 
Extra fcap. 8vo. 5x. 

A THIRD SERIES OF CAMEOS FROM ENGLISH HISTORY. 
—THE WARS OF THE ROSES. New Edition. Extra fcap. 
8vo. 5^. 

CAMEOS FROM ENGLISH HISTORY— A FOURTH SERIES. 
REFORMATION TIMES. Extra fcap. 8vo. Sj. 

CAMEOS FROM ENGLISH HISTORY.— A FIFTH SERIES. 
ENGLAND AND SPAIN. Extra fcap. 8vo. 5x. 

EUROPEAN HISTORY. Narrated in a Series of Historical 
Selections from the I3czt Authorities. Edited and arranged by 
E. M. Sewell and C. M. Yonge. First Series, loot— iij 
New Edition. Crown 8vo. 6f. Second Series, I088 — i: 
New Edition. Crown 8vo. 6f. 
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MODERN LANQUAQES AND 

LITERATURE. 

(i) English, (2) French, (3) German, (4) Modern 
Greek, (5) Italian. 

ENGLISH. 

Abbott. — A SHAKESPEARIAN GRAMMAR. An attempt to 
illustrate some of the Differences between Elizabethan and Modem 
English. By the Rev. E. A. Abbott, D.D., Head Master of the 
City of London School. New Edition. Extra fcap. 8vo. 6s, 

Brooke.— PRIMER OF ENGLISH LITERATURE. By the 
Rev. Stopford A. Brooke, M.A. i8mo. is, {Liieraiun 
Primers »\ 

Butler. — HUDIBRAS. Edited, with Irtroduction and Notes, by 
Alfred Milnes, M.A. Lon., late Student of Lincoln College, 
Oxford. Extra fcap 8vo. Part I. 3/. 6d, Parts II. and III. 

Cowper's TASK: AN EPISTLE TO JOSEPH HILL, ESQ. ; 
TIROCINIUM, or a Review of the Schools ; and THE HIS- 
TORY OF JOHN GILPIN. Edited, with Notes, by William 
Benham, B.I>. Globe 8vo. is, {Globe Readings from Standaru 
Authors,) 

Dowden. — SHAKESPEARE. By Professor Dowden. iSino. 
is, (Literature Primers,) 

Dry den. —SELECT PROSE WORKS. Edited, with Introduction 
and Notes, by Professor C. D. YoNOS. Fcap. 8vo. 2s, 6d, 

Gladstone.— SPELLING reform from an EDUCA- 
TIONAL POINT OF VIEW. By 1. H. Gladstone, Ph.D., 
F.R.S., Member of the School Board for London. New Edition. 
Crown 8vo. is, 6d, 

Globe Readers. For Standards I.—VI. Edited by A. F. 
MURISON. Sometime English Master at the Aberdeen Grammar 
School. With Illustrations. Globe 8vo. 



I. (48 pp.) 
I. (48 pp.) 



Primer 

Primerll 

Book I. (96 pp.) 

Book n.(i36pp.) 



6d, 



Book III. (232 pp.) IS, $d. 
Book IV. (328 pp.) IS, gd. 
Book V. (416 pp.) 2s, 
Book VI. (448 pp.) 2s, 6d, 



"Among the numerous sets of readers before the public the present series is 
honourably distinf^ui^hed by the marked superiority of its materials and ths 
careful ability with which they have been adapted to the growing capacity of tha 
pupils. The fAan of the two primers is excellent for fadhtating the child's first 
attempts to read. In the first three following books there is abundance of entat' 
taioioR rta^ng. .... Better food for young minds could hardly be found."— 
ThbAtmsnaum. 
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— ■ — ^ 

♦The Shorter Globe Readers.— wufa ninstrations. Globe 

8vo. 



Primer I. (4Q pp.) 3^, 
Primer IL (48 pp.) 3^> 
Standard I. (92 pp.) 6//. 
Standard II. (124 pp.) gd. 



Standani III. (178 PP.) lA 
Standard IV. (J82 pp.) U. 
Standard V. (216 pp) u. 3^- 
Standard VI. (228 pp.) If. 6d. 



* 7 his Series has been aln-Idged Irom "The Globe Readers" to meet tfie demand 
for smaller reading books. 

GLOBE READINGS FROM STANDARD AUTHORS. 

Cowper'STASK: AN EPISTLE TO JOSEPH HILL, ESQ.; 
TIROCINIUM, or a Review of the Schools; and THE HIS- 
TORY OF JOHN GILPIN. Edited, with Notes, by William 
Ben HAM, B.'D. Globe 8vo. is. 

Goldsmith's VICAR OF WAKEFIELD. With s Memoir of 
Goldsmith by Professor Masson. Gl^>e Syo. u. 

Lamb's (Charles) tales from SHAKESPEARE 

Edited, with Preface, by Alfred Ainger, M.A. Globe 
8vo. 2J. 

* 

Scott's (Sir Walter) lav of THE LAST MINSTREL; 

and THE LADY OF THE LAKE. Edited, with Introductions 
and Notes, by Francis Turner Palgravi. Globe Svo. is. 
MARMION ; and the LORD OF THE ISLES. By the same 
Editor. Globe 8vo. I/. 

The Children's Garland from the Best Poets.— 

Selected and arranged by Coventry Patmore. Globe 8vo. 2x, 

Yonge (Charlotte M.).— a book of golden deeds 

OF all times and all countries. Gathered and 
narrated anew by Charlotte M. Yonge, the Author of "The 
Heir of Redely ffe." Globe 3vo. 2s. 



Goldsmith. — the traveller, or a Prospect of Society; 
and THE DESERTED village. By OLIVER Goldsmith. 
With Notes, Philological and Exi)lanatory, by J. W. Hales, M.A. 
Crown 8vo. 6//. 
THE VICAR OF WAKEFIELD. With a Memoir of Goldsmith 
by Professor Masson. Globe 8vo. is. {Glokt Rtadings from 
Standard Authors.) 
SELECT ESSAYS. Edited, with Introduction and Notes, by 
Professor C. D. Yonge. Fcap. 8vo. 2j. M. 
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Hales. — LONGER ENGLISH POEMS, with Notes, Philolopctl 
and Explanatory, and an Introduction on the Teaching of English. 
Chiefly for Use in Schools. Edited by J. W. Hales, M.A., 
Professor of English Literature at King's College, London. New 
Edition. Extra fcap. 8vo. 4s, 6d. 



Johnson's LIVES OF the poets. The Six Chief Uves 
(Milton, Dnrden, Swift, Addison, Pope, Gray), with Macaola/s 
"Life of Johnson." Edited with Preface by Matthew Arnold. 
Crown 8vo. 6s. 

Lamb (Charles).— tales from Shakespeare. Edited, 

with Preface, by Alfred Ainger, M.A. Globe 8vo. 2s, 
{Globe Readings from Siandard Authors.) 

Literature Primers — Edited by John Richard Green, 
M. A., LL.D., Author of " A Short History of the English People." 

ENGLISH COMPOSITION. By Professor Nichol. i8mo. is. 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D., some- 
time President of the Philological Society. i8mo, cloth, is. 

ENGLISH GRAMMAR EXERCISES. By R. Morris, LL.D., 
and H. C. Bowen, M.A. i8mo. is, 

EXERCISES ON MORRISES PRIMER OF ENGLISH 
GRAMMAR. By John Wetherell, of the Middle School, 
Liverpool College. i8mo. is. 

ENGLISH LITERATURE. By Stopford Brooke, M.A. New 
Edition. i8mo. is. 

SHAKSPERE. By Professor Dowden. i8mo. is. 

THE CHILDREN'S TREASURY OF LYRICAL POETRY. 
Selected and arranged with Notes by Francis Turner Pal- 
GRAVE. In Two Parts. i8mo. is. each. 

PHILOLOGY. By J. Peile, M.A. i8mo. is. 

Macmillan's Reading Books. — Adapted to the English and 

Scotch Codes. Bound in Cloth. 
PRIMER. i8mo. (48 pp.) id. 

BOOK I. for Standard I. i8mo. (96 pp.) ^d. 

l8mo. (144 pp.) 5^. 

i8mo. (160 pp.) (ki. 

i8mo. (176 pp.) &^ 






I* 



I. 


for Standard 


I. 


II. 


»f 


IL 


IIL 


tt 


IIL 


IV. 


tt 


IV. 


V. 


#• 


V. 



i8mo. ()8o pp.) IS. 
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Macmillan's Reading. Books Continued^ 

BOOK VL for Standard VL Crown 8vo. (450 pp.) 2#. 

Book VI. is fitted for higher Classes, and as an Introdaction to 

English Literature. 

" They are far aboTe any others that have appeared both in form and substance. 
. . Tne editor of the present series has rightlv seen that reading books most 
wn diiefly at giving to the pupils the power of accurate, and, if possible, apt 



and skilful expression; at cultivating in them a good literary taste, and at aroua- 
■ng a desire of further reading.' This is done by taking care to sekct the extracts 
irom true English classics, going up in Standard VI. course to Chaucer, Hooker, and 
Bacon, as well as Wordsu orth, Macaulay, and Froude. . . . Tliis is qmta oa the 
right track, and indicates justly the ideal which we ought to set b^acv as."— 
Guardian. 

Macmillan's Copy-Books — 

Published in two sizes, viz. : — 

1. Large Post 4to. Price 4</. each. 

2. Post Oblong. Price 2^. each. 

1. INITIATORY EXERCISES AND SHORT LETTERS. 

2. WORDS CONSISTING OF SHORT LETTERS. 

•3. LONG LETTERS. With words containing Long Letten— 
Figures. 

•4. WORDS CONTAINING LONG LETTERS. 

4a. PRACTISING AND REVISING COPY-BOOK. For Nos. 

I to 4. 

•5. CAPITALS AND SHORT HALF-TEXT. Words beginning 

with a Capital. 

•6. HALF-TEXT WORDS beginning with Capitals— Figures. 

•7. SMALLHAND AND HALF-TEXT. With Capitals and 

Figures. 

•8. SMALL-HAND AND HALF-TEXT. With Capitals and 

Figures. 

8.1. PRACTISING AND REVISING COPY-BOOK, For Nos. 

5 to 8. 

•9. SMALL-HAND SINGLE HEADLINES— Figures. 

10. SMALL-HAND SINGLE HEADLINES— Figures. 

ri. SMALL-HAND DOUBLE HEADLINES— Figures. 

12. COMMERCIAL AND ARITHMETICAL EXAMPLES, Ac 

12a. PRACTISING AND REVISING COPY-BOOK. For Noi. 

8 to 12. 

• Thf$€ numbers may be had with Goodman* s Paitnt SUding 
^*di€S, I^irge Post 4to. Price W. each. 
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Martin.— THE POET'S HOUR : Poetry selected and unmged 
for Children. By Francis Martin, New Edition. i8mo. 
2s. 6d. 

SPRING-TIME WITH THE POETS: Poetry selected by 
Francis Martin. New Edition. i8mo. y. 6d. 

Milton. — By Stopford Brooki, M.A. Fcap, 8yo. it, 6d, 
{Classical fVrilers Series,) 

Morris. — Works by the Rer. R. Morris, LL.D. 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, 
comprising Chapters on the History and Development of the 
Language, and on Word-formation. New Edition. Extra fcap. 
8vo. &, 

ELEMENTARY LESSONS IN HISTORICAL ENGLISH 
GRAMMAR, containing Accidence and Word-formation. New 
Edition. i8mo. 2s. 6a. 

PRIMER OF ENGLISH GRAMMAR. i8mo. is. (See alio 
Literature Primers,) 

Oliphant.— THE OLD AND MIDDLE ENGLISH. A New 
Edition of "THE SOURCES OF STANDARD ENGLISH," 
revised and greatly enlarged. By T. L. Kington Oliphant. 
Extra fcap. 8vo. ^, 

Palgrave.— THE children's treasury of lyrical 

POETRY. Selected and arranged, with Notes, by Francis 
Turner Palgravel i8mo. 2s. 6d. Also in Two Parts. 
i8mo. It. each. 

Patmorc— THE CHILDREN'S GARLAND FROM THE 
BEST POETS. Selected and arranged by Covintry Patmori. 
Globe 8vo. 2s, {Globe Readings f^i Standard Aulhors,) 

Plutarch. — Being a Selection from the Lives which Illastrate 
^ Shakespeare. North's Translation. Edited, with Introductions, 
^ Notes, Index of Names, and Glossarial Index, by the Rer. W. 
W. Skeat, M.A. Crown 8vo. 6s, 

cott's (Sir Walter) lay OF the last minstrel. 

and THE LADY OF THE LAKE. Edited, with Introduction 
and Notes, by Francis Turnbr Palgravb. Globe 8vo. is. 
{Globe Readings from Standard Authors,) 

MARMION ; and THE LORD OF THE ISLES. By the 
same Editor. Globe 8to. I/. {Globe Readings from Statt.tard 
Authors,) 
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Shakespeare.— A SHAKESPEARE MANUAL. By F. G. 
Fleay, M.A., late Head Master of Skipton Grmmmar School 
Second Edition. Extra fcap. 8vo. 4J-. da. 

AN ATTEMPT TO DETERMINE THE CHRONOLOGI- 
CAL ORDER OF SHAKESPEARE'S PLAYS. By the Rev. 
H. Paine Stokes, B.A. Extra fcap. 8vo. ^r. 61L 

THE TEMPEST. With Glossarial and Explanatory Notes. By 
Ae Rev. J. M. Jephson. New Edition. i8mo. is, 

PRIMER OF SHAKESPEARE. By Professor DowDSif. 

i8mo. is. {Literaiurd Pfimers.) 

Sonnenschein and Meiklejohn. — the ENGLISH 

METHOD OF TEACHING TO READ. By A. Sonken- 

SCHEIN and J. M. D. Meiklejohn, M.A. Fcap. 8vo. 

COMPRISING * 

THE NURSERY BOOK, containing aH the Two-Letter Words 
in the Language, id, (Abo in Large Type on Sheets for 
School Walls. Sx.) 

THE FIRST COURSE, consisring of Short Vowels with Single 
Consonants. 6d, 

THE SECOND COURSE, with Combinations and Bridges, 
consisting of Short Vowels with Double Consonants, (id, 

THE THIRD AND FOURTH COURSES, consisting of Long 
Vowels, and all the Double Vowels in the Language. 6d, 

" These are admirable books, because diey are conatructad 00 a piindple^ and 
that the simplest principle on which it is possible to leam to read English." — 
Spkctator. 

Taylor.— WORDS and places; or, Etymological Illustra- 
tions of History, Ethnology, and Geography. By die Rev. 
Isaac Taylor, M.A. Third and Cheaper Edition, revised and 
compressed. With Maps. Globe 8vo. dr. 

Tennyson. — ^The collected works of Alfred, ix)RD 

TENNYSON, Poet Laureate. An Edition for SdiooU. In Four 
Parts. Crown Svo. 2J. 6</. each. 

Thring.— THE ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH. By Edward Thring, M.A., Head Master ol 
Uppingham. With Questions. Fourth Edition. i8mo. 2f. 

Trench (Archbishop). — Works hy R. C. Trsnch, D.D., 
Archbishop of Dublin. 
HOUSEHOLD BOOK OF ENGLISH POETRY, Selected an<l 
Arranged, with Notes. Third Edition. Extra fcap. Svo. "S/t, 6d 
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Trench (Archbishop) Woi-ks by, continued-^ 

ON THE STUDY OF WORDS. Seventeenth Edition, revised. 
Fcap. 8vo. 5/. 

ENGLISH, PAST AND PRESENT. Eleventh EdiHon, revised 
and improved. Fcap. 8vo. 51. 

A SELECT GLOSSARY OF ENGLISH WORDS, used fonnerlj 
in Senses Different from their Present Fifth Edition, revised 
and eularged. Fcap. 8vo. 5^. 

Vaughan (CM.).— WORDS FROM THE POETS. By 
C. M. Vaughan. New Edition. i8mo, cloth, is. 

Ward. — ^THE ENGLISH POETS. Selections, with Critical 
Introductions by various Wnters and a General Introduction by 
Matthew Arnold. Edited by T. H. Ward, M.A. 4 Vols. 
Vol. I. CHAUCER TO DONNE.— Vol. II. BEN JONSON 
TO DRYDEN.— Vol. III. ADDISON TO BLAKE.— Vol. IV. 
WORDSWORTH to ROSSETTI. Crown 8vo. Each 7/. 6d. 

Wetherell. — Exercises on morris's primer of 

ENGLISH GRAMMAR. By John Wetherell, M.A. 
l8mo. IS. (Literature Primers.) 

Wrightson.— THE FUNCTIONAL ELEMENTS OF AN 
ENGLISH SENTENCE, an Examination of. Together with 
a New System of Analytical Marks. By the Rev. W. G. 
Wrightson, M.A., Cantab. Crown 8vo, $s, 

Yonge (Charlotte M.).— THE ABRIDGED BOOK OF 

GOLDEN DEEDS A Reading Book for Sdiools and general 
readers. By the Author of " The Heir of Redclyfie." i8mo, 
cloth. IS, 

GLOBE READINGS EDITION. Complete Edition. Globe 
8vo. 2f. (See p. 53.) 



FRENCH. 

Beaumarchais. — LE BARBIER DE SEVILLE. Edited, 
with Introduction and Notes, by L. P. Blouet, Assistant Master 
in St. Paul's School. Fcap. 8vo. 3X. 6d. 

Bowen.— FIRST LESSONS IN FRENCH. By H. Cour- 
THOPE BoWEN, M.A., Principal of the Finsbury Training College 
for Higher and Middle Schools. Extra fcap. 8vo. is. 

Breymann. — Works by Hermann Breymann, Ph.D., Pro- 
fessor of Philology in the University of Munich. 
A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. Second Edition. Extra fcap. 8vo. 4/. 6d. 
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Breymann — Works by Hermann Brxymann, Ph.D. (eonimmid^ 

FIRST FRENCH EXERCISE BOOK. Extra fcap. 8to. 4s. 6d. 
SECOND FRENCH EXERCISE BOOK. Extra fcap. 8vo. 2t. W 

Fasnacht.— THE organic method of studying 

LANGUAGES. By G. EuGltNK Fasnacht, Author of " Mac- 
mil lan's Progressive French Course," Editor of •* Macmillan's 
Foreign School Classics,'' &c. Extra fcap. 8vo. I. French. 
$s. 6a. 
A SYNTHETIC FRENCH GRAMMAR FOR SCHOOLS. 
By the same Author. Crown 8vo. 51. 6J, 

GRAMMAR AND GLOSSARY OF THE FRENCH LAN- 
GUAGE OF THE SEVENTEENTH CENTURY. By the 
same Author. Crown 8vo. [In ^reparalum. 

Macmillan's Primary Series of French and 
German Reading Books. — Edited by G. Euo^nb 

Fasnacht, Assistant-Master in Westminster Scfaod. With 
Illustrations. Globe 8vo. 

PERRAULT— CONTES DE FEES. Edited, with Introduction, 
Notes, and Vocabulary, by G. E. Fasnacht. ij. 

LA FONTAINE-SELECT FABLES. Edited, with Introductioo, 
Notes, and Vocabulary, by L. M. Moriarty, M.A., Assistant- 
Master at Rossall. [In preparmtum, 

GRIMM— HAUSM ARC HEN. Selected and Edited, with Intio- 
duction, Notes, and Vocabulary, Ir^ G. £. Fasnacht. [Intht tresi, 

G. SCHWAB— ODYSSEUS. With Introduction, Notes, and 
Vocabulary, by the same Editor. [/it pnparatwu, 

Macmillan's Progressive French Course. — By G. 

EuGfcNS Fasnacht, Assistant- Master in Westminster School. 
I. — First Year, containing Easy Lessons on the Regular 

Accidence. Extra fcap. 8vo. is, 
II. — Second Year, containing an Elementary Grammar with 

copious Elxerci-es, Notes, and Vocabularies. A new Edition, 

enlarged and thoroughly revised. Extra fcap. 8vo. zr. 
in. — Third Year, containing a Systematic Sjnitax, and Lessons 

in Composition. Extra fcap. 8to. 2j. 6d. 

THE TEACHER'S COMPANION TO MACMILLAN'S 
PROGRESSIVE FRENCH COURSE. Third Year. With 
Copious Notes, Hints for Different Renderings, Synonyms, Philo- 
logical Remarks, &c. By G. E. Fasnacht. Globe 8vo. 41. 6d, 

THE TEACHER'S COMPANION TO MACMILLAN'S 
PROGRESSIVE FRENCH COURSE. Second Year. With 
Copious Notes, Hints for Different Renderings, Synonyms, Philo- 
logical Remarks, &c. By G. E. Fasnacht. Globe 8vo. 4/. 6^ 
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Macmillan's Progressive French Readers. — By 
G. Eugene Fasnacht. 

L — ^FiRST Year, containing Fables, Historical Extracts, Letters, 
Dialogues, Fables, Ballads, Nursery Songs, &c., with Two 
Vocabularies: (i) in the order of subjects; (2) in alphaljetical 
order. Extra fcap. 8vo. zr. 6d, 

II. — Second Year, containing Fiction in Prose and Verse, 
Historical and Descriptive Extracts, Essays, Letters, Dialogues, 
&c. Extra fcap. 8vo. 2J. 6d. 

Macmillan's Foreign School Classics. — Edited by 

G EuGfeNE Fasnacht. i8mo. 

FRENCH. 

CORNEILLE— LE CID. Edited by G. E. Fasnacht. is, 
DUMAS— LES DEMOISELLES DE ST. CYR. Edited by 
Victor Oger, Lecturer in University College, Liverpool. 

M0LI£RE— LES FEMMES SAVANTES. By G. E. Fasnacht. 

IX. 

M0LI£RE— LE MISANTHROPE. By the same Editor. 11. 

MOLIERE^LE MfeDECIN MALGRE LUI. By the same 
Editor, is, 

MOLli:RE— L'AVARE. Edited by L. M. Moriarty, B.A., 
Assistant-Master at Rossall. is, 

M0LI£RE— LE BOURGEOIS GENTILHOMME. By the same 
Editor. IS, 6d, 

RACINE— BRITANNICUS. Edited by EuGfcNS Pellissier, 
Assistant- Master in Clifton College, and Lecturer in Universitj 
College, Bristol. [In Reparation. 

SCENES IN ROMAN HISTORY. SELECTED FROM 
FRENCH HISTORIANS. Edited by C. Colbeck, M.A., Ute 
Fellow of Trinity College, Cambridge; Assistant-Master at 
Harrow. {In preparation. 

SAND, GEORGE-LA MARE AU DIABLE. Edited by W. E. 
Russell, M.A., Assistant Master in Haileybury College, is, 

SANDEAU, JULES— MADEMOISELLE DE LA SEIGLlfiRE. 
Edited by H. C. Steel, Assistant Master in Wellington College. 

{InipuduMtify' 
VOLTAIRE— CHARLES XIL Edited by G. E. Fasnacht. 

[Immediately. 
%* Other volumes to follow, 
(See also German Authors, page 6a.) 
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Masson (Gustave).— a compendious dictionary 

OF THE FRENCH LANGUAGE (French-EngUsh aMi English- 
French). Adapted from the Dictionaries of Professor Alfred 
Elwall. Followed by a List of the Principal Diverging 
Derivations, and preceded by Chronolc^icsd and Historical Tables. 
By Gustave Masson, Assistant Master and Librarian, Harrow 
School. New Edition. Crown 8vo. 6f. 

Moliere. — LE MALADE IMAGINAIRE. Edited, with Intro- 
duction and Notes, by Francis Tarver, M.A., Assistant Blaster 
at Eton. Fcap. 8vo. 2s. 6d, 

(See also Macmillan*s Ford^ School Classics.) 

GERMAN. 
Macmillan's Progressive German Course. — By G. 

EuGfcNS Fasnacht. 

Part I — First Year, Easy Lessons and Roles on the Regular 
Accidence. Extra fcap. 8vo. i/. 6^. 

Part II. — Second Year. Conversational Lessons in Systematic 
Accidence and Elementary Syntax. With Philological Illustrations 
and Etymological Vocabulary. Extra fcap. 8vo. 2s. 

Part III. — Third Year. \Ih preparaiion^ 

Macmillan's Progressive German Readers. — By 

G. E. Fasnacht. First Year. [/n the press, 

Macmillan's Primary German Reading Books. 

(Sec page 59.) 

Macmillan's Foreign School Classics. Edited b/G. 
Eugene Fasnacht. i8mo. 

GERMAN. 

GOETHE— GOTZ VON BERLICHINGEN. Edited by H. A 
Bull, M.A., Assistant Master at Wellington College. 2S. 

GOETHE— FAUST. Part I. Edited by Jane Leb, Lecturer 
in Modem Languages at Newnham College, Cambridge. 

[In preparation, 

HEINE— SELECTIONS FROM THE REISEBILDER AND 
OTHER PROSE WORKS. Edited by C. Colbeck, M.A., 
Assistant-Master at Harrow, late Fellow of Trinity Cdlege, 
Cambridge. 2J. 6d, 

SCHILLER— DIE JUNGFRAU VON ORLEANS. Edited Iqr 

lOSEPH GOSTWICK 2J. Sii 

SCHILLER— MARIA STUART. Edited by C. Sheldon, M.A., 
D.Lit., Senior Modem Language Mailer ia Clifton College, ax. 6^ 
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Foreign School Cla8sics(German) ConHnued^ 

SCHILLER— WILHELM TELL. Edited by G. E. Fasnacht. 

[In prepartUum. 
UHLAND— SELECT BALLADS. Adapted as a First Easy Read- 
ing Book for Beginners. Edited by G. E. Fasnacht. u. 

%* Othir Volunus to follow, 
(See also French Authors^ page 60.) 

Pylodet.— NEW guide to German conversation ; 

containing an Alphabetical List of nearly 800 Familiar Words; 
followed by Exercises ; Vocabulary of Words in freanent use ; 
Familiar Phrases and Dialogues ; a Sketch of German Literature, 
Idiomatic Expressions, && By L. Fvlodst. i8mo, cloth limp, 
zr. td, 

Whitney.— Works by W. D. Whitney, Professor of Swiskrit 
and Instructor in Modem Languages in Yale College. 

A COMPENDIOUS GERMAN GRAMMAR. Crown 8vo. at. &/. 

A GERMAN READER IN PROSE AND VERSE. With Notes 
and Vocabulary. Crown 8vo. 5/. 

Whitney and Edgren. — a COMPENDIOUS GERMAN 

AND ENGLISH DICTIONARY, with NoUtion of Correspon- 
dences and Brief Etymologies. By Professor W. D. Whitnky, 
assisted by A. H. Edgren. Crown 8vo. 71. dd, 
THE GERMAN-ENGLISH PART, separately, $*. 

MODERN GREEK. 
Vincent and Dickson. — HANDBOOK TO MODERN 

GREEK. By Edgar Vincent and T. G. Dickson, M.A. 
Second Edition, revised and enlarged, with Appendix on the 
relation of Modem and Claasiod Greek by Professor Jebb. 
Crown 8to. 6r. 

ITALIAN. 

Dante. — the PURGATORY OF DANTE. Edited, with 
Translation and Notes, by A. J. BuTLBR, M.A., late Fellow of 
Trinity College, Cambridge. Crown 8va I2f. ^ 



DOMESTIC ECONOMY. 

Barker. - FIRST lessons in the principles of 

COOKING. By Lady Barker. NewEdidoiL i&no. u. 
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Bemers.— FIRST lessons on health. By J. Bernbrs. 

New Edition. iSmo. is. 

Fawcett.— tales in political economy. By MiLU- 
CENT Garrett Fawcett. Globe 8vo. 3/. 

Frederick.— hints to housewives on several 
points, particularly on the preparation of 

economical and tasteful dishes. By Mn. 
Frederick. Crown 8vo. is. 




niakiac erety-day 
ling to toe oraioary 
household expenses."— Saturday Rsvibw. 

Grand'homme.— cutting-out and dressmaking. 

From the French of Mdlle. E. Grand'homme. With 
i8mo. is, 

Tegetmeier.— H ousehold management and 

COOKERY. With an Appendix of Recipes used by the 
Teachers of the National School of Cookery. By W. B. 
Tegetmeier. Compiled at the request of the Schoo] Boaid for 
London. i8mo. ix. 

Thornton.— FIRST LESSONS IN BOOK-KEEPING. By 
J. Thornton. New Edition. Crown 8vo. zr. W. 

The object of thu irolnme is to inake the theory oi Book-keeping wiffidemfy 
plain for even children to nnderstand it. 

Wright.— THE SCHOOL COOKERY-BOOK. Compiled and 
Edited by C. £. Guthrie Wright, Hon Sec to the Edinborgb 
School of Cookery. i8mo. is. 



ART AND KINDRED SUBJECTS. 

Anderson.— LINEAR perspective, and model 

DRAWING. A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. By Laurence Anderson. With Dlostrations. Royal 
8vo. 2S, 

Collier. — a primer of art. With Illttstrations. By JOHN 
Collier. i8mo. is, 

Delamotte a BEGINNER'S drawing book. By 

P. H. DELAMorm, F.S.A. ProcressiTely arranged. New 
Edition improved. Crown 8vo. 31. w/. 
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Ellis. — SKETCHING FROM NATURE. A Handbook for 
Students and Amateurs. By Trist&am J. Ellis. With a 
Frontispiece and Ten Illustrations, by H. Stacy Marks, 
R.A., and Twenty-seven Sketches by the Author. Crown 8vo. 
2s, 6d, (Art at Home Series,) 

Hunt.— TALKS ABOUT ART. By William Hunt. With a 
Letter from J. £. Millais, R.A. Crown 8vo. 31. 6d. 

Taylor. — a primer of pianoforte playing. By 

Franklin Taylor. Edited by Sir George Grove. i8mo. is, 
WORKS ON TEACHING. 

Blakiston — the teacher. Hints on School Management 
A Handbook for Managers, Teachers' Assistants, and Pu^ 
Teachers. By J. R. Buikiston, M.A. Crown 8vo. 2x. td, 
(Recommended by the London, Birmingham, and Leicester 
School Boards.) 
" Into a comparaUTdy tmall book he has crowded a great deal of ezceectingly 

useful and sound advice. It is a plain, common-sense book, full of hints to ui« 

teacher on the management of nis school and his children."-— School Board 

Cmkoniclx. 

Calderwood — ON TEACHING. By Professor Henry Calder- 
WOOD. New Edition. Extra fcap. Sva 2s, 6d, 

Fearon. — school inspection. By D. R. Fearo*5 M.A., 

Assistant Commissioner of Endowed Schools. New Edition. 
Cro\i'n 8vo. 2s, 6d. 

Gladstone. — object teaching, a Lectur* delivered at 
the Pupil-Teacher Centre, William Street Board School, Ham- 
mersmith. By J. H. Gladstone, Ph.D., F.R.S., Member of 
the London School Board. With an Appendix. Crown 

8vo. 3^. 
*' It is a &ort but interesting and instmcdTe publication, and our younger 
teachers will do well to read it carefully and thoroughly. There is much 10 these 
few pages which they can learn and profit by."— Tiu School GuAJtBXAN. 
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•^* For other Works by these Authors, see Thsologigal 

Catalogue. 

Abbott (Rev. E. A.)— bible lessons. By the Rev. 
E. A. Abbott, D.D., Head Master of the City of London 
School. New Edition. Crown 8vo. 4s, 6d. 
**yfiat, suggestive, and really inrofound initiation into religious thought." 

^-GUAKOIAN. 

/ 



66 MACMILLAN*S EDUCATIONAL CATALOGUE. 

Abbott — Rushbrooke. — the COMMON TRADITION OF 
THE SYNOPTIC GOSPELS, in the Text of the Revised 
Version. By Edwin A. Abbott, D.D., formerly Fellow of St 
John's College, Cambridge, and W. G. Rushbrooke, M.L., 
formerly Fellow of St. John's College, Cambridge. Cr0¥ai 8va 
3J. 6rf. 

The Acts of the Apostles.— Greek Text Edited with 
Introduction and Notes. By T. E. Page, M.A. Fcap. 8vo. 

[/if preparation, 

Arnold. — A BIBLEREADING FOR SCHOOLS. —THE 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xl. — ^Ixvi.). Arranged and Edited for Young 
Learners. By Matthew Arnold, D.C.L., formerly Professor 
of Poetry in the University of Oxford, and Fellow of Oriel 
New Edition. i8mo, cloth, is, 
ISAIAH XL.— LXVI. With the Shorter Prophecies allied to it. 
Arranged and Edited, with Notes, by Matthew Arnold. 
Crown 8vo. 5/. 
ISAIAH OF JERUSALEM, IN THE AUTHORISED ENG- 
LISH VERSION. With Introduction, Corrections, and Notes. 
By Matthew Arnold. Crown Svo. 41. 6d, 

Benham.— A companion TO THE LECTIONARY. Being 
a CAnmentary on the Proper Lessons for Sundays and Holy Days. 
By Rev. W. Benham, B.D., Rector of S. Edmund with S. 
Nicholas Aeons, &c. New Edition. Crown 8to. 41. 6^. 

Cassel.— MANUAL OF JEWISH HISTORY AND LITERA- 
TURE ; preceded by a BRIEF SUMMARY OF BIBLE HIS- 
TORY. By Dr. D. Cassel. Translated by Mrs. HeifftY Lucas. 
Fcap. Svo. 2J. 6d, 

Cheetham.— A CHURCH history of the first SIX 

CENTURIES. By the Yen. Archdeacon CHKrrRAif: 
Crown Svo. [In tAt press, 

Curteis.— MANUAL OF THE THIRTY-NPNE ARTICLES 
By G. H. Curteis, M.A., Principal of the Lichfield Tbeo 
logical College. [/n prtparatUn 

Davies,— THE EPISTLES OF ST. PAUL TO THE EPHE- 
SIANS, THE COLOSSIANS, AND PHILEMON; with 
Introductions and Notes, and an Es<iay on the Traces of Foreign 
Elements in the Theology of these Epistles. By the Rev. J. 
Llewelyn Davies, M.A., Rector of Christ Church, St Maiy- 
lebone ; late Fellvtw of Tri tity College, Cambridga Second 
Edition. Demy Svo. ^s. 6d. 
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Drummond.— THE study of THEOLOGY, INTRO- 
DUCTION TO. By James Drummond, LL.D., Professor of 
Theology in Manchester New Collie, London. Crown 8to. 

Gaskoin.— THE CHILDREN'S TREASURY OF BIBLE 
STORIES. By Mrs. Herman Gaskoin. Edited with Preface 
by Rev. G. F. Maclear, D.D. Part L— OLD TESTAMENT 
HISTORY. i8mo. ix. Part II.— NEW TESTAMENT. 
i8mo. IS. Part III.— THE APOSTLES : ST. JAMES THE 
GREAT, ST. PAUL, AND ST. JOHN THE DIVINE. 
i8mo. IS, 

Golden Treasury Psalter. — students' Edition. Being an 

Edition of "The Psabns Chronologically airanged, by Four 
Friends," with briefer Notes. i8mo, y, 6d, 

Greek Testament. — Edited, with Introduction and ApMO- 
dices, by Canon Westcott and Dr. F. J. A, Hoax. ' Two 
Vols. Crown 8vo. iQf. 6d, each. 
VoL I. The Text. 
VoL II. Introduction and Appendix. 

Greek Testament. — Edited by Canon Westcott and Dr. 
HoRT. School Edition of Text. Globe 8vo. [In the press. 

The Greek Testament and the English Version, 
a Companion to. By Philip Schaff, D.D., Preddoit 

of the American Committee of Revision. With Facstmild 
Illustrations of MSS., and Standard Editions of the New Testa- 
ment. Crown 8vo. izr. 

Hardwick. — Works by Archdeacon Hardwick :— 
A HISTORY OF THE CHRISTIAN CHURCH. Middle 
Age. From Gregory the Great to the Excommunication of 
Lutfcer. Edited by William Stubbs, M.A., Regius Professor 
of Modem History in the Univensity of Oxford. With Four 
Maps. Fourth Edition. Crown 8vo. \os. 6^. _ ^ 

A HISTORY OF THE CHRISTIAN CHURCH DURING 
THE REFORMATION. Fourth Edidon. Edited by Professor 
Stubbs. Crown 8vo. ioj. 6</. 

Jennings and Lowe.— THE PSALMS, WITH INTRO 

DUC TIONS AND CRITICAL NOTES. By A. C. Jennings, 
B.A. ; assUted in parts by W. H. Lowe. In a vols. Cro^n 
Sv9. IOJ. 6^. each. 
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Lightfoot. — Works by Right Rev. J. B. Lightfoot, D.D., 
Bishop of Durham : — 

ST. PAUL'S EPISTLE TO THE GALATIANS. A Revised 
Text, ^ith Introduction, Notes, and Dissertations. Seventh 
Edition, revised. 8vo. I2J. 

ST. PAUL'S EPISTLE TO THE PHIUPPIANS. A Revised 
Text„. with Introduction, Notes, and Dissertations. Seventh 
Edition, revised. 8vo. I2s. 

ST. CLEMENT OF ROME— THE TWO EPISTLES TO 
TH£: CORINTHIANS. A Revised Text, with Introduction and 
Notes. 8vo. 8x. 6d. 

ST. PAUL'S EPISTLES TO THE COI^OSSIANS AND TO 
PHILEMON. A Revised Tex^ with Introductions, Notes, 
and Dissertations. Seventh Edition, revised. 8vo. 12/. 

THE IGNATIAN EPISTLES. 8vo. [Inthepw, 

Maclear. — Works by the Rev. G. F. Maclear, D.D., Warden of 
St. Augustine's College, Canterbury, and late Head-Master of 
Kisg's College School, London : — 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. New 
Edition, with Four Maps. i8mo. 41. 6(L 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the Old and New Testaments. 
With Four Mapc. New Edition. i8mo. $s. 6d. 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo, cloih. 
New Edition. 

A SHILLING BOOK OF NEW TESTAMENT HISTORY, 
for National and Elementary Schools. With Map. i8mo, cloth. 
New Edition. 

These works have been carefully abridged from the author's 
large manuals. 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH 
OF ENGLAND. New Edition. i8mo. is, 6d, 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. With Scripture Proofs, for Junior 
Classes and Schools. New Edition. i8mo. 6d, 

A MANUAL OF INSTRUCTION FOR CONFIRMATION 
AND F-IRST COMMUNION. WITH PRAYERS AND 
DEVOTIONS. 32mo, cloth extra, red edges. 2s. 
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Maurice.— THE LORD'S PRAYER, THE CREED, AND 
THE COMMANDMENTS. A Manual for Parents and 
Schoolmasters. To which is added the Order of the Scriptores, 
BytheKev. F.Denison Maurice, M.A. i8mo, cloth, limp. i/. 

Procter.— A HISTORY of the book of common 

PRAYER, with a Rationale of its Offices. Bv Rev. F. Procter. 
M.A. Sixteenth Edition, revised and enlarged. Crown 8va 
I ox. 6d, 

Procter and Maclean— an elementary intro- 
duction TO THE BOOK OF COMMON PRAYER. Re- 
arranged and supplemented by an Explanation of the Morning 
and Evening Prayer and the Litany. By the Rev. F. Procter 
and the Rev. Dr. Maclear. New and Enlarged Edition, 
containing the Communion Service and the Contonation and 
Baptismal Offices. x8mo. 2j. 6d, 

The Psalms, with Introductions and Critical 

Notes. — By A. C. Jennings, B.A., Jesus College, Camhridge, 
Tyrwhitt Scholar, Crosse Scholar, Hebrew University, Prizeman, 
and Fry Scholar of St. John's College ; assisted in Parts by W. 
H. Lowe, M.A., Hebrew Lecturer and late Scholar of Christ's 
College, Cambridge^ and Tyrwhitt Scholar. In a vols. Crown 
8vo. lor. 6d, each. 

Ramsay.— THE CATECHISER'S MANUAL; or, the Church 
Catechism Illustrated and Explained, for the Use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Artmue Ramsay, 
M.A. New Edition. i8mo. is, 6d, 

Simpson.— AN EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By William Simpson, M.A. New 
Edition. Fcap. 8vo. 3J. 6d, 

St. John's Epistles. — The Greek Text with Notes and Essays, 
by Brooke Foss Westcott, D.D., Regius Profiessorof Divinity 
and Fellow of King's College, Cambridge, Canon of Westminster, 
&c. 8vo. I2J. 6d. 

St. Paul's Epistles.— Greek Text, with Introductioii and 

Notes. 

THE EPISTLE TO THE GALATIANS. Edited by the Right 
Rev. J. B. LiGHTFOOT, D.D., Bishop of l>i^h»M Seventh 
Edition. 8vo. 12s, 
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St. Paul's Epistles. ConHnued— 

THE EPISTLE TO THE PHILIPPIANS. By the same EdUor. 
Seventh Edition. 8vo. I2s, 

THE EPISTLE TO THE COLOSSIANS AND TO PHI- 
LEMON. By the same Editor. Seventh Edition. 8vo. izs. 

THE EPISTLE TO THE ROMANS. Edited by the Very Rev. 
C. J. Vaughan, D.D., Dean of LUndaff, and Master of the 
Temple. Fifth Edition. Crown 8vo. yx. 6d, 

THE EPISTLE TO THE THESSALONIANS, COMMENT- 
ARY ON THE GREEK TEXT. By John Eadie, D.D., LL.D. 
Edited by the Rev. W. Young, M.A., with Preface by Professor 
Cairns. 8vo. I2j. 

THE EPISTLES TO THE EPHESIANS, THE COLOSSIANS, 
AND PHILEMON; with Introductions and Notes, and an 
Essay on the Traces of Foreign Elements in the Theology of these 
Epistles. By the Kev J. Llewslyn Da vies, M.A., Rector of 
Christ Church, St. Marylebone ; late Fellow of Trinity College, 
Cambridge. Second Ediiion, revised. Demy 8vOi ^s, 6tL 

The Bpistle to the Hebrews, in Greek and English. 
With Critical and Explanatory Notes. Edited by Rev. Frederic 
Iv EN D ALL, M . A . , formerly Fellow of Trinity College, Cambridge, 
and Assistant-Master at Harrow School. Crown 8vo. 6f, 

Trench. — Works by R. C. Trench, D.D., Archbishop of Dublin. 

NOTES ON THE PARABLES OF OUR LORD. Fourteenth 
Edition, revised. 8vo. I2s, 

NOTES ON THE MIRACLES OF OUR LORD. Twelfth 
Edition, revised. 8vo. iZf. 

COMMENTARY ON THE EPISTLES TO THE SEVEN 
CHURCHES IN ASIA. Thiid Edition, revUed. 8vo. ts. 6d. 

LECTURES ON MEDIEVAL CHURCH HISTORY. Being 
the subsance of Lectures delivered at Queen's College, London. 
Second Edition, revised. 8vo. I2s. 

SYNONYMS OF THE NEW TESTAMENT. Ninth Edition, 
revised. 8vo. lis. 
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WestCOtt. — Works by Brooke Foss Westcott, D.D., Canon of 
Westminster, Regius Professor of Divinity, and Fellow of King's 
College, Cambridge. 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Fifth Edition. With Preface on 
" Supernatural Religion." Crown 8vo. los, 6d. 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS. Fifth Edition. Crown 8vo. loj. 6d, 

THE BIBLE IN THE CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. New Edition. i8mo, cloth. 41. 6d, 

THE EPISTLES OF ST. JOHN. The Greek Text, with Notes 
and Essays. 8vo. lis, 6a, 

THE EPISTLE TO THE HEBREWS. Tlie Greek Text 
Revised, with Notes and Essays. 8vo. [In preparaiion, 

SOME THOUGHTS FROM THE ORDINAL. Cr. 8vo. is, 6d. 

Westcott and Hort. — THE NEW TESTAMENT IN 
THE ORIGINAL GREEK. The Text Revised by B. F. 
Westcott, D.D., Regius Professor of Divinity, Canon of 
Westminster, and F. J. A. HoRT, D.D., Hulsean Professor of 
Divinity ; Fellow of Emmanuel College, Cambridge : late Fellows 
of Trinity College, Cambridge. 2 vols. Crown 8vo. lox. 6d, each. 

Vol. I. Text. 

VoL II. Introduction and Appendix. 

Wilson. — THE BIBLE STUDENT'S GUIDE to the more 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William 
Wilson, D.D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefully revised. 4to. 
cloth. 25J. 

Wright.— THE BIBLE WORD-BOOK : A Glossary of Archaic 
Words and Phrases in the Authorised Version of the Bible and the 
Book of Common Prayer. By W. Alois Wright, M.A., Fellow 
and Burser of Trinity College, Cambridge. Second Edition, Revised 
and Enlarged. Crown 8vo. 7^. 6J, 

Yonge (Charlotte M.).— SCRIPTURE READINGS FOR 
SCHOOLS AND FAMILIES. By Charlotte M. Yongk. 
Author of " The Heir of Redely ffe." In Five Vols. 

First Series. Genesis to Deuteronomy. Extra fcap. 8vo. 
1/. (xi. With Comment^, y, 6J. 
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Yonge (Charlotte M.).—{Cimtiuued)— 

Second Series. From Joshua to Solomon. Extra feapb 
8vo. is. 6d, With Comments, y, 6d, 

Third Series. The Kings and the Prophets. Extra fcap. 
8vo. IJ. 6d, With Comments, 3/. 6d, 

Fourth Series. The Gospel Times, is, 6d, Vlith Comments. 
Extra fcap. 8vo, 3; . 6</. 

Fifth Series. Apostolic Times. Extra fcap. Svo. ix, 6^ 
With Comments, y. 6d, 

Zechariah — Lowe. — ^the HEBREW STUDENT'S com- 
mentary ON ZECHARIAH, HEBREW AND LXX. 
With Excursus on Syllable-dividing, Methe^ Initial Dagorii, and 
Siman Rapheh. By W. H. Lowe, M.A., Hebrew Lectunr at 
Christ's College, Cambridge. Demy 8vo. lOif. 6d, 
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